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1. In tro duction

The basic Bayesianmodel consistsof a parameter µ and a prior distribution ¦
for µ which re°ects the investigator's belief regarding µ. This prior is updated
by observing X 1; X 2; : : : ; X n , which are modelled as i.i.d. Pµ given µ. The up-
dating mechanism is Bayestheorem which results in changing ¦ to the posterior
¦( ¢jX 1; X 2; : : : ; X n ).

One of the basic ingredients in the model is the prior distribution ¦ which
should ideally correspond to the investigators's opinion about µ. However a
complete elicitation of ¦ is still not feasible,at least for high or in¯nite dimen-
sional problems. In practice, a prior is adopted which accords well with the
investigator's belief and is also mathematically tractable. A pragmatic choice
of the prior contains a subjective component as well as a technical one.

In this paper we are mainly concernedwith consistency of the posterior.
Informally , the posterior is said to be consistent at a true value µ0 if the fol-
lowing holds: SupposeX 1; X 2; : : : ; X n indeedarise from Pµ0 , then the posterior
convergesto the degenerateprobabilit y ±µ0 . Alternativ ely with Pµ0 probabilit y
1, the posterior probabilit y of any neighborhood U of µ0 convergesto 1.

Why would a Bayesianbe interestedin consistency?Think of an experiment
in which an experimenter generatesobservations from a known (to the exper-
imenter) distribution. The observations are presented to a Bayesian. It would
be embarrassing if, even with large data, the Bayesian fails to come close to
¯nding the mechanism used by the experimenter. Consistencycan be thought
of as a validation of the Bayesianmethod. It can also be interpreted as requir-
ing that the data, at least eventually , overrides the prior opinion. Alternativ ely
two Bayesians,with two di®erent priors, presented with the samedata eventu-
ally agree. A result of this kind relating \merging of opinions" and posterior
consistencyis discussedin Diaconis and Freedman[86a]. In fact, Diaconis and
Freedman [86a] (henceforth abbreviated as DF) and the ensuing discussions
contain a wealth of material pertaining to posterior consistency.

An early result in posterior consistencyis due to Doob [48], who showed that
posterior consistencyobtains on a set of prior measure1. This result doesnot
settle the question of consistencyfor a particular µ0 of interest. In smooth ¯-
nite dimensionalproblems,di®erent methods show (for exampleBerk [66]) that
consistencyobtains at all parameter points. Freedman[63] exhibits a prior and
points of inconsistency for the in¯nite cell multinomial. He also showed that
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this phenomenonis quite general and the departure from consistencycan be
quite dramatic. This initiated a search for priors with good consistencyprop-
erties in the nonparametric case.A major impetus to Bayesiannonparametrics
camefrom the intro duction of Dirichlet Processby Ferguson[73]. Recent years
have seena surgeof new priors, especially in the context of densitiesand semi
parametric inference. Walker et al. [97] review and discuss in detail the in-
terpretation of parameters appearing in the priors. Hjort [96] contains both
a review and some new constructions. However questions of consistency for
such priors are di±cult to settle and are only beginning to receive attention. A
striking negative result is given in DF. A detailed systematic study of Bayesian
nonparametrics with stresson asymptotics is available in a monograph under
preparation by J. K. Ghosh and R. V. Ramamoorthi [97].

This paper presents a brief review of some of these developments. The
focus will be on elucidation of di®erent notions of convergenceand on positive
consistencyresults.

2. Consistency

Let R stand for real line and B stand for the Borel ¾-algebra on R . The space
of probabilit y measureson R will be denoted by M . The spaceM is equipped
with the ¾-algebra B(M )|the smallest ¾-algebra with respect to which the
functions f P 7! P(B ) : B 2 Bg are measurable. It is convenient to consider,as
our parameter space,a subsetP of M . Unlessotherwise stated, the ¾-algebra
associated with P will be the ¾-algebra B(M ), restricted to P. A prior ¦ is a
probabilit y measureon P. Denoting the random probabilit y measureby P, we
will sometimewrite this as P » ¦ and will write \giv en P" for given P = P.

Let X 1; X 2; : : : bea sequenceof random variableswhich are given P, i.i.d. P.
We will for notational simplicit y useP for the distribution of each X i , the joint
distribution of X 1; X 2; : : : ; X n and the joint distribution of the entire sequence
X 1; X 2; : : :. It is convenient to think of X 1; X 2; : : : asbeing de¯ned on ­ = R 1 ,
with X i as the i th co-ordinate map.

Let ¦ be a prior on (M ; B(M )) and given P, let X 1; X 2; : : : ; X n be i.i.d. P.
These two together determine a joint distribution for P; X 1; X 2; : : : ; X n . The
resulting conditional distribution of P given X 1; X 2; : : : ; X n will be denoted by
¦( ¢jX 1; X 2; : : : ; X n ). Of course, the conditional distribution is not unique but
in most contexts there is a natural choiceand it is this versionthat we will work
with.

The sequencef ¦( ¢jX 1; X 2; : : : ; X n ); n ¸ 1g is a sequenceof (random) prob-
abilit y measureson M and thus their convergenceinvolvesconvergenceof prob-
abilities on the spaceof probabilities. Our interest is mainly in convergenceto a
degeneratemeasure±P0 and in this caseconsistencycan be conveniently formu-
lated by requiring that ¦( UjX 1; X 2; : : : ; X n ) ! 1 for suitable neighborhoods of
P0. Sincethere are a variety of topologiesavailable on M , theselead to di®erent
notions of consistency. We next brie°y discusssomeof these.

