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Model Uncertainty and Risk Estimation for Experimental
Studies of Quantal Responses

A. John Bailer,1,2∗ Robert B. Noble,1 and Matthew W. Wheeler2

Experimental animal studies often serve as the basis for predicting risk of adverse responses in
humans exposed to occupational hazards. A statistical model is applied to exposure-response
data and this fitted model may be used to obtain estimates of the exposure associated with a
specified level of adverse response. Unfortunately, a number of different statistical models are
candidates for fitting the data and may result in wide ranging estimates of risk. Bayesian model
averaging (BMA) offers a strategy for addressing uncertainty in the selection of statistical
models when generating risk estimates. This strategy is illustrated with two examples: applying
the multistage model to cancer responses and a second example where different quantal models
are fit to kidney lesion data. BMA provides excess risk estimates or benchmark dose estimates
that reflects model uncertainty.
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1. INTRODUCTION

Animal studies are often used as the basis for
estimating the risks associated with exposure to en-
vironmental and occupational hazards. Commonly,
animals are randomly assigned to receive a par-
ticular level of a hazard for a specified period of
time. An adverse response (e.g., tumor development,
renal tubular degeneration) is recorded for each an-
imal. For dichotomous responses, the probability of
the adverse response is modeled as a function of the
hazard concentration. Given a specified model, the
additional risk or extra risk above background at a
specified dose or the dose associated with a specified
response (e.g., the benchmark dose or BMD) is esti-
mated. This calculation will vary based on the selected
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regression model. The availability of software such
as the USEPA benchmark dose software(1) facilitates
the fitting of a collection of dose-response models. Af-
ter fitting these models and deriving associated extra
risks or benchmark doses, the risk manager is faced
with the question of which model should be used, or
equivalently, how model uncertainty in the risk esti-
mation process should be addressed. One option is to
select the model that leads to the highest extra risk or
the lowest benchmark dose with the belief that this
selection is biased toward being protective. Another
option is to report a range of risk estimates for mod-
els that provide a good fit to the observed data. This
provides a sensitivity analysis of the extra risk/BMDs
as a function of the regression models used. While se-
lecting benchmark responses at levels in the 5–10%
range tends to mitigate differences in the estimated
BMDs, differences will still exist, especially in the
lower limits on the BMD. We consider a third op-
tion for dealing with model-related uncertainty in risk
estimates—averaging of risk estimates/BMDs based
on the support for each model provided by the data.
In the sections that follow, we outline Bayesian Model
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Averaging (BMA) as applied to quantal response
models commonly employed in risk assessment.

2. METHODS

2.1. Notation

Suppose g nonzero concentration conditions
(d1, . . . , dg) along with a control condition (d0 = 0)
are examined in a study of the carcinogenic effects
of some potentially hazardous compound. The num-
ber of organisms exposed to the ith condition is ni.
The number of organisms exhibiting the response of
interest is recorded, say Yi for the ith concentration
condition. Finally, let π i represent the population pa-
rameter corresponding to the true probability of de-
veloping the response of interest given exposure to
hazard concentration di. In the examples that fol-
low, we consider Y = number of animals with tu-
mors or Y = number of animals with renal tubular
degeneration.

2.2. Quantal Response Models

A host of models are available for modeling the
probability of response (π) as a function of dose (d).
For example, a common model for the probability of
tumor presence as a function of carcinogen dose is the
quantal multistage response model,(2)

πi = 1 − exp
(−θ0 − θ1di − θ2d2

i − θ3d3
i − · · · − θkdk

i

)
,

(1)

where k ≤ g and the regression coefficients are fre-
quently constrained to be nonnegative, i.e., θ i ≥ 0.
The number of terms in the model is usually less than
the total number of nonzero concentration conditions.
Other examples of quantal response models include
the collection of regression models available in the
benchmark dose software available from the USEPA.
A subset of these models is given below, and these
include:

log-logistic models:

πi = γ + (1 − γ )
1 + exp[−(α + β ln(di ))] (2)

gamma: πi = γ + (1 − γ )
1

�(α)

∫ βdi

0
tα−1e−t dt (3)

multistage (degree = 1):

πi = γ + (1 − γ )[1 − exp(−θ1di )] (4)

multistage (degree = 2):

πi = γ + (1 − γ )
[
1 − exp

(−θ1di − θ2d2
i

)]
(5)

probit: πi = � (a + βdi ) (6)

log-probit: πi = γ + (1 − γ )�[a + β ln di ] (7)

quantal-linear: πi = γ + (1 − γ )[1 − exp(−βdi )]

