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APPENDIX: AUXILIARY RESULTS AND PROOFS

A bivariate kernel function ry(-, -) is said to be of order (v, £) with v = (v, 115) if it satisfies

0  0<b+4y <lly #vy, 0y # 1y
/uelve%g(u,v)dudv =S vl =l =1y (A1)
#0 b+l =1
and
/ ‘uzlvbmg(u, v)| dudv < oo, for any 1 + (5 = £, (A.2)
where v! = 14! - 1!, Similarly, a univariate kernel function k;(-) is of order (v,{) for a

univariate v = vy when (A.1) and (A.2) hold for ¢, = 0 on the right hand side while
integrating over the univariate argument u on the left.

We enforce the following technical conditions.

(i) The variable S has compact domain S. Given Z = z, S has conditional density
fs.2(s). Assume, uniformly in z € Z, that 88—; fs..(s) exists and is continuous for
¢ =2on S, and further infyes fs.(s) > 0, analogously for T

(ii) Denote the conditional density functions of (S,U) and (T,V) by gx.(s,u) and
gv.:(t,v), respectively. Assume that the derivative 8;9X’Z<8’ u) exists for all argu-
ments (s, u), is uniformly continuous on & x IR, and is Lipschitz continuous in z,
for ¢ = 2, analogously for gy .(t,v).

(iii) Denote the conditional density functions of quadruples (51, Se, Uy, Us) and (11, Ty, Vi, Va)
by gax (81, S2, u1, u2) and gay.»(t1, ta, v1, v2); for simplicity, the corresponding marginal
conditional densities of (Sy,52) and (73,75) are also denoted by gax .(s1,s2) and
Gav=(t1,t2), respectively. Denote the conditional density of (S,T,U,V) given Z = z
by gxv.(s,t,u,v); and similarly its corresponding concl}itional marginal density of

(S,T) by gxv.(s,t). Assume that the derivatives Gox.2(S1, S2, U1, Ug) exist

Ds'1s5?
for all arguments (si, s, u1,us), are uniformly continuous on S? x IR?, and are
Lipschitz continuous in z for ¢; + ¢, = ¢, 0 < (4,0, < ¢ = 2, analogously for
Gov,=(t1,t2,v1,v2) and gxy,.(s,t,u,v).

: _ 4 6
(iv) Foreveryp=1,2,---, P, by .» — 0, nz<p)7hbX7z(p> — 00, nz(p),hbxz(p) < 00, by ) —

4 6
0, 7. 10y, — 00, and 1) by ) < 00, as n — o0,
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6 8
(v) For every p = 1,2,---, P, hyx.» — O, nZ@)’th’z(p) — 00, nz(p)ﬁhX’Z(p) < 00,
6 8
hy @ — 0, nz(p>7hhy,z(p) — 00, and nz<p)7hhyﬁz(p) < 00, as N — Q.
. B 6

(vi) For every p = 1,2,--- , P, hy ) /hy 0 — 1, hy_» — 0, nz(m’hhl’z(m — 00, and
n h3 <ooasn — oo
2P n1y 4(p) :

4
X,z(P) )V

6

(vii) For every p = 1,2,--+ , P, bx .oy — 0, nm b X,20). v

— 00, M, b < 00,
by y — 0, nz(m,hbéﬁz(p)’v — 00, and nz(p>7hb§5,7z(p)y < 00, as N — 00.
(viii) Univariate kernel k; and bivariate ko are compactly supported, absolutely inte-
grable, and of order (v,¢) = (0,2) and ((0,0),2), respectively.
(ix) Assume sup(, yezvs E(E(X(s) — px,z(s))*|Z = 2)) < oo and analogously for Y.
(x) The slope function (3(z, s,t) is twice differentiable in z, i.e., for any (s,t) € S x 7T,
g—;ﬁ (z,s,t) exists and is continuous in z.

(xi) The bin width h and smoothing bandwidth b satisfy that b/h < co as n — oo. The
bin width h is chosen such that P oc n'/%.

Proposition 1. For E, defined in (3.1), under (zi) it holds that P(E,) — 1 as n — oc.

Proof of Proposition 1. Note first that P(minn,q , > n) > 1 — 25:1 P(n,w, < n).
Consider the pth bin, denote 7, = P(Z € [P — %, 2(P) — %)) Then n,q) 4, is asymptotically

distributed as N (nm,, nm,(1—m,)) due to the normal approximation to a binomial random
variable. Thus P(n ), > 1) — fno,1)(ap)/a, with a, = —(ﬁ—mrp)/\/m, where
fn(0,1)(+) is the probability density function of the standard normal distribution. Due to
[A1], 7, is bounded between fz/(fz + (P —1)fz) and fz/((P — 1)fz + fz). It follows
that P(E,) — 1 as n — oo by noting that 7 o< \/n, P oc n'/8, and fy(1)(z)/z decays
exponentially in z. O

We next prove the consistency of raw estimate of the mean functions of predictor and
response trajectories within each bin. Consider a generic bin [z — h/2,z + h/2), with
bin center z and bandwidth h and let bx . and by, be smoothing bandwidths used to
estimate px .(s) and py.(t), hx. and hy, for Gx ,(s1,s2) and Gy ,(t1,t2), h1, and ho,
for Cxy.(s,t), bx.v and by, for Vx .(s) = Gx..(s,s)+0% and Vi, (t) = Gy.(¢t,t)+0%.