2



2.1. Weak Consistency

A subset U of M is said to be a weak neighborhood of P0 if it contains a set
of the form U = f P : j

R
f i dP ¡

R
f i dP0j < ² i ; i = 1; 2; : : : ; kg, where f i ,

i = 1; 2; : : : ; k; are bounded continuous functions on R .

De¯nition 1. The sequencef ¦( ¢jX 1; X 2; : : : ; X n ), n ¸ 1g is said to be
weakly consistent at P0, if there exists a ­ 0 ½ ­ with P0(­ 0) = 1 such that
for ! 2 ­ 0, for every weak neighborhood U of P0, ¦( UjX 1; X 2; : : : ; X n ) ! 1 as
n ! 1 .

When M is given the weak topology, M itself becomesa completeseparable
metric spaceand this in turn induces a weak topology on the spaceof proba-
bilit y measureson M . Weak consistencycorresponds to the convergenceof the
posterior in this topology. SinceM is a complete separablemetric space,it is
meaningful to talk of the (topological) support of a prior ¦|the smallestclosed
set with ¦ measure1. It is not hard to seethat B(M ) is the Borel ¾-algebra
when M is viewed as a metric space.

2.2. K-Consistency

If P1; P2 are probabilit y measureson R , de¯ne the Kolomogorov distance

dK (P1; P2) = sup
t 2 R

jP1(¡1 ; t) ¡ P2(¡1 ; t)j:

A K-neighborhood of P0 is a set of the form f P : dK (P0; P) < ²g.

De¯nition 2. The sequencef ¦( ¢jX 1; X 2; : : : ; X n ); n ¸ 1g is said to be K-
consistent at P0 if there exists a ­ 0 ½ ­ with P0(­ 0) = 1 such that for ! 2 ­ 0,
for every K-neighborhood U of P0, ¦( UjX 1; X 2; : : : ; X n ) ! 1 as n ! 1 .

This consistencyis of coursemotivated by the Glivenko-Cantelli theorem.
Under the metric dK , M is neither separablenor complete.

2.3. Consistency in uniform neigh borho ods

Another popular metric on M is the total variation metric

dT (P1; P2) = sup
B 2B

jP1(B ) ¡ P2(B )j:

A total variation neighborhood of P0 is a set of the form f P : dT (P0; P) < ²g.

De¯nition 3. The sequencef ¦( ¢jX 1; X 2; : : : ; X n ); n ¸ 1g is said to be con-
sistent at uniform neighborhoods of P0 if there exists a ­ 0 ½ ­ with P0(­ 0) = 1,
such that for ! 2 ­ 0, for every total variation neighborhood U of P0,

¦( UjX 1; X 2; : : : ; X n ) ! 1 as n ! 1 :
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The spaceM under the total variation metric is non-separableand the asso-
ciated measuretheoretic problems renders it uninteresting when the parameter
spaceis all of M . However, if the prior is supported by a set of densities, then
the total variation metric coincideswith the L 1-metric. This spaceis separable
and in this caseconsistencyover uniform neighborhoods is preferred over weak
or K-consistency.

Let ¦ be a prior on M . The expectedvalue under ¦, E ¦ (P) is the probabil-
it y measurede¯ned by P̂(B ) =

R
P(B )¦( dP). We will refer to the expectation

of P under ¦( ¢jX 1; X 2; : : : ; X n ) as the Bayesestimate or as the predictive dis-
tribution. It is not hard to seethat if the posterior is consistent at P0 in any of
the above senses,then the Bayesestimate convergesto P0 in the corresponding
topology.

3. General Consistency Theorems

We begin with a consistencyresult for the multinomial.

Theorem 1. Let ¦ be a prior on M (X ), where X is a ¯nite set. Then the
posterior is consistent at all P0 in the support of ¦ .

This result appears as Theorem 1 in Freedman [63]. Here is a brief out-
line of the argument involved. Let X = f 1; 2; : : : ; kg, so that M (X ) = f P =
(P(1); P(2); : : : ; P(k)) : P(i ) ¸ 0;

P
P(i ) = 1g. Let P0 be in the support of ¦.

For any ² > 0, let K ² = f P :
kX

j =1

P0(j ) log
P0(j )
P(j )

< ²g.

Finite dimensionality and compactnessof M (X ) ensurestwo things:

(i) Every neighborhood V of P0 contains a setof the form K ² and morecrucially,
every K ² contains a neighborhood of P0. Thus if P0 is in the support of
¦, then ¦( K ² ) > 0 for all ² > 0.

(ii) The convergenceof
1
n

nX

i =1

log
P0(X i )
P(X i )

to
kX

j =1

P0(j ) log
P0(j )
P(j )

is uniform in P

in the sense,for any ² > 0,

sup
P 2 K ²

¯
¯
¯
¯
¯
¯

1
n

nX

i =1

log
P0(X i )
P(X i )

¡
kX

j =1

P0(j ) log
P0(j )
P(j )

¯
¯
¯
¯
¯
¯

! 0 a.s. P0:

inf
P 2 K c

²

1
n

nX

i =1

log
P0(X i )
P(X i )

>
²
2

! 0 a.s. P0:
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For any neighborhood V of P0, let ²1 > 2²2 and let K ² 1 ; K 2² 2 be contained
in V . Then the posterior probabilit y of V c satis¯es