(8)

quantal-quadratic:

πi = γ + (1 − γ )
[
1 − exp

(−βd2
i

)]
(9)

Weibull: πi = γ + (1 − γ )
[
1 − exp

(−βdα
i

)]
, (10)

where �(α) = gamma function evaluated at α, �(x) is
the cumulative distribution function of the standard
normal density at x (i.e., the integral of a N(0, 1) den-
sity from −∞ to x), and π i = γ when di = 0 for Models
(2) and (7). Note that Models (4) and (8) are identical
and either can be selected as options in the USEPA
BMD software.

2.2.1. Extra Risk

A characterization of the extra risk of tumor de-
velopment at a given dose can be defined as

ER (di ) = πi − π0

1 − π0
. (11)

In multistage Model (1) with a linear term plus
other higher-order terms, this can be approximated
as ER(d) ≈ θ1d for doses close to 0. The parameter
θ1 is the unit cancer risk that corresponds to the es-
timated excess risk of tumor development associated
with a unit increase in exposure. An alternative char-
acterization of the impact of a chemical is the added
risk, AR(di) = π i − π0.

The presence of a linear term in the model is
clearly associated with higher risk of tumor develop-
ment at lower exposures than a model without a linear
term. The estimation of excess risk is contingent on the
selection of a particular model, i.e., the terms included
in Model (1). This excess risk calculation ignores the
uncertainty inherent in the selection of this model.
A strategy for incorporating model uncertainty in the
estimation of excess risk is desirable as is the ability to
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characterize the probability that a linear term would
be included in risk estimation models.

2.2.2. Benchmark Doses

An alternative to extra risk is the benchmark
dose.(3) The BMD is the dose associated with a spec-
ified increase in response relative to the control re-
sponse, the so-called benchmark response (BMR).
For example, if BMR = 10%, then the BMD is the
dose associated with a 10% increase in response
relative to the controls. A lower confidence limit
on this dose is often calculated. The lower limit is
called a benchmark dose lower limit (BMDL). The
USEPA software provides BMD/BMDL estimates
for dichotomous responses using a range of models,
including Models (2)–(10). Other models are avail-
able for continuous responses.

2.3. Family of Models

Bayesian Model Averaging formally incorporates
model uncertainty in an analysis. In BMA, a family
of models is defined, say M, data are collected, and
posterior probabilities associated with the models are
derived. As an illustration, consider a quantal mul-
tistage Model (1) being fit to data containing g = 6
experimental groups. Multistage models (1) with all
dose terms of order five or lower are possible. This
collection of possible models is given in Table I.

Extra risk(2) is zero for model ID = 1 since no dose
terms are present in this model. Extra risk for model
ID = 3 is �(di) = 1 − exp(−θ1di) while extra risk for
model ID = 33 is �(di) = 1 − exp(−θ5d5

i ). Gener-
ally, extra risk for model ID = 3 will exceed extra risk
for model ID = 33 for small dose levels. This occurs
because model ID = 3 has a linear term while model
ID = 33 has a fifth-order term as its lowest polyno-
mial term. In the model with greater curvature (ID =
33), the slope of the dose response at doses near 0 will
be much smaller than the slope of the model with the
linear term (ID = 3). This translates into higher extra
risk estimates for a particular low dose for models with
linear dose terms. We could restrict the models that
we consider as candidates for extra risk calculations.
For example, if we enforce a hierarchy in which the
presence of a higher-order term forces the inclusion of
all lower-order terms, then only six plausible models
for the probability of response remain (namely, Mod-
els 1, 3, 7, 15, 31, and 63 in Table I). Alternatively, we
could restrict attention to models that contain a lin-
ear term and some combination of higher-order terms

(Models 3, 7, 11, 15, 19, 23, 27, 31, 35, 39, 43, 47, 51,
55, 59, and 63 in Table I).

2.4. Bayesian Model Averaging

The basic idea in BMA is that the distribu-
tion of some characteristic of a model, e.g., excess
risk or BMD/BMDL, is derived over some space
of possible models.(4–6) The posterior distribution of
this characteristic, �, given the data are pr(� | D) =∑Nm

m=1 pr(� | Mm, D)pr(Mm | D), where the posterior
probability of model Mm given the data D is
pr(Mm | D) and the number of possible models con-
sidered is Nm.

