Practice Exercises for Final Exam
ST 521 - Statistical Theory - I

The ACTUAL exam will consists of less number of problems.

1. Suppose X1, Xo,..., X, b fx(z), where fx(x) is the pdf of a random variable X.

(a) Show that U = Fx(X) ~ U(0,1), where Fx(z) = [* fx(t)dt
(b) Define U; = Fx(X;) for i = 1,2,...,n. Show that Uy, Us, ..., U, © U(0,1).

c) Let X1y, X9),...,X(n) denote the order statistics corresponding to the ran-
1), (2) (n)
dom sample of size n from fx(x). Define Uy = Fx(X¢)) fori =1,2,...,n
Show that Uy, ..., U,) are the order statistics corresponding to Uy, ..., U,.

(d) Show that Fy,,(u) = Pr[Upy) < u] = u" if 0 < u < 1 and hence show that
Uy ~ Beta(n,1). Obtain the mean and variance of Uy,

(e) Use (c) and (d) to obtain the cdf and pdf of X,
Show that E[X(] = n [y Fx'(u)u"‘du, where FX (u) = inf{z : Fx(z) > u}

2. Suppose X (S P N(i—3,4%) fori=1,...,5. Use X;’s to construct a statistic with

the indicated distribution.

(a) a N(0,1) distribution,

(b) a x2 distribution,
(c) a ts distribution,
(d) a F 5 distribution,
(e) a Gamma(2,3) distribution,
(f) a U(0,1) distribution,
(g) a Beta(1,2) distribution,
(h) a DE(0,1) distribution,
(i) a Geometric(0.75) distribution,
(j) a NB(5,0.25) distribution, and
)

(k) a Fj 5 distribution.

ST 521: Practice Problems - 11 Page 1 ©Sujit Ghosh, NCSU Statistics



3. Let (X,Y) be a pair of ransom variables with finite variances.
(a) Show that g(z) = E[Y|X = x] minimizes E[Y — g(X)]? over all functions g(x)
such that E[¢*(X)] < co.
(b) Let e =Y — g(X). Show that
i. Ele] =0 and Varle] = E[Var[Y|X]];
ii. Cov[X, €] = 0; and more generally,
iii. € is uncorrelated with any function g(X) such that E[¢g*(X)] < oco.
(c¢) Show that Var[Y] = Var[e] + Var[g(X)].

(in above §(x) is known as the least-squares regression function)

4. Suppose X and Y are independent random variables with finite variances.

a) Show that Corr[X,Y] = 0.

(
(b X,y /IY] =o.

)

) Show that Corr

c¢) Show that Corr[2X — 3Y,3X —2Y] > 0.
)
)

[

[

( [

(d) Show that Corr[2X + 3Y,3X —2Y| =0 if Var[X| = Var[Y].

(e) Show that Corr[g(X),h(Y)] = 0, provided g(X) and h(Y) have finite vari-
ances.

5. Suppose X and Y are uncorrelated random variables with finite variances.

(a) Are X and Y necessarily independent?

(b) If the joint distribution of (X,Y") is a bivariate normal distribution, show that
X and Y are independent.

(c) Given an example of a pair of uncorrelated random variables that are not

independent.

(d) Suppose Uy = ay + a; X and Uy = by + byY. Show that Corr(U,,Us) = 0.
Find ay,as,b1,by (in terms of means and variances of X and Y') such that
E[U;] = E[Us] = 0 and Var[U;] = Var[Us] = 1.

(e) Show that ¢;U; + cuUs is positively correlated with Uy iff ¢; > 0.
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6. Suppose that Xy, Xy | Z = z Zi‘f

dent and identically distributed (ciid) random variables given the random variable
Z.

f(z|2), i.e., X; and X, are conditionally indepen-

(a) Find the (unconditional) joint density of (X7, X5).
(b) Show that X; and X, are identically distributed.
(c) Assume that Var[X,] is finite. Compute Corr[X;, Xs] and conclude that X,

and X, are always positively correlated.
(d) Can X; and X3, be independent?
(e) Can X; and X, be perfectly correlated? (i.e. Corr[Xy, Xs] = 17)

7. Suppose Uy, ..., U, L U(0,1).

(a) Show that —2log(U;) ~ x3
(b) Obtain the pdf of the geometric mean ([T, U;)"/™.

(c) Let Uy = maxi<i<, U; and Uyy = min;<;<,, U; be the maximum and mini-

mum order statistics. Obtain the joint pdf of (Uny, Uny).
(d) Compute Corr[Upy, Uy
(e) Obtain the pdf of the range, R = Ug,y — Up).
(f) Compute E[R] and Var|[R].

8. Let X be a positive valued random variable with finite variance. Show that

(a) Varllog(X)] < oo and Var[\/Y] < 00.

(b) C’orr[log( ), X| >

(c) Corrly. VX] <0.

(d) ( [+ ])_1 < ePleeX] < F[X]. When does the equality holds?
(this is the famous inequality H.M. < G.M. < A.M.)

9. Give an example of a pdf

(a) that belongs to both exponential family and location and scale family,
(b) that belongs to an exponential family but not to a location and scale family,

(c) that belongs to a location and scale family but not to an exponential family.

10. Review all the problems solved during Lab hours (ST 521L) and in PP-I.
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