¦( V cjX 1; X 2; : : : ; X n ) =

Z

V c
exp[

nX

i =1

log
P(X i )
P0(X i )

]¦( dP)

Z

M (X )
exp[

nX

i =1

log
P(X i )
P0(X i )

]¦( dP)

·

Z

K c
² 1

exp[
nX

i =1

log
P(X i )
P0(X i )

]¦( dP)

Z

K ² 2

exp[
nX

i =1

log
P(X i )
P0(X i )

]¦( dP)

=
I 1n (X 1; X 2; : : : ; X n )
I 2n (X 1; X 2; : : : ; X n )

(say):

The uniform convergencementioned in (ii) yields

lim sup
n !1

en² 2 I 1n = 0 a.s. P0:

Since¦( K ² 2 ) > 0, an application of Fatou's lemma gives

lim inf
n !1

en² 2 I 2n = 1 a.s. P0:

Thesetwo together show that ¦( V cjX 1; X 2; : : : ; X n ) ! 0 a.s. P0.

When X is in¯nite, even weak consistencycan fail to occur in the support
of ¦. Freedman[63] provided a dramatic exampleof this when X = f 1; 2; : : :g.

Theorem 1 provides a passageto consistencyfor tail free priors. A prior ¦
on M is tail free with respect to a sequenceof partitions T = f T n ; n ¸ 1g if,
T = f Tn ; n ¸ 1g= ff B ² : ² 2 f 0; 1gn g; n ¸ 1g is a nestedsequenceof partitions
as described in Section 7, and if

f P(B0)g; f P(B00 jB0); P(B10 jB1)g; : : : ; f P(B ² 0jB ² ) : ² 2 f 0; 1gk g

areall independent. As wewill seelater, Dirichlet processand Polya tree process
are tail free.

Theorem 2. If ¦ is tail free with respect to T = f T n ; n ¸ 1g, then (a
suitable version of) the posterior is weakly consistent.

The idea behind Theorem 2 is simple. Every weak neighborhood is deter-
mined by f B ² : ² 2 f 0; 1gk g for some k. Tail free property ensuresthat the
posterior distribution of f P(B ² ) : ² 2 f 0; 1gk g given X 1; X 2; : : : ; X n is sameas
the posterior given the 2k -cell multinomial with cells f B ² : ² 2 f 0; 1gk g. This
puts us in the framework work of Theorem 1.
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When the prior is not tail free, a useful tool to establish weak consistencyis
a theorem of Schwartz [65]. In this theorem too, like Theorem 1, the Kullback-
Leibler numbers play an important role. A similar theorem for the in¯nite cell
multinomial already appears in Freedman[63].

Let L (¹ ) be the set of all densitieswith respect to a ¾-¯nite measure¹ . The
Kullback-Leibler divergenceof f from f 0, where both are in L(¹ ) is de¯ned as

K (f 0; f ) =
Z

f 0 log
f 0

f
d¹ . The Kullback-Leibler neighborhood f f : K (f 0; f ) <

²g will be denoted by K ² (f 0).
Let U be a set and f 0 2 U. Say that there exists a uniformly consistent

sequenceof tests for testing H 0 : f = f 0 vs. H1 : f 2 Uc, if there exists a
sequenceof tests Án (X 1; X 2; : : : ; X n ) such that as n ! 1 ,

E f 0 Án (X 1; X 2; : : : ; X n ) ! 0

and
inf

f 2 U c
E f Án (X 1; X 2; : : : ; X n ) ! 1:

Theorem 3. (Schwartz) . Let ¦ be a prior on L(¹ ). If f 0 2 L(¹ ) and
U ½ L(¹ ) satisfy

1. ¦( K ² (f 0)) > 0 for all ² > 0;

2. there existsa uniformly consistent sequence of tests for testing H 0 : f = f 0

vs. H1 : f 2 Uc;

then ¦( UjX 1; X 2; : : : ; X n ) ! 1 a.s. P0.

The Schwartz theorem retains the °avor of Theorem 1. In Theorem 1,
¦( K ² (f 0)) > 0 was derived as a consequenceof f 0 being in the support of
¦. Condition (2) essentially plays the role of the compactnessof M (X ).

It is not hard to see that if U is a weak neighborhood of f 0, then there
exists a uniformly consistent sequenceof tests for testing H 0 : f = f 0 vs.
H1 : f 2 Uc. Since the weak neighborhoods have a countable base,Schwartz's
theorem immediately yields the following corollary.

Corollary 1. If ¦( K ² (f 0)) > 0 for all ² > 0, then the posterior is weakly
consistent at f 0.

We considertwo examplesbelow. The ¯rst of theseshows that the condition
of Schwartz is not necessaryfor consistency. The secondexampleshows that if
the Schwartz condition does not hold then consistencycannot be expected in
general even for ¯nite dimensional examples. In the secondexample, P0 is in
the weak support of the prior.

Let X 1; X 2; : : : ; X n be i.i.d. U(0; µ) where µ 2 £ = (0; 1]. In this example
the Kullback-Leibler divergenceof every U(0; µ) from U(0; 1) is 1 . Thus the
Schwartz condition fails but if ¦ is a prior with support all of [0; 1], then it is
easyto seethat the posterior is consistent at f 0 = U(0; 1).

6



If the above exampleis modi¯ed by setting £ = (0; 1][ (2; 3), then it can be
shown [Ghosh and Ramamoorthi [97]] that there is a prior with f 0 = U(0; 1) in
its weak support such that the posterior fails to be consistent at f 0 = U(0; 1).
In this example too, Schwartz's condition fails to hold.