For a positive integer [ > 1, let {1, (t,v),p = 1,2,--- , 1} be a collection of real functions
¥, : R* — IR satisfying the following conditions:

¢
[Cl.1a] The derivative functions Wwp(t, v) exist for all arguments (¢,v) and are uniformly
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continuous on 7 x IR.

(C1.2a] Assume that [ [2(t,v)gy,:(t,v)dvdt < oo.

[C2.1a] Uniformly in z € Z, bandwidths by, for one dimensional smoothers satisfy that

by+1

2Z+2
bY,z - 07 Nz nOy b

— 00, and n,y, < 00, a8 N — Q.

Define i,z = pipy,-(t) = W J (2, U)QY,Z@a v)dv and

1 1 T —t
v+1 Z Equpp TZ]’V;J)Hl(

nz,th,Z i€N. sz

\Ilpn,z = \ijn,Z(t): )7

where gy ,(t,v) is the conditional density of (7, V), given Z = z.

Lemma 1. Under Conditions [A0-AS3], (i), (i), (viii), [C1.1a], [C1.2a], and [C2.1a], we
have Ty, = SUP(z,)eZxT | Wpn,o(t) — tipy=(t) |/ (R + (\/ N thH) h = Oy (1).

) <] \Ijzmz( ) — E\Ijzm,z(t) | + | Eq]pn,z(t) - di),z(t) |

Proof. Note that | Uy, ,(t) — ppy.-(t
and E | 7, |= O(1) implies 7,, = O,(1). Standard conditioning techniques lead to

1 Th —1 h h

E\ijnaz(t) = bg/+1 ( (¢p( il Zl)ﬁl(T) | Z — 5 < Z; < 5))

For Z; = z; € [z — h/2,z+ h/2), perform a Taylor expansion of order ¢ on the integrand,

T t1
b //%g ty,v1 ngl(tlanl)/fl<
Y,z

// (atu Up(t,v1) gy, (8, Ul)))  — 8 /fl(tl — )dt1dvy

V! by7z

E[¢p(ﬂla V;l)"ﬁ( )dtldvl

sz

+// (W(wp(tvvl)gY7zi(t7 'Ul))> |t:t* (tlat) k1 (tl )dtldvlﬁ

sz

. bl+l
where t* is between ¢ and ¢;. Hence, <o J ‘u%l (u)} du

Ep(Tin, Vi) (0] = sz, (VL

due to [C1.2a] and the assumption that the kernel function x1(:) is of type (v, £), where

co is bounded according to [Cl.1a], co < sup(,, nezxr ‘g—; [ p(t, v1) gy, (t, v1)dvy

Furthermore, using (ii), we may bound

sup ‘ E\I]pn,z(t) - MP¢',Z(t) |

teT
h h
< cobﬁ,zv 0) /‘u K1 (u ’du+ E{E [sup |, 2z, (1) — ppp ()] | 2 — B < Z, < B }
teT
< /‘u k1(u du bffz” (0Y) + c1h, (A.3)
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where the constants do not depend on z. To bound Esup,cr | Wpn o (t) — EVp, (1) |, we
denote Fourier transform of 1(-) by (i(t) = [ e k1 (u)du and letting

Ppn,z (u) = ﬁ ZmGNZ h EN Z] 1 6’“ij¢p(ij, ij)7

1 1 ¥ T
L n.z — T ,o7 Tm 7Ym / oz —itu b ; d :
pn, n, hbl{/—t} mez'/\; ., EN ]gl K/l( bYZ )wp( J ]) 2 b;z (Pp ) Cl(u Y, ) u

and super | Upn,:(t) = EWpn:(t) |< 55— [ | @pnz () = Eopnz(u) | - | Gi(uby.:) | du.

Decomposing ¢, »(+) into real and imaginary parts,

1 1 :

Pon,z u = g f— E COS U,jm Zm-, %m‘
. ’R( ) UZRD meN; p N j=1 ( j)wp( ! ])
¥ () ! E El g 0 (uT )Ty Yinj),
n.z u — Sl u m mjy +m
21 UZRD meN n N . ! !

we obtain E' | @pnz(u) = Eopn(u) [= E | @pner(u) = Eopnzr(v) | +E | @pner(u) =
Eo,n .. 1(u) |. Note the inequality E | ¢ . r(0)—Epp, . r(u) |[< \/E | Opnzr(U) — Eppn . r(u) |2
and the fact that{[Z;, N;, (T}, Ym)J 1] ii € M, ) are d.4.d. implies that

1

var(ppn..r(u)) < E{EW(Tp1, Y1)|z — h/2 < Zyy < 24 h/2)}

z,h

where m € N, 5, analogously for the imaginary part. As a result, we have

Esup | Upna(t) — BV, ()| < \/ {EWa (T, Y1) |2 : /2 < V+1<Z+ IO ] G(u) | w
teT W\/mb

Note that E(¢2(Tm1, Ym1)) as a function of Z,, is continuous over the compact domain

Z and as a result bounded. Denote ¢; = 2 sup \/ E(2(Tm1,Ym)) < co. Hence we have
Zm€Z

¢ [1G(u)| du V1) —
Esup | Wp(t) = EUpns(1) |< QS—W(w/—nz,thf;) L (A.4)

where the constant co( [ |(1(u)|du)/(27) does not depend on z.
The result follows as Condition [Al] implies that n,; goes to infinity uniformly for
z € Zasn — 00, by s” < oo implies that by = O(1/(/mznby™')). We next extend

