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Executive Summary

In this study, we adopt a Bayesian hierarchical modeling scheme to estimate the parameters in
order to classify whether an email is normal or spam. The spam dataset is discribed in [1].
To estimate the parameters 3, we impose a Laplace prior distribution for the parameter 3|\
and a non-informative Gamma prior distribution for the hyperparameter A. We did Markov
Chian Monte Carlo (MCMC) in WinBUGS as well in R using MCMClogit{ MCMCpack} and
metrop{mecmc}, respectively, and obtained the posterior distributions of 8 and some useful
quantile statistics. Interestingly, we found that the posterior estimates of 3 is highly similar to
those obtained from PROC GENMOD in SAS. As a consequence, the predictions from those
estimates of 3 from a reduced model were very close to each other. The difference in 8 estimates
and the prediction error rates were mostly due to the insufficient MCMC replciations limited

by computing resources.
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1 Description of Data

Data source: http://www-stat.stanford.edu/~tibs/ElemStatLearn/index.html

The spam dataset [1] consists of information from 4601 emails. From all the email messages,
the true outcome (0 for normal or 1 for spam) is available, along with the relative frequencies

of 57 of the most commonly occuring words and punctuation marks in the email message.

Thus, we have a vector of the binary outcome y of dimension 4601 x 1, and the input matrix X
of dimension 4601 x 58 (including the constant term “1”). We use following notations (p = 58,
n = 4601):

:Il — I:ﬁlo - I:IT 1 1 1
L1
i1 1
~BE-BE~HBHA
x) y
Tip s Pp px1 nome o

2 Bayesian Statistical Analysis

2.1 Bayesian framework

We are interested in the logistic probability model of the form

vilzi, B~ Berpoulli(pi) (1)

bi T

logit(pj) = 1 = x; 2
ogit(pi) I B (2)
By observing the simplicity in the pmf of y; as
exp(z] B) 1 1
i 1 aj" _= _=
Sy i, 8) l+exp(z] B) 1+exp(—x{B) 1+ exp(—=z]Byi)
1 1
flyi =—1]zi.8) =

L+exp(@] B) L+ exp(—a] Byi)
Thus the likelihood is given by:
r—i 4

Lik(8|X,y) = .
1 (16’ y) :ll—i—eXp(—Cl);r,@y.)
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We consider the Laplace or double exponential prior distribution for 3. Here we assume that

the components of 3 are independent, thus the overall prior for 3 is the product of the priors
for each of its component fj’s. For each component 3j, we impose hierarchical priors as f3j [A nd

DE(0,1/A) and A ~ Ga(a,b) V a > 0, b > 0. Therefore, we have

Y = 2 exp(-Al)
B
PO = N e (b

Thus the joint prior is

a

N Lexp (b))

w(B,\) = —exp(—A|Gj]) -

j=1 2 ['(a)
= 2 en(h Bl A exp (b (@
= 5 e . it exp .
Thus the marginal prior of 3 is given by
—1 —1
[0 | [0 |
=] Ltetia -p+a—l —
nB) = BN = 5 g Xen(A bl 5] D
0 0 =t
_ 1T(p+a) b3 (5)
2P T(a) = B
b+ ) Bi
J:

Based on this, we also have the full log-likelihood of 3 as follows:

logp(B) = logp(Blspam) = log Lik(B| X, y) + log w(B3)
r 1
= —  log(1+exp(—=x{ Byi)) + log 1“(113(4@—)@
i=1
r—
+(p+a)log(b+ |Bi |) + constant. (6)
j=1

+alogb

2.2 MCMC Computation

We first tried in WinBUGS [2] to do the Markov Chain Monte Carlo (MCMC) computation.
However, since the model contains 57 variates, too high dimension for WinBUGS to handle, we

are taking the following approaches:
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1. Do demonstrative computation in WinBUGS as well as in R using only a few variates

such as the first four variates in the spam dataset;
2. Do full scale MCMC computation in R.