If U is a strong neighborhood, then Le Cam [73]and Barron [86]show that, in
general, there will not exist a uniformly consistent sequenceof tests for testing
H0 : f = f 0 vs. H1 : f 2 Uc. The role of uniformly consistent sequenceof
tests is greatly clari¯ed by the following theorem of Barron [86], which is also
discussedin Barron et al. [96] (henceforth abbreviated as BSW).

Theorem 4. Let ¦ be a prior on L(¹ ), f 0 2 L(¹ ) and U is a neighborhood
of f 0. Assume¦( K ² (f 0)) > 0 for all ² > 0. Then the following are equivalent:

1. There exists a ¯ 0 such that

Pf 0 f ¦( UcjX 1; X 2; : : : ; X n ) > e¡ n¯ 0 in¯nitely ofteng = 0:

2. There exist subsetsVn ; Wn of L (¹ ), positive numbers c1; c2; ¯ 1; ¯ 2 and a
sequence of tests f Án (X 1; X 2; : : : ; X n )g such that

(a) Uc = Vn [ Wn

(b) ¦( Wn ) · c1e¡ n¯ 1

(c) Pf 0 f Án (X 1; X 2; : : : ; X n ) > 0 in¯nitely ofteng = 0
and
inf

f 2 Vn

E f Án ¸ 1 ¡ c2e¡ n¯ 2 :

The last theorem can be used to develop su±cient conditions for posterior
consistencyon uniform neighborhoods. BSW provide such a condition using
bracketing metric entropy. Motiv ated by the result of BSW and Theorem 4, we
can [Ghosal et al. [97b]] prove the following:

Let F ½ L(¹ ). For ± > 0, the L 1-metric entropy of F , denotedby J (±; F ), is
loga(±), wherea(±) is the minimum over all k such that there exist f 1; f 2; : : : ; f k

in L (¹ ) with F ½ [ k
i =1 f f : kf ¡ f i k1 < ±g.

Theorem 5. Let ¦ be a prior on L(¹ ) with ¦( F ) = 1. Suppose f 0 2 L(¹ )
and ¦( K ² (f 0)) > 0 for all ² > 0. If for each ² > 0 there is a ± < ²=4, c1; ¯ 1 > 0,
¯ < ²2=8 and also Fn ½ F such that, for all n large,

1. ¦( F c
n ) < c1e¡ n¯ 1 ,

2. J (±; Fn ) < n¯ ,

then the posterior is consistent at f 0 on uniform neighborhoods.
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4. Diric hlet Pro cesses

Dirichlet processeswere intro duced in the statistical context by Ferguson[73],
where he developed their basic properties and used it to provide a Bayesian
interpretation of many popular nonparametric procedures. A recent review of
Dirichlet processis the review article by Ferguson et al. [96]. Another good
sourceis the text by Schervish [95]. We provide a brief summary of someof the
properties for later use in this paper.

Let ® be a ¯nite measureon R . A probabilit y measureD ® on M is said to
be a Dirichlet processwith parameter ® if for every partition B1; B2; : : : ; Bk of
R by Borel sets, the vector (P(B1); P(B2); : : : ; P(Bk ) has a k-variate Dirichlet
distribution with parameter (®(B1); ®(B2); : : : ; ®(Bk )).

1. ED ® (P(A)) =
®(A)
®(R )

.

It is convenient to write ¹® for the probabilit y
®(¢)

®(R )
. Thus a natural choice

for ¹® is the prior belief of the distribution of X .

2. If P » D® and given P, X 1; X 2; : : : ; X n are i.i.d. P, then the posterior
given X 1; X 2; : : : ; X n is D®+

P
±X i

.

3. Property (1) and (2) immediately show that the Bayesestimate of P given
X 1; X 2; : : : ; X n is

®(R )
®(R ) + n

¹®+
n

®(R ) + n
Pn ;

where Pn is the empirical distribution arising from X 1; X 2; : : : ; X n . Since
as ®(R ) ! 0 the Bayesestimate goesto the empirical distribution, ®(R )
can be thought of as a \prior samplesize" or as a measureof belief in the
prior. Sethuraman and Tiwari [82] have pointed out the need for some
care in this interpretation.

4. D® gives mass1 to the set of discrete distributions. Thus D ® is concen-
trated on a small set. On the other hand the topological support of D ® is
f P : support( P) ½ support( ®)g. If ® has (topological) support all of R ,
then D® will have as its support all of M .

5. If ®1 and ®2 are two distinct nonatomic measures,then D ®1 ? D®2 . A
slight extension shows that with a D ® prior, the prior and posterior are
singular with respect to each other.

6. Let P » D® and given P, X 1; X 2; : : : ; X n be i.i.d. P. The marginal
distribution of X 1; X 2; : : : ; X n can be interpreted as a Polya urn scheme
[Blackwell and MacQueen [73], Mauldin et al. [92]]. The distribution

of X 1 is ¹®, the distribution of X 2 given X 1 = x1 is
®+ ±x 1

®(R ) + 1
and the

distribution of X n +1 given X 1 = x1; X 2 = x2; : : : ; X n = xn is
®+

P n
1 ±x i

®(R ) + n
.
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One consequenceof this expressionis that even when ® is nonatomic, the
probabilit y of getting coincidencesamong X 1; X 2; : : : ; X n is positive.