Two issues related to prior probability distribu-
tion need to be considered. First, what should be spec-
ified as the prior probability of each model, pr(Mm)?
A common choice is to assume that all models are
equally likely a priori. We believe this makes sense
for most risk estimate applications of BMA. For ex-
ample, with USEPA BMD software, users may view
each option in the menu of plausible models as equally
likely. The second issue is a little more subtle. Each
model includes a set of parameters that need to be
estimated. For example, Model (1) includes param-
eters (θ0, θ1, . . . , θk) while Model (10) includes (γ ,
α, β). What prior distribution is placed on the pa-
rameters of these models? The marginal likelihood,
pr(Mm | D), is computed by integrating the likelihood
multiplied by the prior distribution of the parame-
ters over the parameter space. The computation of
the integrals is generally difficult and as a result is of-
ten approximated using the BIC. The BIC provides
a reasonable approximation of the marginal likeli-
hood when the unit-information prior is assumed on
the parameter space (see Hoeting et al.(6) and Kass
and Raftery(7)). This likelihood is needed to construct
Bayes factors, the odds of preferring one model over
another. Kass and Raftery(7) suggest that the intro-
duction of prior densities on the model parameters
can be avoided by the use of the Schwarz criterion,
which is a rough approximation to the log of the Bayes
factor. The Bayesian Information Criterion (BIC) is a
function of the log-likelihood (LL) of a model, num-
ber of observations (n), and the number of parame-
ters in the model (k)—namely, BIC = −2 × LL + k ×
ln(n). (The Schwarz criterion S in Kass and Raftery(7)

is related to the BIC of two models, S = −0.5 ×
(BIC1 − BIC2) where BICi is the BIC associated with
model i = 1, 2.) Schwarz(8) derived the BIC as a large
sample approximation to twice the logarithm of the
Bayes factor. Kass and Wasserman(9) showed that BIC
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Table I. Summary of Fitting Different Multistage Models to Lymphocytic Malignant Lymphomas in Female Mice Exposed to
1,3-Butadiene (Data Source: NTP (1983)) (n = 330 for All Models)

Model ID (Mm)a d d2 d3 d4 d5 BIC pr(Mn | D) p-Value Pearson X2 Dose

1 0 0 0 0 0 70.561 0.00000 0.000 NA
3 1 0 0 0 0 35.656 0.42810 0.366 1.46
5 0 1 0 0 0 37.101 0.20790 0.264 30.00
7 1 1 0 0 0 41.377 0.02451 0.243 1.81
9 0 0 1 0 0 38.782 0.08973 0.143 83.64

11 1 0 1 0 0 41.364 0.02467 0.245 1.73
13 0 1 1 0 0 42.900 0.01144 0.264 30.00
15 1 1 1 0 0 47.163 0.00136 0.245 1.73
17 0 0 0 1 0 39.508 0.06241 0.107 139.10
19 1 0 0 1 0 41.364 0.02467 0.245 1.71
21 0 1 0 1 0 42.900 0.01144 0.264 30.00
23 1 1 0 1 0 47.163 0.00136 0.245 1.71
25 0 0 1 1 0 44.581 0.00494 0.143 83.64
27 1 0 1 1 0 47.163 0.00136 0.125 1.70
29 0 1 1 1 0 48.699 0.00063 0.264 30.00
31 1 1 1 1 0 52.962 0.00007 0.245 1.71
33 0 0 0 0 1 39.759 0.05505 0.096 188.19
35 1 0 0 0 1 41.364 0.02467 0.245 1.70
37 0 1 0 0 1 42.900 0.01144 0.264 30.00
39 1 1 0 0 1 47.163 0.00136 0.245 1.70
41 0 0 1 0 1 44.581 0.00494 0.143 83.64
43 1 0 1 0 1 47.163 0.00136 0.125 1.70
45 0 1 1 0 1 48.699 0.00063 0.264 30.00
47 1 1 1 0 1 52.962 0.00007 0.125 1.70
49 0 0 0 1 1 45.307 0.00344 0.107 139.10
51 1 0 0 1 1 47.163 0.00136 0.245 1.71
53 0 1 0 1 1 48.699 0.00063 0.264 30.00
55 1 1 0 1 1 52.962 0.00007 0.245 1.71
57 0 0 1 1 1 50.380 0.00027 0.143 83.64
59 1 0 1 1 1 52.962 0.00007 0.245 1.71
61 0 1 1 1 1 54.498 0.00003 0.264 30.00
63 1 1 1 1 1 58.761 0.00000 0.041 1.73