3. For both reduced and full models, we also did nonlinear logistic regression in SAS and
obtained MLEs of 3.

2.3 Calculation of Testing Error

Since the output from the logistic regression model aforementioned is not a class label but an
estimate of the probability Pr(y = 1|@,3), we need to convert this estimate to 1 (spam email)
or -1 (normal email). We would use the simplest approach as follows:

L1
1, if Pr(y = 1|z, 3) > 0.5;

= 7
Y —1, otherwise. 0

2.4 MCMC in WIinBUGS on a Reduced Model

We used the first four variates (or columns) in the original spam dataset for the WinBUGS
demonstration. We first centered the input data by column means in R, then did the MCMC
computation using the WinBUGS code as follows:

model

{
for(i in 1:n)

{
y[i] ~ dbern(theta[i])

# logit link:

# spaml.txt has already been centered by column means in R

# column names are V1 ~ V4

logit(theta[i]) <- intcpt + beta[1]*Vi[i] + beta[2]*V2[i] + beta[3]*V3[i] + beta[4]*V4[i]
}

# Specify priors for regression coefficients:

intcpt ~ ddexp(betaO, lambda)

for(J in 1:p)

{

beta[j] ~ ddexp(betaO, lambda)
}

lambda ~ dgamma(a0, bO0)

}

Spam data:
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list(n=4601, p=4, a0=0.5, b0=1, beta0=0)
# Use spaml.R ro pre-process the original data file, then read data from spaml.txt

Inits:

list(intcpt=0,beta=c(0.1,0.1,0.1,0.1), lambda=0.4)
list(intcpt=0,beta=c(-0.1,-0.1,-0.1,-0.1), lambda=0.2)
list(intcpt=0,beta=c(0,0,0,0), lambda=1)

The MCMC results are summarized in Table 1 and 2 and some diagnostic plots are on a separate
sheet.

node mean sd  MC error 2.5%  median 97.5% | start sample
intcpt | -0.2749  0.0683 0.00173 | -0.3918  -0.2811 -0.1221 | 1001 15000
betal[l] 0.8022  0.1131 9.576E-4 | 0.5822 0.8012 1.027 | 1001 15000
beta[2] | -0.04219 0.02834 2.383E-4 | -0.101 -0.04102 0.01074 | 1001 15000
beta|[3] 0.8155 0.06896 5.804E-4 0.681 0.8147 0.953 | 1001 15000
betal[4] 2.716  0.9606 0.02454 1.157 2.6 4.92 | 1001 15000
lambda 0.9958  0.4604 0.005528 | 0.3323 0.9232 2.088 | 1001 15000

Table 1: Posterior statistics of parameters

Dbar Dhat pD DIC
y | 5885.070 5879.930 5.146 5890.220
Total | 5885.070 5879.930 5.146 5890.220

Table 2: pD and DIC of the model

From the summary statistics and the diagnostic plots, we can see that the Bayesian hierarchical
modeling is feasible and has produced meaningful results. We can use the robust posterior

median values of 3 and make predictions according to equation (2).

2.5 Modeling in R on a Reduced Model

To compare the results obtained from WinBUGS aforementioned, We also tried MCMC com-
putation in R using metrop{mcmc} [3] and MCMClogit{MCMCpack} [4], respectively, as well
as using PROC GENMOD on the full likelihood (6) in SAS. Some MCMC parameters are listed
below:

e WinBUGS: chains = 3, burnin = 1000, mcmc.cycle = 5000, thin = 1
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e metrop: chains = 3, nbatch = 500, blen = 500, nspac = 5

e MCMClogit: chains = 3, burnin = 1000, mcmec.cycles = 25000, thin = 5

The compuation results are simmarized as follows:

MLEs MCMC(WINBUGS) metrop(mcmc) MCMClogit(MCMCpack)
B  SE(B) B SE(3) MCSE 8 SE(3) MCSE 8 SE(3) MCSE
VO | -.2423 .0735 | -.2749 .0683 .0017 | -.2746 .0686 .0516 | -.3999 N/A .0327
V1 .8126 1136 .8022 1131 .0009 .8047 1133 .00186 .8005 N/A 1154
V2 | -.0397 0277 | -.0422 .0283 .0002 | -.0421 .0282 .0018 | -.0450 N/A .0293
V3 .8182 .0682 .8155 .0690 .0006 .8162 .0683 .0073 .8160 N/A .0638
V4 | 3.2481 1.0506 2.716 .9606 .0245 2.149 .9660 8124 | .7134 N/A 1347

Table 3: Comparison of posterior mean of 3

MLEs WinBUGS metrop MCMClogit
Testing error | 36.30% 36.36% 36.34% 36.43%

Table 4: Comparison of prediction errors from estimates of 3 in reduced model

All testing errors were calculated in SAS as described in section 2.3. We can see that the four
estiamtes of 3 are overall very close to each other, leading to strikingly almost the same testing
errors. This result indicates that our own R code utilizing metrop and MCMClogit functions

worked correctly.