Suppose® has density g with respect to Lebesguemeasurethen the joint
density of X 1; X 2; : : : ; X n is given by

1
[®(R )](n )

Y

j :I j =1

g(x j ) (1)

whereI j = 1 if x j 62f x1; x2; : : : ; x j ¡ 1g and 0 otherwiseand [®(R )](n ) is the
ascendingfactorial ®(R )(®(R )+ 1)(®(R )+ 2) ¢¢¢(®(R )+ n¡ 1). The above
expressionis to be viewed as a density with respect to ¹̧ =

P
¸ B 1 B 2 :::B k ,

where B1; B2; : : : ; Bk is a partition of f 1; 2; : : : ; ng and ¸ B 1 B 2 ::: B k is the
k-dimensional Lebesguemeasureon f (x1; x2; : : : ; xn ) : x i = x j if i; j 2
the sameB l and x i 6= x j otherwiseg.

7. The Dirichlet processis tail free with respect to every partition and hence
the posterior is weakly consistent. In fact, it can be shown that it is
K-consistent.

5. Mixtures of Diric hlet

Mixtures of Dirichlet processconsideredby Antoniak [74] provide greater °exi-
bilit y. In this model, a hyper parameter µ is ¯rst chosenaccording to a prior ¹
and given µ, P » D®(µ) and given (P; µ), X 1; X 2; : : : ; X n are i.i.d. P. For ex-
ample, one may be ready to say that the expected value of P is normal but not
be able to specify (¹; ¾). In such casesit may be appropriate to take µ = (¹; ¾)
and ®µ = ®µ(R )N (¹; ¾).

Since¦( P jµ; X 1; X 2; : : : ; X n ) is D®(µ)+
P

±X i
and

¦( P jX 1; X 2; : : : ; X n ) =
Z

¦( P jµ; X 1; X 2; : : : ; X n ) ¦( dµjX 1; X 2; : : : ; X n );

the posterior distribution of P given X 1; X 2; : : : ; X n is again a mixture of
Dirichlet with ¹ changing to ¹ ¤ = ¦( dµjX 1; X 2; : : : ; X n ) and ®(µ) changing
to ®(µ) +

P
±X i . We needan expressionfor ¦( dµjX 1; X 2; : : : ; X n ) to evaluate

the posterior.
If ¹ has a density h(µ) and if ®(µ) has a density gµ(x), then using (1), the

joint density of (µ; X 1; X 2; : : : ; X n ) is

h(µ)
[®(µ)(R )](n )

Y

j :I j =1

gµ(x j )

and the conditional density of µ given X 1; X 2; : : : ; X n becomes

c(X 1; X 2; : : : ; X n )h(µ)
Y

j :I j =1

gµ(x j ):
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If the true distribution P0 has a density then with P0 probabilit y 1, the I j 's
are all equal to 1 and the conditional density of µ given X 1; X 2; : : : ; X n becomes

c(X 1; X 2; : : : ; X n )h(µ)
nY

j =1

gµ(x j ): (2)

Mixtures are no longer tail-free and in general one has inconsistency. Fer-
gusonet al. [96] has a nice example illustrating this phenomenon.Consistency
issuesin the caseof mixtures of Dirichlet is studied in detail in Freedmanand
Diaconis [83], where the following result is available.

Theorem 6. If ®(µ)(R ) · M for all µ, then the mixture of D ®(µ) yields a
weakly consistent posterior.

The mixture model, apart from being interesting in its own right, alsoarises
in Bayesianmodels for semiparametric problems. Location model discussedin
the next section is one example. Another interesting type of problems is the
binary regressionmodel studied by Newton [94].

6. Lo cation mo del

Consider the location parameter problem where ¹ is a prior on the location
parameter µ and P is independently chosen according to D ®; given (µ; P),
X 1; X 2; : : : ; X n are i.i.d. Pµ, where Pµ(A) = P(A ¡ µ). This set up falls in
the mixture model with ®µ(A) = ®(A ¡ µ), except that our interest is in the
posterior distribution of µ given X 1; X 2; : : : ; X n , rather than in the posterior
distribution of P. In other words, µ is the parameter of interest and not just
an index in the mixture distribution.

If ¹ has a density h(µ) and if ® has a density g(x), when X 1; X 2; : : : ; X n are
all distinct and (1) yields

¦( µjX 1; X 2; : : : ; X n ) =
h(µ)g(x1 ¡ µ)g(x2 ¡ µ) ¢¢¢; g(xn ¡ µ)R
h(t)g(x1 ¡ t)g(x2 ¡ t) ¢¢¢; g(xn ¡ t)dt

:

Barron, in his discussionof DF, notes from this expressionthat even though
µ is the location parameter of an unknown P, the posterior acts as though the
X i 's comefrom a ¯xed known density g. So, one would not, in general,expect
consistencyof the posterior.

Since the location model is not identi¯able without someassumptions like
symmetry, it is appropriate to considera prior on M s |the spaceof distributions
on R , symmetric around 0. DF use a symmetrized Dirichlet processon M s.
Symmetrized Dirichlet processeswere ¯rst studied by Dalal [79].