Theorem 1 in Yao et al. (2005a) under some additional conditions. O

[C3] Uniformly in z € Z, bx,. — 0, n.pby . — 00, nzpybk ., < 00, by, — 0, n. by, — oo,

and n, 408 , < 0o, as n — oo.
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Lemma 2. Under Conditions [A0-A3], (i), (i), (viii), (iz), and [C3], we have

[Fxe(s) =) | ) g gy PO O] ) (5

(2,t)EZXT h + (\/nz sz)

sup

(2,5)EZXS h_’_(\/nz sz)

Proof. Without loss of generality, we consider the estimation of juy,(t). The local lin-
ear estimator of fiy,.(?) is obtained by minimizing Y ;cn , o Z;-V:"'l nl(%j)(mj — B0 —
B.1(Ti; — t))* with respect to . and (3, 1. For a kernel function () of order (0,2), let
wij = k1((Tij — 1) /by.2) | (nznby2)s Ashm = Sien., B Z;y:il wij(Ty; — )™, and B, pm =
ZieNz,h ol Zj:il w;; (T;;—t)™V;; form = 0,1, 2. Then Bz,O(t) = Bz,h,O/Az,h,O_Bz,lAz,h,l/Az,h,O7
where an estimator of the derivative py.(f) of uy.(t) as a function of ¢ is given by
Boa(t) = (—AsniBeno + AunoBona)/(AsnoAsns — Az, ).

Consider the Nadaraya-Watson estimator of py., given by fiy,. yw (t) = Bz,O = B, no/Asno0-
One estimator of the density of 7' conditional on Z = z is given by fr.(t) = ¥;c Non Zj-v:il w;;/EN =
A, po. Setting v = 0,0 = 2,1 = 2, ¢(t,y) = y, and s(t,y) = 1 in Lemma 1, we can
casily see that fiy.. yw(t) = H(Uyy,., Uy, ) with H(a,b) = a/b and fp.(t) = Uy, .. Using

the uniform version of Slutsky’s Theorem and Lemma 1, we have that

| fyenw () — py(t) | 0,(1) and | fr.o(t) = fr.(t) | = 0,(1).

su = su
coesxr (bt (amaby) ) eoezxr (h+ (yAznby.) )

(A.6)

For the uniform consistency of 3, estimating py.(t), let o7 = [uki(u)du and use

the kernel function #(t) = tx1(t)/oz, which is of order (v,¢) = (1,3). Define new U, .,

p=1,2,3 with ¢y (u,y) =y, ¥e(u,y) = 1, ¥3(u,y) = u — t. Hence,

1 T —t
\I]nzt = e 2
1n, ( ) nzﬁbl{/:l ie%h EN Zwl J ) ( bY,z )
1 1N Ti—t Ty—t,

)/, = Bena /(075 oy,

= v+1 Z EN;‘/U bY,z ’%1(

nzvth,Z iENz,h bY7Z

Similarly, W, .(t) = Az,h,l/(bl’+1 2 ) and U3, .(t) = Azh2/(b”+1 2 ). Correspondingly,

H1

f1y,(t) = py. () frz () + b () f1.. (), p2y (1) = f1..(1), and pizy,-(t) = frz(2).
Observe that sup,7 | fvT,Z(t) — fr.(t) |= Op(h + 1/(\/fznby.:)). Define

~ X1 — Tafly, . Nw(t)

_ ; t
H($17x27x3) = and H<x1,x27$3> = w

933—sz0515172/sz( ) T3
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Then H(pt1y,-(t), proy,=(t), 13y, (t)) = py.(t) and

Bz,l - ﬁ(\llln,m \I/2n,z7 WBn,z) = \I]3n,zH<\I]1n,37 \IIQn,za \IJSn,z)/(\IJSn -+ sz /241 \Ilgn z/.fT,z(t))

H W (v 7—2(t) — fivevw (£)/ (P, + b3 00 U3, ./ fr.2 (1)) (A7)

So using Lemma 1 and the uniform version of Slutsky’s Theorem, we have

‘Ijnz 2 H\Ijnzaanzyanz — 5 —zt
sup | j4 :U’I;,ZJ | o Op(l) and sup ’ ( 1n, 2n, 3n, ) i ,Uy|Z_ ( ) ’ _ Op<1)
(2,t)EZXT h+ (\/nz thz)_ (z,t)eZXT h + ]./(‘ /nz’hby’z)

(A.8)

Considering the uniform convergence of Bz,o for py. ., noticing that Bz,O(t) = [y nw(t)+

1)3/72\1/2”725;71/];1” and by (A.6), (A.7), and (A.8), we have sup, yeczx7 | \Ijgnjzgzjl(t>/f’1“yz<t) | =
O,(1). The result follows from n b}, < oo and (A.6). O

Our next two lemmas concern the consistency for estimating the covariance functions,
based on the observations in the generic bin [z — h/2, z 4+ h/2). Let {0,(r1, 72, v1,v2),p =

1,2,---,1} be a collection of real functions 6, : R* — IR with the following properties:
¢

ortrork

are uniformly continuous on Ry X Ro x IR?, for {1 +0y = £,0 < £1,0, < (, £ =0,1,2.

[C1.2b] The expectation ////0}2,(7“1, T, U1, U2)g(r1, T, U1, Vo)dridradvyduy exists and is

[C1.1b] The derivatives 0,(r1,r9,v1,v2) exist for all arguments (71,72, v1,v2) and

finite, uniformly bounded on Z.