Secondly, as we have learned in class, the information contained in the sample becomes pre-
dominant compared to fixed information brought by priors as sample size grows. Therefore,
the posterior means for the regression coefficients are asymptotically equivalent to the classical
MLEs. In our case, with the sample size of 4601, it comes no surprise that all methods have
similar estimates and standard errors, although Hierarchical priors were used in WinBUGS
and marginal priors were used in metrop and MCMClogit. Since the estimates of the logistic
regression coefficients are close for the four methods, the prediction of Y and the test errors are

similar accordingly.

2.6 MCMC in R on Full Model

To implement Bayesian modeling on the full spam dataset, we had to write our own R code using
metrop and MCMClogit functions. With larger efforts and longer waiting time, we temporarily

came up with the following testing error rates from the four methods of estimation.
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MLEs metrop MCMClogit
Testing error | 6.87% 55.77% 22.63%

Table 5: Comparison of prediction errors from estimates of 3 in full model

The result is not satisfactory, however, there could be several reasons:

1. It was difficult to tune the MCMC parameters for full model, since every test run takes
long time (tens of minutes to hours). There were several parameters to tune such as scale
for rejection rate, thin for autocorrelation, burnin and mceme.cycles for MCMClogit and

nbatch and blen for metrop.

2. The formal MCMC computation of the full model takes long time. We had to choose
a small number of batches and blen for metrop function, after waiting overnight for a
nbatch=5000, blen=2000, nspac=5 three-chain MCMC without being able to see the
result. Even with the current small values of nbatch and blen, we waited for more than
four hours. It did not take as long time for MCMClogit as for metrop, but we still waited
dozens of minutes. Thus, we had relatively better performance on the full model using
MCMClogit than metrop.

3 Discussions

In this study, we learned to use WinBUGS and R to do Bayesian analysis on a real dataset.
We have shown that our modeling in WinBUGS and R were meaningful and the estimates thus
obtained performed almost the same as that from MLESs, since the sample size in our study is

large enough to predominate any priors we impose.

The difficulty we experienced in dealing with the full model were largely due to the limited
compuation resources. However, if we could have some preliminary variable selection proce-
dures, then the complexity of the modeling would decrease and the performance of Bayesian

modeling may improve.

What’s more, we have not been able to implement hirarchical modeling in our own R code,
where we used the marginal priors for 3 due to that we happen to be able to integrate out
the hyperparameter A. It would be more generally useful and applicable if we could have it

implemented.
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Appendix A: Estimates of 3 from full model

MLEs metrop(mcmc) MCMClogit(MCMCpack)