The expressionfor the posterior distribution for µ is somewhatcomplicated
(Lemma 3.1 of Diaconis and Freedman [86b]), but DF show that asymptotic
analysis of the previous case essentially holds also for symmetric P. To be
more precise,in the symmetric location model, if ® is the Cauchy distribution
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then, when the true parameter is (0; P0) where P0 has a trimo dal density with
compact support, for approximately half the samplesthe posterior concentrates
near a mode ± and another half concentrates near ¡ ±. The number ± can be
made as large as one wants by choosing P0 suitably. This is an example of
how dramatic deviations from consistencycan be. A similar phenomenonwas
observed by Doss[85] under a di®erent set up.

This is a surprising result. Addition of a single parameter seemsto destroy
the attractiv e features of the Dirichlet. That inconsistencyshould occur for a
P0 with simple structure also comesas a surprise.

In Ghosalet al. [95], we considerthe location model and prove the following:

Theorem 7. Let ¸ be a prior on M s|the set of all symmetric densities
and ¹ be a prior on R , f 0 be a symmetric density and µ0 be a real number.
Assumethat ¸; ¹ satisfy the following:

1. ¹ givespositive massto every open neighbourhood of µ0;

2. for every ² > 0 and all su±ciently small jt j, ¸ (K ² (f ¤
0;t )) > 0, where

f 0;t (x) = f 0(x ¡ t) and f ¤
0;t (x) = (f 0;t (x) + f 0;t (¡ x))=2.

If f 0 satis¯es either of the following conditions, then the posterior is weakly
consistent at (µ0; f 0) (and as a consequence, the posterior of µ is consistent at
µ0 in the usual topology):

1. lim
t ! 0

Z
f 0 log

f 0

f 0;t
dx = 0;

2. f 0 is continuous and has compact support.

Thus, if the assumptionsof the above theorem hold, then consistencydoes
occur in the DF type of distributions. Since for any density f , K (f ; P) = 1
whenever P is discrete and since D ® gives mass1 to discrete densities, clearly
the assumptionsdo not hold for the Dirichlet. In the next section we will show
that Polya tree priors can be chosento satisfy the assumptions. In Section 8.2,
we will show that if the Dirichlet processis smoothed by convoluting with a
(normal) kernel, then also the assumptionsare satis¯ed.

Of course, the theorem does not preclude inconsistencybut it does appear
that in this casepoints of inconsistency, if they exist, will be quite complicated.

7. Poly a Tree priors

Polya tree priors are generalization of Dirichlet process. These were discussed
by Ferguson [74]. For a recent explication of their role in nonparametrics we
refer to Lavine [92, 94]. Other related referencesare Mauldin et al. [92] and
Schervish [95].

Let E j be the setof all sequencesof 0's and 1's of length j and let E ¤ = [ j E j .
Let T = f Tn ; n ¸ 1g be a sequenceof nestedpartitions of R into intervals

such that [ j T j generatesthe Borel ¾-algebra. A bit more explicitly , let T j =

11



f B ² : ² 2 E j g. At the (j + 1)th stage,each B ² is partitioned into B ² 0 and B ² 1.
We want each B ² to be an interval and the ¾-algebra generatedby [ ² 2 E ¤ B ² be
the Borel ¾-algebra on R .

A prior ¦ on M is said to be a Polya tree prior with respect to the partition
T and with parameters f ®² : ² 2 E ¤g, written as P » PT(T; ®), if under ¦

1. f P(B ² 0jB ² ) : ² 2 E ¤g are a set of independent random variables;

2. for each ² 2 E ¤, P(B ² 0jB ² ) » B eta(®² 0; ®² 1).

Here are someproperties of Polya tree priors:

1. The expected value of P under PT(T; ®) is the probabilit y measure P̂
de¯ned by, if ²k = (²1; ²2; : : : ; ²k ), ²k 0 = (²k ; 0) and ²k 1 = (²k ; 1),

P̂ (B ² ) =
kY

i =1

®² i

®² i ¡ 1 0 + ®² i ¡ 1 1

2. If P » PT(T; ®) and given P if X 1; X 2; : : : ; X n are i.i.d. P, then the
posterior distribution is again a Polya tree with parameters® = f ®0

² : ² 2
E ¤g, where ®0

² = ®² +
P n

i =1 I B ² (X i )

The above two properties together easily yield an expressionfor the Bayesesti-
mate. Being tail free, weak consistencyis immediate for Polya trees.

Unlike the Dirichlet, by choosing the parameterscarefully, a Polya tree can
be made to sit on densities. Results like the following appear in Mauldin et al.
[92] and Schervish [95].

Theorem 8. Suppose that ¸ is a continuous probability measure such that
¸ (B ² k

) = 2¡ k for all k and further ®² k
= ak . If

P
a¡ 1

k < 1 , then the resulting
Polya tree givesmass1 to the set of all distributions absolutelycontinuous with
respect to ¸ .

In the discussionof the location model and strong consistencywe required
priors on densitieswhich give positive massto Kullback-Leibler neighborhoods.
The following theorem proved in Ghosal et al. [95] shows that this can be
achieved for Polya tree priors. A weaker result also appears in Lavine [94].

Theorem 9. Suppose that ¸ is a continuous probability measure such that
¸ (B ² k

) = 2¡ k for all k and further ®² k
= ak . If

P
a¡ 1=2

k < 1 then the then for
any density f 0 (with respect to ¸ ) with

R
f 0 log f 0 < 1 , we have, for all ² > 0,

PT(T; ®)(K ² (f 0)) > 0.