BMA = 36.01

aModel ID number is based upon terms present in the model. In particular, the ID no. = 1 + 2 ∗ “d1” + 4 ∗ “d2” + 8 ∗ “d3” + 16 ∗ “d4” +
32 ∗ “d5,” where “dj” = 1 if dose term dj is present in the model and “dj” = 0 if not (j = 1, 2, 3, 4, and 5).
Note: Columns in this table represent which terms are in the model (“di” = 1 if a dose term raised to the ith power is in the model
and 0 otherwise), the Bayesian information criterion (BIC), posterior model probability [pr(Mn | D)], goodness-of-fit summary, and dose
associated with an extra risk of 1 in a 1,000.

provides a close approximation to the Bayes factor
when a unit-information prior on the parameter space
is used. Raftery(10) evaluated the accuracy of the ap-
proximation of BIC within the framework of gener-
alized linear models. When the prior model probabil-
ities are equal, the posterior probability of a model
given the data is proportional to exp(−0.5 BIC), i.e.,

pr(Mm | D) = exp(−0.5BICm)
Nm∑

r=1

exp(−0.5BICr )

.

Once the posterior distribution of the charac-
teristic given the data is derived, then any relevant

summary can be constructed. For example, the pos-
terior mean dose estimate associated with an excess
risk of 0.001 can be constructed as E[�(d) | D] =∑Nm

m=1 �̂m(d)pr(Mm | D), where �̂m(d) is the dose that
yields ER(d) = 0.001 for model Mm.

2.5. Example 1: Lymphocytic Malignant
Lymphomas in 1,3-Butadiene Exposed Mice

We illustrate the application of BMA methods
to a data set describing lymphocytic malignant lym-
phomas observed in female mice exposed to 1,3-
butadiene.(11) The observed quantal responses as-
sociated with exposures 0, 6.25, 20, 62.5, 200, and
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625 ppm were 1/50 (2%), 3/50 (6%), 6/50 (12%),
3/50 (6%), 8/50 (16%), and 31/80 (39%), respectively
(Table 6, NTP(11)). Survival was also impacted by
exposure to 1,3-butadiene with all exposure groups
greater than 6.25 ppm exhibiting significantly de-
creased survival relative to controls; however, we
are not considering this additional complexity in our
example.

2.6. Example 2: Renal Tubular Degeneration
in Ethylene Glycol Exposed Rats

A 10-day exposure study was conducted where
Sprague-Dawley rats were exposed to ethylene gly-
col (EG) in their drinking water.(12) Ten rats were
exposed in one of five dose groups (0, 0.5, 1.0, 2.0, and
4.0% EG). The observed proportions of rats exhibit-
ing renal tubular degeneration were 2/10, 2/10, 2/10,
6/10, and 9/10 for EG concentrations of 0%, 0.5%,
1.0%, 2.0%, and 4.0% EG, respectively.

3. RESULTS

3.1. Example 1: BMA for Excess Risk of
Lymphocytic Malignant Lymphomas
in 1,3-Butadiene Exposed Mice

In this section, we focus on the estimation of the
dose associated with an excess risk of 1 in 1,000 ac-
counting for model uncertainty. The selection of an
excess risk of 1/1,000 is a common choice in the eval-
uation of occupational hazards. We consider that fam-
ily of models to contain the 32 (=25) described in
Table I. A summary of these model fits is also in-
cluded in Table I while a plot of these models fit to
the female mouse lymphocytic malignant lymphoma
data are given in Fig. 1. The fit of the intercept-only
model (Model ID = 1 from Table I) is a horizontal
line at approximately 0.15. This intercept-only model
yields a model prediction that corresponds to the to-
tal number of cancers in all experimental groups (52)
divided by the total number of animals studied (330).
This model clearly does not provide a good character-
ization of the observed dose-quantal response data.
From this figure, we see that many of the remain-
ing 31 models do provide a good summary of this
relationship.

These models have differing amounts of support
from the data, as illustrated in Fig. 2. The poste-
rior model probability for each of the models is dis-
played in this figure. The intercept-only model (Model
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Fig. 1. Plot of the estimated probability of lymphocytic malignant
lymphomas in female mice exposed to 1,3-butadiene (data source:
NTP (1983)). Each curve is associated with the fit of each of the
32 candidate models. The observed quantal responses are plotted
as “+”. Confidence intervals are plotted along with the observed
proportions.