B SE(8) Hp:B=0 B SE(8) Ho:B=0 B SE(8) Ho:8=0
betal -1.5686 0.142 F 0.4651 0.3616 T -3.8234 3.4893 T
betal -0.3895 0.2315 T 0.5322 0.3722 T 0.145 0.6259 T
beta2 -0.1458 0.0693 F 0.4631 0.3353 T 0.2187 0.5563 T
beta3 0.1141 0.1103 T 0.5431 0.3607 T 0.4492 0.3978 T
betad 2.2515 1.507 T 0.5245 0.3732 T 0.6377 0.2912 F
betab 0.5624 0.1018 F 0.0493 0.029 T 0.3826 0.2834 T
betab 0.883 0.2498 F 0.021 0.0151 T 0.5326 0.4269 T
beta7 2.2785 0.3328 F 0.0422 0.0332 T 1.6129 1.1747 T
beta8 0.5696 0.1682 F 0.0366 0.0268 T 0.4143 0.321 T
beta9 0.7343 0.2849 F 0.013 0.0204 T 0.466 0.3954 T
betal0 0.1275 0.0726 T -2e-04 0.009 T 0.093 0.0889 T
betall -0.2557 0.2979 T 0.0022 0.013 T -0.1239 0.2425 T
betal2 -0.1383 0.074 T -0.0272 0.026 T -0.0924 0.089 T
betal3 -0.0796 0.2303 T 0.0089 0.0222 T -0.0105 0.1702 T
betal4 0.1447 0.1364 T 0.0171 0.0136 T 0.0873 0.1267 T
betalb 1.2362 0.7255 T 0.0087 0.0105 T 0.7064 0.7044 T
betal6 1.0386 0.1457 F 0.0695 0.0504 T 0.7316 0.5285 T
betal7 0.9599 0.2251 F 0.0337 0.0269 T 0.6288 0.479 T
betal8 0.1203 0.1172 T 0.0303 0.0277 T 0.1026 0.1217 T
betal9 0.0813 0.035 F 0.1037 0.0549 T 0.0507 0.0454 T
beta20 1.0474 0.5383 T 0.019 0.0252 T 0.7588 0.6379 T
beta2l 0.2419 0.0524 F 0.1074 0.0802 T 0.1569 0.1177 T
beta22 0.2013 0.1627 T 0.0195 0.0289 T 0.2102 0.1836 T
beta23 2.2452 0.4715 F 0.0185 0.0172 T 1.5935 1.1802 T
beta24 0.4264 0.1621 F 0.0116 0.0179 T 0.3577 0.2848 T
beta25 -1.9204 0.3128 F -0.0986 0.0673 T -1.2404 0.9106 T
beta26 -1.0402 0.4396 F -0.051 0.0411 T -0.7486 0.6187 T
beta27 -11.7672 2.1131 F -0.0711 0.049 T -3.825 2.8546 T
beta28 0.4454 0.1991 F -0.0214 0.0171 T 0.327 0.2812 T
beta29 -2.4864 1.5015 T -0.0101 0.0154 T -1.2406 1.1187 T
beta30 -0.3299 0.3137 T 0.0217 0.0229 T -0.2459 0.2901 T
beta31 -0.1702 0.4815 T -0.0178 0.0166 T -0.2951 0.4444 T
beta32 2.5488 3.2832 T -0.0113 0.0229 T 0.1561 1.0275 T
beta33 -0.7383 0.3117 F -0.0151 0.0128 T -0.598 0.4949 T
beta34 0.6679 1.6006 T -0.0268 0.03 T 0.1079 0.7913 T
beta35 -2.0554 0.7883 F -0.0146 0.0115 T -0.9308 0.8425 T
beta36 0.9237 0.3091 F -0.02 0.0217 T 0.5433 0.4494 T
beta37 0.0465 0.1754 T -0.0283 0.0213 T -0.0034 0.145 T
beta38 -0.5968 0.4232 T -8e-04 0.0116 T -0.5279 0.6139 T
beta39 -0.865 0.3828 F -0.0242 0.0202 T -0.5315 0.4684 T
betad0 -0.3046 0.3636 T -0.0118 0.0164 T -0.1651 0.3007 T
betadl -45.048 26.5997 T -0.0242 0.0167 T -3.8539 3.5552 T
beta42 -2.6887 0.8384 F -0.0251 0.0279 T -1.5258 1.22 T
betad3 -1.2471 0.8064 T -0.0066 0.0148 T -0.6575 0.6709 T
betad4 -1.5732 0.5292 F -0.0167 0.0255 T -1.1402 0.9006 T
betadb -0.7923 0.1556 F -0.0249 0.0272 T -0.505 0.3763 T
beta46 -1.4592 0.2686 F -0.0468 0.0467 T -0.9851 0.7255 T
betad7 -2.3259 1.6592 T -0.0055 0.0131 T -1.1231 1.2045 T
beta48 -4.0156 1.6109 F 0.0049 0.0136 T -2.0868 1.7776 T
betad9 -1.2911 0.4422 F -0.002 0.0144 T -0.9137 0.7285 T
beta50 -0.1881 0.2494 T -0.0027 0.0116 T -0.2553 0.2662 T
beta51 -0.6574 0.8383 T -0.0016 0.0238 T -0.5289 0.7408 T
beta52 0.3472 0.0893 F 0.0682 0.0447 T 0.2616 0.1996 T
beta53 5.336 0.7064 F 0.0131 0.0203 T 3.22 2.3142 T
betab54 2.4032 1.1133 F 0.0183 0.018 T 0.6304 0.568 T
betab5 0.012 0.0188 T -0.0083 0.0358 T 0.012 0.0101 T
beta56 0.0091 0.0025 F 0.0266 0.0063 F 0.001 8e-04 T
betab7 8e-04 2e-04 F le-04 le-04 T 6e-04 5e-04 T