Thus Polya tree priors (for suitable ®² ) provides an exampleof priors men-
tioned in Theorem 7. As for consistencyin uniform neighborhoods, BSW con-
struct an appropriate sieve and show that if ®² k

= 8k , then the posterior is
strongly consistent. The result of BSW suggestsusing such a prior for the loca-
tion model. We expect that if the tails of the prior ¹ for the location parameter
decay rapidly then this approach would yield consistency(of the pair (µ; f )) in
uniform neighborhoods for a wide classof \true" distributions.
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8. Diric hlet mixtures

While Polya tree priors can be made to sit on densities, it is not possible to
ensurethe densitiesin the support to haveenoughsmoothnessproperties. Priors
on smooth families of densities can be constructed via Dirichlet mixtures, a
method suggestedby Lo [94].

Let £ be a parameter set, typically R or R 2. Let K (x; µ) be a kernel,
i.e., for each µ, K (x; µ) is a probabilit y density in x and jointly measurablein
(x; µ). For any probabilit y P on £, let K (x; P) =

R
K (x; µ)P(dµ). Lo's method

consistsof choosinga mixture K (x; P) at random accordingto a Dirichlet prior.
Note that when K (x; µ) is a location family K (x; P) is just the convolution
K ¤ P. Typically, such location families will also have a scale parameter ¾,
which plays a role similar to that of window length in kernel density estimation.
We look at the structure of the posterior before looking at speci¯c kernels.

Formally, we have a hierarchical Bayes model which consists of P » D ®

and given P, X 1; X 2; : : : ; X n are i.i.d. K (¢; P); our interest is in the posterior
distribution P given X 1; X 2; : : : ; X n . This is the approach taken in West [92]
and West et al. [94].

It is convenient to view the observations X 1; X 2; : : : ; X n as arising from
P and (µ1; X 1); (µ2; X 2); : : : ; (µn ; X n ), where P » D® and given P, the pairs
(µ1; X 1); (µ2; X 2); : : : ; (µn ; X n ) are independent with µi having the distribution
P and given µi , X i is an observation from K (¢; µi ). The latent variablesµi , while
unobserved, serve as a useful tool in describing and simulating the posterior.
Indeed, West and others have set up e±cient computing algorithms basedon
Gibbs sampling.

Letting ¦( P jX 1; X 2; : : : ; X n ) stand for the posterior distribution of P given
X 1; X 2; : : : ; X n and by H (µjX 1; X 2; : : : ; X n ), the distribution of (µ1; µ2; : : : ; µn )
given X 1; X 2; : : : ; X n ,

¦( P jX 1; X 2; : : : ; X n ) =
Z

¦( P j(µ1; X 1); (µ2; X 2); : : : ; (µn ; X n ))

£ H (dµjX 1; X 2; : : : ; X n ):

SinceP and the X i 's are conditionally independent given the µi 's,

¦( P j(µ1; X 1); (µ2; X 2); : : : ; (µn ; X n )) = D®+
P

±µ i
;

and hence

¦( P jX 1; X 2; : : : ; X n ) =
Z

D®+
P

±µ i
(P)H (dµjX 1; X 2; : : : ; X n ):

Let ®(R )= M and ¹® = ®=M . Denote by Ĝn (¢; µ) the empirical distribution
basedon (µ1; µ2; : : : ; µn ). The Bayesestimate of P(¢) then becomes

M
M + n

¹®(¢) +
n

M + n

Z
Ĝn (¢; µ)H (dµjX 1; X 2; : : : ; X n )

13



and the Bayesestimate of the density at x, E (K (x; µ)jX 1; X 2; : : : ; X n ), becomes

M
M + n

K 0(x) +
n

M + n
1
n

nX

i =1

Z
K (x; µi )H (dµjX 1; X 2; : : : ; X n );

where K 0(x) is the prior expectation
R

K (x; µ) ¹®(dµ). The Bayes estimate is
thus composedof a part attributable to the prior and a part due to observations.
Ferguson[83] remarks that the secondterm in the above convex combination,
namely n¡ 1 P n

i =1

R
K (x; µi )H (dµjX 1; X 2; : : : ; X n ) can be viewed as a partially

Bayesianestimate with the in°uence of the prior guessremoved. The evaluation
of the above quantities depend on H (µjX 1; X 2; : : : ; X n ). The joint prior for
(µ1; µ2; : : : ; µn ) is, from (1),

®(dµ1)
®(R )

£
(®(dµ2) + ±µ1 )

®(R ) + 1
£ ¢¢¢£

(®(dµn ) +
P n ¡ 1

i =1 ±µi )
®(R ) + n

:

Further, the likelihood given (µ1; µ2; : : : ; µn ) is
Q n

i =1 K (X i ; µi ). HenceH can be
written down using standard Bayes formula. Somealgebra yields the following
expressionfor the Bayesestimate of the density at x:

M
M + n

Z
K (x; µ) ¹®(dµ)+

n
M + n

X

p

W (p)
N (p)X

i =1

ei

n

Z
K (x; µ)

Y

l 2 C i

K (X l ; µ)®(dµ)

Z Y

l 2 C i

K (X l ; µ)®(dµ)
;

where p = f C1; C2; : : : ; Cn g is a partition of f 1; 2; : : : ; ng, N (p) being the car-
dinalit y of p, ei is the number of elements in Ci ,

W (p) =
Á(p)

P
p0 Á(p0)

; and Á(p) =
N (p)Y

i =1

f (ei ¡ 1)!
Z Y

l 2 C i

K (X l ; µ)®(dµ)g:

Consistencyof the Bayesestimatesin thesemodels is studied in Ghorai and
Rubin [82].