(C2.1b] Uniformly in z € Z, bandwidths hy,. for the two-dimensional smoother satisfy

v|+2 h2€+4

hy. — 0, nzhh| — 00, Ny phy, < 00,as n — oo.

vl
Define 0,0, = 0pp.-(t1,t2) = &ﬁW S Op(t1,ta,v1,v2) gov,z (1, t2, v1, va)dvidug and

1 1 T —t, Ty —t
2 6alT T Vi Vil =—, = ).

T D) D e —
P 1,12 Zhh|u|+2 'LE%S,}L EN(EN —

, )
1<jZk<N; hy,. hy. .

Lemma 3. Under Conditions [A0-A3], (i), (ii), (i), (viii), [C1.1b] with Ry = T and
Ro =T, [C1.2b] with g(-,-,,") = goy.-(+,",-,+), and [C2.1b], we have

@nz_ z
Upp = sup | Opn.z = 0pp.: | = 0,(1).

+2\ _
(z,81,t2)€EZXT XT h + (, /n?”hh';"z ) 1
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Proof. As in Lemma 1, use | Opn. — 0po.2 |<| Opnz — EOpn s | + | EOpn.. — 0ps,» |, Where

E@pn,z (tlu t2)

1 1 Tiyj—t Ty —t
= E——/—— —_— 0p(Tij, Tin, Vg, Vi) oo (——, )
n.uhyo? ie%;,h EN(EN -1) 19;;@ ’ ’ fove e
1 Ty —t Tip—t
= |+2E{E [Qp(Til,ﬂ‘%V;th)@( 2 |Z_h/2§Zi§Z+h/2]}-
h;’,z hY,z hY,z

Conditional on Z; = z; € [z — h/2,z + h/2), a Taylor expansion of order ¢ yields

T —t1 Tio—to

Egp(ﬂl7ﬂ27‘/;l7‘/;2)1€2( , )
hY,z hY,z
R 1[5 >F R AR RV AR P R A
- m=0 ml ' ot 2 2 Oty p\l1,12,V1,V2)G2y,z (11, 12, U1, VU2
L&, - o o,
+ 'JZO <]><(t1 _tl)aigl)‘]((t2 - t2)8t2) ‘]8 (tlat27U17U2)92Y32(t17t27’U17U2) |t1 tlg,t t;j
ti—t1 ¢t t - .
XFL2( 1 =, = 2)dvldU2dt1dt2,

where t}; is between ¢t and t; for i = 1,2 and j = 0,1,--- , . The assumption that (-, )
is of order (v, /) implies that

sup  sup  |Opn.(t1,t2) — opos(t1, t2)| < sup sup SUp | 0pa,z (11, t2) — 0po.-(t1,t2)]
2€2 (tl,tz)ETXT 2€Z z;€[z—h/2,2+h/2) (t1,t2)€T XT

Vl Z sup

§=0 1,2

6~j8~€ 5 //9 (t1, 12, v1,02) Goyz (E1, T2, v1, va)dvrduy

/’u] o (u, v)’dudv

where Conditions [C1.1b] and (iii) guarantee that the supremum exists and is finite, and

the Lipschitz condition in (iii) implies that the first term is of order O(h). Hence,

Opn - (t1,t2) — ST, 1
sup  sup \p,(l 2) Qpe(l 2)|

=0,(1).
2€Z (t1,t2)€TXT h + he M g

We can use the same technique of inserting the Fourier transformation of ky(-,-) as in
the proof for Lemma 1 to obtain sup, ez Supy, 1,)erx7 | Opn.z(t1,t2) = EOpn - (t1,t2) [/ (/7 |VHQ) =

O,(1). Then the result follows by noticing that n. k33" < 0o as n — occ. O

[C4] Uniformly in z € Z, hx_, — 0, nzyhhg(’z — 00, nz,hhi’z < 00, hy, — 0, nz,hhﬁ’z —

o0, and n, ,hY , < oo, as n — .
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Lemma 4. Under Conditions [A0-A3], (i-iii), (viii), (ix), [C3], and [C4], we have

| éX,z(Sla 82) - GX,Z(Sh 82) |

) Op(1 A9
(z,sl,SQ)SZX:sz (h+ (Vznhk ) ™) p(1) (A.9)
R et L ON (Y (A10)

(z,t1,t2)EZXT?2 (h + (\/ nZJLh?/,z)il)

Proof. Without loss of generality, we consider Gy ,(t1,%2). In the local linear estimator
for the covariance function Gy ,(t1,ts), we use raw observations Gy, .(T;;, Tix) = (Vi; —
fiy,:(T5)) (Vik — fiy.2(Tix)) instead of Gy .(Tij, Ti) = (Vij — pivi(Ti3)) (Vi — iy, (Tin)),
i € N, . Observe

Gy (Ti;, Tix) = éy,i,z(Tz‘j, Tir) + (Vij — by,(T35)) (2 (Ti) — fiy,(Tir))

+(Vik =ty (Tir)) (v, (Tig) — fry,(Tig)) + (v, (Tig) — iy (Ti5)) (2 (Ti) — fy=(Ti))-

Since sUp(, nezxr | fy,=(t) = py,=(t) |/ (h + (/Pznby,.) ™) = Op(1) by (A.5) and this rate
is faster than the rate we desire in (A.9) and (A.10), the local linear estimator, Gy . (t1, t2),
of Gy (t1,t2) obtained from Gy, .(T;;, Tix) is asymptotically equivalent to that obtained
from Gy .(T;;, Tir), denoted by Gy..(t1,t2).