Table 6: Comparison of posterior mean of 3 in full model

10
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Appendix B: SAS code for MLEs and calculation of testing errors

" * ***The reduced model * * * * :
libname path *f:\fall2005\st740-Bay\project’;

FxdxkxkxExAXEFANMETHOD(L) - MCMC(WINBUGS) ;

data reduced;

set path.spaml;
logitphat=-.2749+.8022*v1-.04219*v2+.8155*v3+2.716*v4;
phat=exp(logitphat)/(1+exp(logitphat));

yhat_mcmc=1;

if phat<0.5 then yhat_mcmc=0;

if y*=yhat_mcmc then wr_mcmc=1;

drop logitphat phat ;

run;

* METHOD(2) : METROP(MCMC);
data reduced;
set reduced;
logitphat=-0.2746+0.8047*v1-0.0421*v2+0.8162*v3+2.7149*v4;
phat=exp(logitphat)/(1+exp(logitphat));
yhat_METROP=1;
if phat<0.5 then yhat METROP=0;
if y"=yhat_METROP then wr_METROP=1;
drop logitphat phat ;
run;

Fhkkkkkk kR xR I FIEFXNMETHOD(3) - MCMClogit;
data reduced;
set reduced;
logitphat=-0.3999+0.8005*v1-0.0450*v2+0.8160*v3+0.7134*v4;
phat=exp(logitphat)/(1+exp(logitphat));
yhat_MCMClogit=1;
if phat<0.5 then yhat MCMClogit=0;
if y*=yhat_MCMClogit then wr_MCMClogit=1;
drop logitphat phat ;
run;

* *xkAF*ENETHOD(4) - MLES;
proc genmod data=reduced descending ;
model y=vl-v4/dist=binomial link=logit ;
output out=new p=prediction;
run;

data new;

set new;

yhat_mle=1;

if prediction<0.5 then yhat_mle=0;
if y*=yhat_mle then wr_mle=1;

run;

proc means sum,

11
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var wr_mcmc wr_mle wr_METROP wr_MCMClogit ;
run;

* * The full model * * ;

* xkkk * ***\CMClogit;

libname p *f:\”;
data full;
set p.one;
logitphat=-3.8234+0.1450*v1+0.2187*v2+0.4492*v3+0.6377*v4+0.3826*v5+0.5326*v6+1.6129*v7
+0.4143*v8+0.4660*v9+ 0.0930*v10-0.1239*v11-0.0924*v12 -0.0105*v13+ 0.0873*v14
+0.7064*v15+0.7316*v16+0.6288*v17+0.1026*v18+0.0507*v19+0.7588*v20+0.1569*v21+0.2102*v22
+1.5935*v23+0.3577*v24-1.2404*v25-0.7486*v26-3.8250*v27+0.3270*v28-1.2406*v29
-0.2459*v30-0.2951*v31+0.1561*v32-0.5980*v33+0.1079*v34-0.9308*v35+0.5433*v36-0.0034*v37
-0.5279*v38-0.5315*v39-0.1651*v40-3.8539*v41-1.5258*v42-0.6575*v43
-1.1402*v44-0.5050*v45-0.9851*v46-1.1231*v47-2.0868*v48-0.9137*v49-0.2553*v50
-0.5289*v51+0.2616*v52+3.2200*v53+0.6304*v54+0.0120*v55+1e-03*v56+6e-04*v57;
phat=exp(logitphat)/(1+exp(logitphat));
yhat_mcmclogit=1;
if phat<0.5 then yhat_mcmclogit=0;
if y"=yhat_mcmclogit then wr_mcmclogit=1;
drop logitphat phat ;
run;