ID = 1) has a posterior model probability near 0, the
model containing only a linear term (Model ID = 3)
has the highest posterior model probability (approx-
imately 0.43), and the quadratic only model (Model
ID = 5) has a posterior model probability of 0.21. A
number of these models have posterior model prob-
abilities exceeding 0.05.

The standard deviation of the predicted prob-
abilities for the different models provides some
insight as to the doses when model form leads to the
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Fig. 2. Plot of posterior model probability associated with each of
the 32 candidate models for multistage models fit to lymphocytic
malignant lymphomas in female mice exposed to 1,3-butadiene
(data source: NTP (1983)).
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Fig. 3. Plot of standard deviation in dose-specific model predic-
tions of tumor probabilities for different multistage models fit to
lymphocytic malignant lymphomas in female mice exposed to 1,3-
butadiene (data source: NTP (1983)).

greatest variation in predictions. The variance com-
ponent due to model uncertainty in predicted prob-
abilities is given by σ 2[Ŷ(d)] = ∑31

j=0[Ŷ(d | M2 j+1) −
Ŷ(d)]2pr(M2 j+1 | D), where Ŷ(d | M2 j+1) is the pre-
dicted probability of lymphocytic malignant lym-
phoma for model M2 j+1 ( j = 0, . . . , 31) and Ŷ(d) is
the BMA-average predicted response at dose d, i.e.,
Ŷ(d) = ∑31

j=0 Ŷ(d | M2 j+1)pr(M2 j+1 | D). A plot of the
model uncertainty standard deviation is plotted as a
function of dose in Fig. 3. From this figure, we see
that the greatest differences in model predictions are
observed for a dose of approximately 350 ppm while
the smallest differences in model predictions are ob-
served for a dose near 50 or 620 ppm. The smaller
model uncertainty standard deviations correspond
to places where the model predictions narrow in
Fig. 1.

It is interesting to compare the best model (Model
ID = 3—the model with only a linear dose term) to
the BMA-average predicted probabilities. This is dis-
played in Fig. 4. The BMA-average curve generally
predicts a lower probability of lymphocytic malignant
lymphoma than the best model for most doses, the
BMA curve predicts a higher probability of response
for the lowest doses.

Finally, we consider the BMA-average estimate
of the dose associated with a specified extra risk of
tumor development. Suppose that an extra risk of 1
in 1,000 is of interest, then we want to find the dose,
�(d), that solves the equation (π i − π0)/(1 − π0) =
0.001 for d. From Equation (1) (Model ID = 63), we
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Fig. 4. Plot of estimated probability from the best fitting model
(M3—only contains a linear dose term) and the BMA predicted
probability based on fitting the 32 multistage models to lymphocytic
malignant lymphomas in female mice exposed to 1,3-butadiene
(data source: NTP (1983)). The observed proportions of tumor-
bearing female mice are plotted as “+”.

have π i = 1 − exp (− θ0 − θ1 di − θ2d2
i − θ3d3

i − θ4d4
i −

θ5d5
i ) and π0 = 1 − exp(−θ0). Thus, finding �(d) in-

volves solving −θ1d − θ2d2 − θ3d3 − θ4d4 − θ5d5 =
ln (0.001) for d. Label the solution for “d” based
on the M2j+1 model, �(d | M2j+1). Then, the BMA
estimate of this dose is �(d) = ∑31

j=0 �(d | M2 j+1) ×
pr(M2 j+1 | D). Associated with this estimate is a vari-
ance component due to model uncertainty σ 2 ×
[�(d)] = ∑31

j=0 [�(d | M2 j+1) − �(d)]2pr(M2 j+1|D).
For an excess risk of 0.001, the BMA-average