To derive the uniform convergence rate of Gy, (t1,ts), note that Gy.(t1,t) is the mini-

PR . 2
mizer of e n, , Y1<jri<n; /<~'2(T” b Tuty) [GY,i,z(,-Tiﬁ Ty) —bo — b1 (T3 — t1) — bia(Ty — t2)}

hY,z ) hY,z

with respect to by, where minimization is carried out over by, by1, and by».
For [,m = 0,1,2, define ¢, = Yien. , 21<jre<n, wijléY,i,z<Tij> Tie)(Ti; — t1) (T — t2)™

and @i = e, Lacimnen, Wit (Tiy—t) (Ti—t2)™, where wiy = rp(F, B /(n. phd ).

Let ¢ = (coo, C10,c01)” and A = (A1, As, A3) a matrix, where A; = (ag, a0, ag1)?, Ay =
(a10, azo, a11)T, and Az = (agy, a11, ap2)T. Then Gy, (t1,t2) = 80(t17t2) = Gy nw(ti, ta) —
%1}11 — Z—g;i)u, where Gy, nw(ti,t2) = coo/an is the Nadaraya-Watson estimator for
Gy..(t1,12) based on Gyﬁi,z(Tij,Tik), and by, and by, are estimators for the first order
partial derivatives %ze(tl,@) and %ze(tl,tz), respectively.

First consider the uniform convergence of the Nadaraya-Watson estimator. Set 0y (t1, t2, v1,v9) =
1 and Oy(t1, ta, v1,v2) = (v1 — py 2 (t1))(va — py.2(t2)). Then 019, = gay..(t1,t2) and g9, =

Gy.(t1,ta)goy(t1, t2); Gy nw(ti,t2) = H(Ogy., O1,,.) for H(a,b) = a/b; Gay.(t1,ts) =
|@pn,z — Qp@,z’

O1n,z(t1,t2). For kernel ko(+, -) of order ((0,0), 2), Lemma 3 implies that sup

(2,61,t2)EZXT? h + (\/ nz,hh’ZY,z)il
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O,(1) and the uniform version of Slutsky’s theorem implies

Gy.nw(ti,ta) — Gy (t1,t
sup Grie o (1,12 ; Y’_<1 vt _ 0,(1). (A.11)
(z,t1,t2)EZXT? h + (V nz,th,z)

For symmetric kernel functions xs(u, v) of order ((0, 0), 2), the modified kernel Ry ,,(u, v) =

uka(u,v) /o2, . is of order ((1,0),3) and Ra,(u,v) = vka(u,v)/c2 . is of order ((0,1),3),

u?, Ko v2, Ko

where 02, = [u’ko(u, v)dudv and 02 . = [v*ra(u, v)dudv.
Considering the uniform convergence of by to a%GY,z(tlv ts), we apply Lemma 3 with

kernel RQ,u(U, U) on le)(el, €2, V1, U2) = (U1 —My,z(€1))(1)2 —,uy,z(€2)), 951)(61, €2, V1, 02) =1,

02(51)(617 €2, V1, U2) = e1_7517 and 94(11)(61, €2, V1, U2) = ex—1g, to obtain @gln),z = !

72 o2 Ci0 —
Y,z 2‘,{2
1 1 1
959),,2 = a% Gy (t1, t2) gav, (t1, ta)], 9573,2 =W %, S—ay — Qge),z = a% [gav.=(t1,12)], © 3nz =
2 uf ko
1 1 1 .
o 0122 asy — Qi(’>9),z = ¢ov..(t1,t2) and 94(171),2 = B 0122 a;; — Qz(;e),z = 0, uniformly
Z u ko 7 ufkg

in (z,t1,t2). For kernel &y, (u,v) with 952)(61,62,’[)1,02) = (v1 — py(e1))(v2 — pyz(e2)),
9(2)(61,62,1)1,1)2) =1, (9:(),2)(61,62,1}1,1}2) = ey — to, and (94(12)<€1,62,U1,1}2) = e; — t1, analo-

gously we get @1nz = @%Cm - Qge)z atQ [GYz(tla t2>g2Yz(t17t2)] le)z = ﬁam -

2 v2 ) aZUU yKQ
2 _ 9 _ 1 2 _ (2 _ 1
020, = Ot [g2Y,2<t17t2)]7 @3n,z — hZ 52 (o2 =7 03¢, = g2Y,Z(t17t2) and @4n,z — hZ 52 an —
Y,z v27,€2 Y,z v2,r€2

0, uniformly in (z, ¢, t3).
For function H (1, 22, 23) = (21 — 22Gy,.(t1, t2)) /73, we can easily see that g o) ol )=

In,z» ~2n,270 ~3n,z
(Clo - alOGY,z(tb tQ))/Gzo and

H(@(l) o) oW )+ a10(Gyz(t1,t2) — Gy nw(t1, t2)) _ Cip — alocoo/aoo_

1n,z» ~M2n,z> ~3n,z -
@20 @20
Note that
511 _ (010 - 010000/&00)/(@0) + (a01a11000 + ap1a10C01 — Goo@11Co1 — a(2)1010)/(aooa20a02)
b

1 — (agea}y — 2ap1a10a11 + agoaty + adia)/(agasnaos)

(ao1a11000 + ap1G10Co1 — QpoG11Co1 — a(2)1010)/(a00a20a02)