FAAAAF RSk R xR * R Metrop MCMC;

data full;

set full;
logitphat=0.4651+0.5322*v1+0.4631*v2+0.5431*v3+0.5245*v4+0.0493*v5+0.0210*v6+0.0422*v7
+0.0366*v8+0.0130*v9-2e-04*v10+0.0022*v11-0.0272*v12 +0.0089*v13+ 0.0171*v14
+0.0087*v15+0.0695*v16+0.0337*v17+0.0303*v18+0.1037*v19+0.0190*v20+0.1074*v21+0.0195*v22
+0.0185*v23+0.0116*v24-0.0986*v25-0.0510*v26-0.0711*v27-0.0214*v28-0.0101*v29
+0.0217*v30-0.0178*v31-0.0113*v32-0.0151*v33-0.0268*v34-0.0146*v35-0.0200*v36-0.0283*v37
-0.0008*v38-0.0242*v39-0.0118*v40-0.0242*v41-0.0251*v42-0.0066*v43
-0.0167*v44-0.0249*v45-0.0468*v46-0.0055*v47+0.0049*v48-0.0020*v49-0.0027*v50
-0.0016*v51+0.0682*v52+0.0131*v53+0.0183*v54-0.0083*v55+0.0266*v56+1e-04*v57;
phat=exp(logitphat)/(1+exp(logitphat));

yhat_metrop=1;

if phat<0.5 then yhat metrop=0;

if y*=yhat_metrop then wr_metrop=1;

drop logitphat phat ;

run;

* MLE;
proc genmod data=full descending;
model y=vi-v57/dist=binomial link=logit ;
output out=next p=prediction;
run;

data next;

set next;

yhat_mle=1;

if prediction<0.5 then yhat_mle=0;
if y*=yhat_mle then wr_mle=1;

12



Xiaohua Gong
ST 740, Fall 2005 Project Shufang Liu

run;
proc means data=next;

var wr_mcmclogit wr_mle wr_metrop;
run;

13
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Appendix C: Outlined R code for MCMC on reduced model
using metrop and MCMClogit

HHBHHH R

HifH T
HHHHH metrop HHH#
HitHH HitH

BT R

# Retrieve data

# For demo purpose, only use the first four variates
spam.df = as.data.frame(read.table(*'spam.data™))

y = spam.df[,ncol(spam.df)]

x.df = spam.df[,1:4]

# centering inputs by column means

xmeans = colMeans(x.df)

x = t(apply(x.df, 1, function(v) v-xmeans))

x = cbind(1, x)

p = ncol(xX)

a0 = 0.5

b0 =1

mu0 = 0

beta.init=list(c(0, rep(0.1,4)), c(0, rep(-0.1,4)), c(0, rep(0, 4)))

# marginal log-prior of beta[]
lupost <- function(beta, x, y)

{
eta = x %*% beta
theta = 1/(1 + exp(-eta))
loglik = sum(log(theta[y==1])) + sum(log(1-theta[y==0]))
return(loglik + logpriorfun(beta, mu0, gshape=a0, grate=b0))
}
require(memc)

# Three chains
posterior = lapply(beta.init, function(vec)
{
posterior = metrop(lupost, vec, nbatch=500, blen=500, nspac = 5,
scale=0.065, outfun=function(z,...) c(z, z"2), X=X, y=y)
1))

# MCMC diagnostics

# Check the rejection rate, adjust scale to have rejection rate ~0.2
posterior[[1]]$accept

posterior[[2]]$accept

posterior[[3]]%accept
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# X Is a data matrix with 57 columns, not containing the constant term "1"
d.df = as.data.frame(cbind(y, x))

p = ncol(d.df)

# marginal log-prior of beta[]
logpriorfun <- function(beta, mu, gshape, grate)

{
logprior = -p*log(2) + log(gamma(p+gshape)) - log(gamma(gshape))
+ gshape*log(grate) - (p+gshape)* log(grate+sum(abs(beta)))
return(logprior)

}

require(MCMCpack)

a0 = 0.5

b0 =1

muo = 0

beta.init=list(c(0, rep(0.1,4)), c(0, rep(-0.1,4)), c(0, rep(0, 4)))
burnin.cycles = 1000
mcme.cycles = 25000

# three chains
post.list <- lapply(beta.init, function(vec)

{
posterior <- MCMClogit(y~V1+V2+V3+V4, data=d.df, burnin=burnin.cycles, mcmc=mcmc.cycles,
thin=5, tune=0.5, beta.start=vec, user.prior.density=logpriorfun, logfun=TRUE,
mu=mu0, gshape=a0, grate=b0)
return(posterior)
1))

rejectionRate(postlist[[1]])
rejectionRate(postlist[[2]])
rejectionRate(postlist[[3]])

15