dose is �(d) = 36.0 with a SD of 53.4. A plot of the
estimated dose associated with an excess risk of 1 in
1,000 for each of the different models is given in Fig. 5.
The radius of each plotted circle is proportional to the
posterior probability of the model while the model-
average estimated dose associated with the extra risk
of 0.001, �(d) = 36.0, is provided as a horizontal refer-
ence line. From this figure, we see that the estimated
doses range over several orders of magnitude where
the lowest doses associated with an extra risk of 0.001
are associated with models containing a linear term
(Model IDs = 3, 7, 11, etc.). The posterior proba-
bility associated with selecting a model with a linear
term can be determined from summing the pr(Mn | D)
for models containing linear terms. Here, pr(linear
term in model) = 0.4281 + 0.02451 + 0.02467 + · · · =
0.535. Thus, the probability that a model selected
from this family includes a linear term is 0.535. The
largest estimated dose was associated with the most
nonlinear model (Model ID = 33—containing only
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Fig. 5. Plot of the estimated dose associated with an excess risk of 1
in 1,000 for each of the different models fit to lymphocytic malignant
lymphomas in female mice exposed to 1,3-butadiene (data source:
NTP (1983)). The radius of each plotted circle is proportional to
the posterior probability of the model. A horizontal reference line
is plotted at the model-average estimated dose associated with the
excess risk of 0.001.

a fifth-order term). The BMA average weights these
model-specific estimates by their posterior probabil-
ities to yield an overall model-averaged estimate.
Table I also illustrates an interesting pattern where
a number of models have the same posterior proba-
bility (Model IDs = 11, 19, and 35 have pr(Mn | D) =
0.0247) and similar estimates of the dose associated
with a 0.001 extra risk (18 ppm here). These mod-
els all contain a linear term and a single higher-order
dose term. These models have similar complexity in
terms of numbers of parameters and provide a similar
likelihood for the data.

The risk estimates are grouped in a natural way
based upon model structure. The models with lowest-
order polynomial term being linear yield the low-
est dose estimates associated with an excess risk
of 1/1,000, the models with lowest-order polynomial
term being a squared dose term yield a dose estimate
larger than models with the linear dose as the lowest
dose term but lower than models with a cubic term as
the lowest dose term and so on.

Arguably, the subset containing linear terms
along with possibly higher-order terms might be of in-
terest. If we restricted the model space to only these
models, the estimated average dose associated with a
1/1,000 excess risk would be lower. This can be seen
in Fig. 5. The models with linear terms are displayed
as the smallest estimated doses in Fig. 5.

3.2. Example 2: BMA for BMDL of Renal Tubular
Degeneration in Ethylene Glycol Exposed Rats

In the example above, we focused on a family of
models that were all of the same form, the multistage
quantal Model (1), but had different dose terms. This
second example considers a family of binary regres-
sion models that are available in the USEPA BMD
software package(1) for estimating benchmark doses.
We considered 10 different regression models rang-
ing from logistic to Weibull and estimated the BMD
and BMDL associated with added risks of 10% or
1%. The results of this fitting exercise are given in
Table II. It is worth noting that all of the models fit to
these data resulted in a p-value > 0.39 for a Pearson
X2 goodness-of-fit test. The BMD10 ranged from 0.34
to 1.17% EG with BMDL10 from 0.20 to 0.70% EG,
a four-fold range in BMDL. The BMD01 ranged from
0.03 to 0.67% EG with BMDL01 from 0.02 to 0.34%
EG, a 17-fold range in BMDL. Thus, the estimated
BMD or BMDL was more sensitive to model form
for BMR = 1% as compared to BMR = 10%.

The multistage (degree = 2) Model (5) had a
highest posterior probability, 0.22, and a Pearson X2

p-value of 0.90 provided a BMDL01 of 0.03. The
quantal-quadratic Model (9) had the same posterior
probability, 0.22, and Pearson X2 p-value of 0.90; how-
ever, this model provided a BMDL01 of 0.22. So, two
equally attractive models in terms of goodness-of-fit
or posterior model probability yield benchmark doses
that differed by a factor of 7. Given no obvious pref-
erence for one model over others in this analysis,
some averaging of the results would be reasonable.
The BMA estimates of the BMD10 and BMDL10
were 0.83% EG and 0.45% EG, respectively, while
the BMA estimates of the BMD01 and BMDL01 were
0.23% EG and 0.09% EG, respectively.