_ @ @() @(2) _@(1) @(2) 2
— (GY,Z,NW(tlat2)@z(1}1)7,z@;i),z _Gz(,LlrL)z@lnz“—hQ 2n,z >~ 1n,z >~ 2n,z 1n,z< 2n,z) /(@(1) @(2) )

gQY,z<t1, t2>/0’12)27’€2 3n,z2~3n,2/)»

(aoza%o — 2ap1a10a11 + aooazl + aglam)/(aoo@oaoz)

(@(1) @(2) hy u2 K2 [(®2n 2)2@371 z 26271 z®2n zegw)z} v2 1{26371 2(6531),2)2> /(@(1)

An,z~4n,z z 3n,z
Gov,= (11, t2)

@(2) )

3n,z
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and as a result both of them converge to zero. Applying the uniform version of Slutsky’s
theorem, we can show that 1311 converges to %Gy7z(t1, to) uniformly in z, ¢; and t5, and
d
analogously for aTQGY»Z(tl’ to).
Combining these findings leads to the uniform convergence of Gy, (t,t5), as
1) 2 (2) 2

~ 7 ~ nzau K2 7 nzav K2 7
Gy, (t1,t2) = bo(t1,t2) = Gy.nw(ti,t2) — hizﬂimbn — h2yZ~2’7272512,
“ Goy.2(t1, t2) “ oy, (t1, t2)

equation (A.11) and the uniform convergence of @5272, i =1,2, Goy..(t1,t2), 511, and by

imply
‘GY,Z (t1,t2) — Gy,2(t1,t2) ‘

e = Op(1), A12
(2,t1,t2)€ZXT? h + (\/mh%’z)—l p(1) ( )

considering that n, ,h$ , < co as n — oo.

Since sup, yezxr | fivz(t) = py.2(t) |/(h + (/Fznby,) ') = Op(1) by (A.5), the differ-
ence between Gy, ,(T;;, T;,) and Cvly,m(ﬂ»j,ﬂ-k) is of order O,(h + (/M 4by.)""), which

is faster than the convergence rate Op(h + (\/zih3,)™") of Gy (t1,t2) to Gy, (t1,t2), in
equation (A.12), and therefore éy’z@l, ty) shares the same convergence rate of Gy, (¢, t2),

as desired in (A.10). O

To estimate variance of the measurement errors, as in Yao et al. (2005a), we first es-
timate Gx.(s,s) + 0% (resp. Gy.(t,t) + o%) using a local linear smoother based on
Gxi(Su,Sy) for 1 =1,2,--- | L;; i € N,y (vesp. Gy, .(Ti;, Ty;) for j =1,2,--- [N, i €
N 1) with smoothing bandwidth by . (resp. by, ) and denote the estimates by XN/X,z(s)
(resp. Vy.(t)), removing the two ends of the interval S (resp. 7) to get more stable es-
timates of 0% (res. 0% ). Denote the estimates based on the generic bin [z —h/2, 2+h/2) by
0% . and 63, |S| the length of S and S; = [inf{s : s € S} + |S| /4,sup{s : s € S} — [S] /4].
Then

. 2 ~ ~
a§<,z = E s, [Vx(s) — Gx.(s,s)]ds.

and analogously for &7 ,. Lemmas 2 and 4 imply the convergence of 6%, and 63, as

stated in Corollary 1.

[C5] Uniformly in z € Z, bx.v — 0, nopby.y — 00, nopb.y < 00, by.y — 0,

nzpby, — 00, and nz by, < 00, as n — oo,
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Corollary 1. Under Condition [C5] and the conditions of Lemmas 2 and 4,

sup ‘6;2 — ai‘/(h + (VPanbxv) t+ (w/nz’hhiz)_l) = 0,(1) and analogously for &;Z.

zEZ

Proposition 2. Under Conditions [A0-AS3] in Section 2 and (i-iz), the final estimates of

0% and 0% (2.8) converge in probability to their corresponding true counterparts, i.e.,
6% St 0%, 6% St 0%
Proof of Proposition 2. The result follows straightforwardly from Corollary 1. [

While Lemma 3 implies consistency of the estimator of the variance, we also require
an extension regarding estimation of the cross-covariance function. Let {ép(s, t,u,v),p=

1,2,-+- 1} be a collection of real functions ép :R* — R

[C2.1¢] For ¢ > |v|42 and any pair of ¢; and ¢, such that £ = 1+, (4 > v1+1, {5 > vo+1.
Uniformly in z € Z, bandwidth h;, and hy, satisfty hy, — 0, hy,/ho, — 1,
nzﬁhhlfj‘;rz — 00, nz,hhffj‘l < 00, as n — 00.

alvl

Define 0,5, = 0,5..(5:t) = 5571902 ffép(s,t,u,v)gxyvz(s,t,u,v)dudv and

~ ~ 1 1 ~ S — S T _t

@nz = @nz Sat = v v AT 0 Si‘aﬂ'7Ui‘7V;"'{2 Y ) - .
. s (8:1) nz,hhﬁ;lhﬁjl ie%,h EN lngSNi o5, T, U, Vsl h,e 2.2 )

Lemma 5. Under Conditions [A0-A3], (i), (ii), (iii), (viii), [C1.1b] with Ry = S and
Ry =T, [C1.2b] with g(-,-,-,") = gxv.(-,,-,"), and [C2.1c] (with {; =l =1 and v, =

vo = 0), we have 1§pn = sup | (:)pmz(s,t) — ngyz(s,t) |/(h+ (,/nz7hh§,{fr1h§,f;1)_1) =
(2,8,t)EZXSXT
O,(1).

Proof. The proof is analogous to that of Lemmas 1 and 3. [
(C6] Uniformly in z € Z, bandwidth hy, and he, satisfy hy. — 0, hi./hs, — 1,
n.nhf, — 0o, n.phi, < oo, asn — oo.

Lemma 6 (Convergence of convergence of the cross-covariance function between X and

Y). Under Condition [A0-A3], (i), (ii), (iii), (viii), (iz), [C3], and [C6]

sup | éXY,z(Syt) — OXY,z(Syt) |/<h + (w/nz,hhl,zhlz)_l) = Op(]_)

(z,8,t)EZXSXT

Proof. The proof is similar to that of Lemma 4. O]
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Consider the real separable Hilbert space L% (7) = Hy (resp. L%(S) = Hx) endowed
with inner product (f,g)y, = [z f(t)g(t)dt (vesp. (f,9)y, = [s [(s)g(s)ds) and norm
| f = +/{f, f>HX (resp. || f lluy= +/{f, f)Hy) (Courant and Hilbert, 1953). Let 7y,

(resp. Z' ) be the set of indices of the eigenfunctions ¢, (t) (resp. 1., (s)) corresponding
to eigenvalues A, (resp. p,,) of multiplicity one. We obtain the consistency of :\2k
(resp. pom) for A, (resp. p..m), the consistency of qu,k(t) (resp. @zm(s)) for ¢, x(t) (resp.
V.m(8)) in the L3 (resp. L% ) norm || - ||y (vesp. || - ||z, ) when X\, (vesp. p.n) is of
multiplicity one, and the uniform consistency of ¢, 4(t) (resp. ¥, m(s)) for ¢, x(t) (resp.
V.m(s)) as well.

For f,g,h € Hy, define the rank one operator f ® g : h — (f, h)g. Denote the
separable Hilbert space of Hilbert-Schmidt operators on Hy by Fy = o3(Hy ), endowed
with (11, To) . = tr(1hT5) = X5 (Thuy, Toug)y and || T 15, = (T, T)p,, where T, T,
T € Fy, T3 is the adjoint of T, and {u; : j > 1} is any complete orthonormal system in
Hy . The covariance operator Gy, (resp. GKZ) is generated by the kernel Gy, (resp. éxz),
i.e., Gy.(f) = [7Gy.(t,,t)f(t1)dty (vesp. Gy.(f) = [y Gy.(t,t)f(t1)dt;). Obviously,
Gy and Gy, are Hilbert-Schmidt operators. As a result of (A.10), we have sup,5 |
Gy, = Gy ry /(h+ (Yzihi ) ™) = Op(1).

Let Zy,;, = {j : X\.; = A.;} and Ty, = {i : |Zy.i| = 1}, where |Zy, ;| denotes the
number of elements in Zy, ;. Denote PzYJ» = Zkezy,z,j G2k ® ¢, and f’zj = Zkgym giszk ®
é%k to be the true and estimated orthogonal projection operators from Hy to the subspace
spanned by {¢., : k € Iy, ;}. Set §ZYJ = %min{])\z,l — Aoyl 0 € Iy, ;} and A(;Zj ={ce
C : |e—X.;| = 0¥}, where C stands for the complex numbers. Let Ry, (resp. Ry..)
to be the resolvent of Gy, (resp. éy,z), i.e., Ry.(c) = (Gy, — cI)™* (resp. f{xz(c) =
(Gy.. — cI)™"). Denote Asy = sup{[| Ry.:(c) [[p,: ¢ € Asy } and

ax = (65, (Apx %) (h + (Vi ) ) ™ = Ay ) (A.13)

Parallel notations are made for the Y process.

Proposition 3. Under Conditions [A0-A3] in Section 2, and Conditions (i-iii), (viii),
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(ix), [C3], [C4], and [C6], it holds that

P — Pom| = Op(ax) (A.14)
| lzz,m — Yem ||Hx = OP(O‘X)7 m < I;(,z (A.15)
Slel}s) &z,m(s) - wz,m(s)’ = Op<OéX), m &€ :Z.;(,z (A16)
5\z,k - )\z,k = Op(Oéy) (Al?)
| G-k = Do Ly = Oplav), kely, (A.18)
sup [6.4(1) = 0:x(t)] = Oplav),  kET, (A.19)
€
|&z,mk - Uz,mk| - Op(maX(OfXa Ay, h + (\/ nz,hhl,th,z)_l))v (AQO)

where the norms on Hy and Hy are defined on page 34, both ax, vy are defined in (A.13)

and converge to zero as n — 00, and the above O, terms are uniform in z € Z.

Proof of Proposition 3. The proof is similar to the proof of Theorem 2 in Yao et al.

(2005a). The uniformity result follows from that of Lemmas 4 and 6. O
Note that
Bz, 5,¢) Z Z szgz)k)wzm( )6 (t)- (A.21)

To define the convergence of the right hand side of (A.21) in the Ly sense in (s,t) and
uniformly in z, we require that
[Ad) 02 Sy 02,/ P2, < 00 uniformly for z € Z.

The proof of the following result is straightforward.

Lemma 7. Under Condition [A4], uniformly in z € Z, the right hand side of (A.21)

converges in the Ly sense.