4. DISCUSSION

We have presented an illustration of incorporat-
ing model uncertainty into the risk estimation pro-
cess. Note that we did not emphasize a full Bayesian
analysis of the system where posterior probability dis-
tributions of the regression parameters were also of
interest. Our emphasis was on the Bayesian analy-
sis of model uncertainty to obtain a model-averaged
summary. The synthesis of the results of different
models has been addressed using weighting meth-
ods. For example, Buckland et al.(13) suggested an
average estimate θ̂ = ∑

k wkθ̂k, where θ̂k is an esti-
mate of the parameter of interest based on model
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Table II. Summary of Fitting Different Quantal Response Models to Proportions of Rats Exhibiting Renal Tubular Degeneration
Following Exposure to Ethylene Glycol (Data Source: Robinson et al. (1990)) (n = 50 for All Models)

Model (Mm) BMD 10% BMDL 10% BMD 1% BMDL 1% p-Value Pearson X2 −2log(L) BIC pr(Mn | D)

Logistic 0.66 0.48 0.08 0.06 0.81 50.96 58.79 0.1841
Log-logistic 1.15 0.43 0.55 0.09 0.89 50.23 61.97 0.0376
Gamma 1.09 0.32 0.49 0.34 0.82 50.40 62.13 0.0345
Multistage quadratic 0.95 0.28 0.29 0.03 0.90 50.61 58.44 0.2194
Probit 0.63 0.48 0.07 0.04 0.79 51.05 58.88 0.1760
Log-probit 1.17 0.46 0.67 0.16 0.89 50.21 61.95 0.0379
Quantal-linear 0.34 0.20 0.03 0.02 0.39 53.20 61.03 0.0600
Quantal-quadratic 0.95 0.70 0.29 0.22 0.90 50.61 58.44 0.2194
Weibull 0.96 0.30 0.30 0.03 0.74 50.61 62.35 0.0311

BMA 0.83 0.45 0.23 0.09

Note: Columns in this table include BMD and BMDL for 10% and 1% BMR, a goodness-of-fit summary (p-value Pearson X2), the Bayesian
Information Criterion (BIC), and a posterior model probability (pr(Mn | D)).

Mk. They suggested weights: wk = exp(−Ik/2)/
(
∑Nm

i=1 exp(−Ii/2)), where Ii = −2log (L) + qi and
Nm is the number of models considered. The ad-
justment term, qi, in this information term was
either Ii = AIC (Aikake Information Criterion)
if qi = 2 ∗ (no. of parameters in model Mi) or
Ii = BIC (Bayesian Information Criterion) if qi =
(no. of parameters in model Mi) × log(n). These
authors also suggested bootstrapping with model se-
lection as means of generating wk. Kang et al.(14) ap-
plied this with AIC-based weights to average risk
or dose estimates across different microbiological
dose-response models. These authors also suggested
application of these ideas for the assessment of
chemical risks as we conducted above. Our empha-
sis was on averaging results across risk estimation
models for dichotomous responses where the BIC-
derived weights are interpretable as posterior model
probabilities.

One cost associated with this type of analysis is
that now risk estimates have different values across
different models and this has to be considered. This
is also a benefit. With this strategy, the risk modeler
is not forced to select a particular model for generat-
ing risk estimates. Currently, many risk modelers re-
port estimates based upon numerous model fits and
then report a preference for a particular model and
estimate, perhaps for the model leading to the lowest
exposure limit. In this model-averaging approach, a
collection of models is selected in advance and esti-
mates derived from these models are weighted by the
support the data suggest for each model.

Dose-response models are selected prior to gen-
erating an excess risk estimate. Many investigators

generate risk estimates for a range of plausible
models. Model averaging allows for a synthesis of
risk estimates where the estimate from each model
is weighted by a posterior probability of the model.
While this does not necessarily simplify the risk esti-
mation process, it does help account for the impact of
model uncertainty on risk estimates in a natural way.
As Kass and Raftery(7) noted:

Any approach that selects a single model and then
makes inferences conditionally on that model ignores
the uncertainty involved in model selection, which can
be a big part of overall uncertainty. This leads to under-
estimation of the uncertainty about quantities of inter-
est, sometimes to a dramatic extent. (p. 784)

One strategy for using BMA in risk estimation would
be to report the risk endpoint for the most probable
model along with the BMA estimate for the same end-
point. If these quantities are similar or if the model
uncertainty variance component is small, then the
risk assessor may have greater confidence that the
reported risk endpoint is fairly robust to model un-
certainty. If this is not the case, then the risk manager
may wish to consider selecting a different endpoint
(e.g., BMD10 vs. BMD01) or to provide other evi-
dence supporting the selection of a particular model
for risk estimation. We believe that the best way to
incorporate BMA in risk assessment should continue
to be debated. Ultimately, risk estimation that ig-
nores the uncertainty associated with model selection
may be present itself as overly precise, and we hope
that the strategy discussed above may help address
this.
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