Proof. The orthonormality of {1, ,,, : m > 1} and {¢., . : k > 1} implies that [ [s B (z, s,t)*dsdt =
Yhey Yoy 02 i/ P2 - Hence it is obvious that fSyx converges in the Ly sense in (s,t)
and uniformly in z under [Ad], i.e., sup,.z [7 [s(Bur(z,s,t) — B(z,s,t))*dsdt — 0 as
M, K — oo. ]
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The next result requires assumptions [A4] and the following

M(n) 5X (A[;X )

— 0
P W R

K(n) 5y (A v )2
Ab z,k éz’. ) )
42 > (h—i-(\/n_h? )_kl)_l a1 0 uniformly in z € Z.
k=1 th Y’Z §z,k

MK (h+ (/Azphizhoz)™) — 0

Lemma 8. Under conditions of Proposition 3, [A4], and [A5],

lim sup // z,8,t) — B(z,s,1)]> =0, in probability. (A.22)

Proof. The orthonormality of the eigenfunction basis implies that

| [1BG5,8) = Bz, 5, 0dsdt = Q. (n) + Qua(m) + Q).

where Q.1(n) = J7 [s { e 11[(;; o l/Jz ()0 k(t) — opzzzk Yzm(s )¢z,k(t)]}2 dsdt, Q2(n) =
PO T Dl ;mk and

00 K—-1M-1 ~
Qualm) =2 | /SZ > “m’“wm )6k (t) {ZZ (22 ()02 (1) — "Z’m%,m<s>¢z,k<f>l}dsdf

e S Pem == P e

Condition [A4] implies that sup,cz Q.2(n) — 0 as M(n), K(n) — oco. By (A.14), (A.16),

(A.17), (A.19), (A.20) and [A5], the uniform version of Slutsky’s theorem implies that
u 55 (Asx, )2

—= (h+ (\/Wh )_ )= Asx,

+ KM (h+ (izph sha) ™)) 50,

VALER) hYz) ) - Aézk
uniformly in z. Note that |Q.3(n)| < Q.1(n)+ Q. 2(n) due to Cauchy-Schwarz inequality
implying @, 3(n) L 0 uniformly in z € Z, and (A.22) follows. O

Proof of Theorem 1. We consider only the convergence of B(z, s,t). The consistency of

fix -(s) and fiy.(t) is analogous. Note first that

/ / (z,8,t) (2,5,1))*dsdt

< 2(2b/h+1)Zw0,2(z<p>,z,b)2 /T /S (BD, 5,1) — B(=P), s, 8))2dsdt
p=1

P
—1—2/7_/8(1;1 woz(z(p), 275)5(2(1))7 S,t) _ ﬁ(z, S,t))stdt, (A23)
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where 2b/h + 1 of the very last inequality is due to the fact that the kernel function
K(+) is of bounded support [—1,1]. Denote a(k) = 5:1 Ky(2® — 2)(2® — 2)F, b(k) =
YL Ky (2W) — 2)2(2W) — 2)k g = [ K(u)u*du and vy, = [(K (u))*u*du. Then we have

bk bk—l
a(k) = ukﬁ(l +0(1)), and b(k) = ukT(l +0(1))
for small h (large P o< 1/h) and small b. Moreover the usual boundary techniques can be

applied near the two end points. Consequently

P
> woa(2P), 2,b)* = el ,(CTWC) (CTWWC)(CTWC) e
=1

a@ )\ [ 60 b a©) am) ) P30 — 2pa oy + piva b
= e, ey = (- ——5——)(5)(1 +o(1)),
a(1) a(2) b(1)  b(2) a(1) a(2) [tz — 13 h

due to the compactness of Z, the above o-term is uniform in z € Z, implying

2 2
M5V — 2 oy + piva, b
Wo, dz = —) 2] (1 +o(1 A.24

for small h and b, where | Z]| denotes the Lebesgue measure of Z. Hence, (A.24) and the

consistency of 3(z,s,t) in the Ly sense in (s, t) and uniformly in z due to (A.22) imply

/Z {2_: woa (27, 2,0)? /T /5<<B(z<p>, s,1) — B(z"), s, t)))?dsdt] dz50.  (A.25)

For the second part in (A.23), applying Taylor expansion on 3(z®, s, ¢) at each z,

P
Z w072(2(p), z, b)ﬂ(z(p), s,t)
p=1

—1 —1

7 ( a0) a() a(0) 7 ( a0 a() a() \ 9
= € ) 7t +e a_ ) 7t

1’““( al) a2 ) ( a() )6(2 5t) “( a)) a(2) > < a(2) ) g 1)

—1
1 a(0) a(1) a2 \ 02 .

+2e{2< ) o) o @5(27 s,t) + higher order terms

2

2
= Blers,t) 4 pptatais O

(z,s,t) + higher order terms.
2" opy — pif 022

Hence Y01 woo(2W), 2,0)8(zP), 5,t) — B(z,5,1) = %bQu? s 0% 3(z,s,t)(1 4 o(1)), and

popz—ut 0z

///<§P:wo,2(2"’)7Z,b)ﬁ(z(”%s,t)—ﬁ(z,s,t))stdtdz

2#2 N1N3
= 1 1 . A2
2b e ///Mﬁ 2, s,t)dsdtdz)(1 + o(1)) — 0 (A.26)

Combining (A.25) and (A.26) completes the proof by noting further Condition (xi). [
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Proof of Theorem 2. Note that

A

Y =Y () = pyge(t) = vz (1) + /S(ﬂ(Z*,S,t) = B(Z7,5,))(X7(5) = pix 2+ (5))ds

—/SB(Z*’Sat)(MX,Z*(S) _ﬂX,Z*(S»dS.

The convergence results in Theorem 1 imply that [ (Y*(t)—Y*(t))2dt L 0 as desired. [