A di®erent kind of application of Dirichlet mixtures is madeby Brunner and
Lo [89], who estimate a decreasingdensity on the positive half-line by using
a Dirichlet mixture of uniform densities. By a well-known theorem of Khin t-
chine and Shepp,any decreasingdensity on the positive half-line is a given by
a mixture

R
µ¡ 1I f 0 · x · µgP(dµ) and conversely. Brunner and Lo [89] in-

duce a prior on the spaceof these densities by putting a Dirichlet prior on P.
A symmetric (about zero) strongly unimodal density, which is precisely a sym-
metrization of a decreasingdensity on the positive half-line, is often a reasonable
model for error distribution. Brunner and Lo [89] also consider the estimation
of a symmetric (about an unknown location) strongly unimodal density on the
real line, by using the above Dirichlet mixture of uniform and someprior on the
location of the symmetry. Brunner [92] used a similar idea when the densities
are not necessarilysymmetric. Brunner [95] applied the idea of Brunner and Lo
[89] to the linear regressionproblem.
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8.1. Random histograms

The simplest kernel is K (x; µ) = h¡ 1 if both x and µ are between(ih; (i + 1)h).
This corresponds to choosing a histogram with bins (ih; (i + 1)h). A useful
method suggestedby Gasparini [92] is to start with a prior ¹ with density
m(h) for h and given h, pick a histogram with bin width h along the following
lines: Given h, let ®h = M h ¹®h be a ¯nite measureon integersand given h, let
P » D®h . De¯ne the random histogram by

f h;P =
1X

i = ¡1

P(f ig)
h

I [ih; ( i +1) h] :

If ni (h) is the number of X 1; X 2; : : : ; X n in the bin [ih; (i + 1)h], it is not
hard to seethat the posterior is of the sameform as the prior with ®h updated
to ®h +

P
±n i (h) and m(h) changing to

m¤(h) =
m(h)

Q 1
i =1 (®h (f ig)) (n i (h) ¡ 1)

M h + n
:

The predictivedensity with no observation is givenby f̂ (x) =
R

f h (x)m(h)dh,
where f h (x) = h¡ 1 P 1

i = ¡1 ¹®h (f ig)I [ih; ( i +1) h](x).
In view of the conjugate property, the predictive density given observations

X 1; X 2; : : : ; X n can be easily written down. For any f 0, let f 0;h be the ap-
proximation f 0 by histograms of bin width h, i.e., if x is in (ih; (i + 1)h] then
f 0;h (x) = (1=h)

R( i +1) h
ih f (y) dy: The calculations in Gasparini [92] can be used

to show:

Theorem 10. Suppose the prior satis¯es

1. ®h is a probability measure for all h;

2. For each h, there exists a constant K h such that
®h (f j ¡ 1g)

®h (f j g)
< K h for

j = ¢¢¢; ¡ 1; 0; 1; 2; ¢¢¢:

Then the posterior is weakly consistent at any f 0 satisfying
R

x2f 0(x)dx < 1

and lim
h! 0

Z
f 0(x) log

f 0;h

f 0
dx = 0.

Under additional conditions, Gasparini [92] shows that the Bayes estimate
is strongly consistent. We expect that the techniques of BSW and the section
3 would enable in identifying densities for which the posterior is consistent on
uniform neighborhoods.

Choice of m which is positive in a neighborhood of 0 will allow for a wide
variabilit y in the choice of histograms and will ensurethat the prior has all of
L 1 as support. If f 0 is one'sprior belief about the density, then an appropriate
choice of ¹®h would be

¹®h (f ig) =
Z ( i +1) h

ih
f 0(x)dx:
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Of course,this choicewill lead to a prior expecteddensity which may not equal
f 0 but can be viewed asan approximation to f 0. A di®erent Bayesianhistogram
is proposed by Hartigan [94]. Another method is to consider for each k, a
mixture of k many Beta random variables. A suitable choiceof the parametersof
the beta leadsto choosingthe distribution function at random through Bernstein
polynomials. This method was proposedby Diaconis and has beeninvestigated
by Spectrone [97].

8.2. Diric hlet mixtures of normal densities

A natural choicefor the kernel is the normal density Á¾(x ¡ µ) = 1p
2¼¾

exp[¡ (x ¡

µ)2=2¾2]. The ¾ in the kernel is analogousto the window length in density
estimation. It may bechosenempirically or in a fully Bayesianway by selectinga
prior on ¾. We start looking at the casewhen ¾is ¯xed. If P is chosenaccording
to D® then, as before, this set up yields the pair (µ1; X 1); (µ2; X 2); : : : ; (µn ; X n )
of latent variables µ1; µ2; ¢¢¢; µn which are i.i.d. P; and X i » N (µi ; ¾2).

The posterior calculations can be carried out as before. A convenient choice
of ¹® is the conjugate prior N (¹; ¿2). If ® = M ¹®, Ferguson [83] argues that
as M ! 1 , the Bayes estimate with the in°uence of the prior removed, con-
vergesto 1

n

P n
i =1 f (xjX i ), wheref (xjX i ) is the Bayesestimate of K (x; µ) based

on a single observation X i and when µ has the prior ¹®: In particular when

¹® = N (¹; ¿2), f (xjX i ) = N (xj
¹¾2 + ¿2X i

¾2 + ¿2 ;
¾2 + 2¿2

¾2 + ¿2 ). Ferguson[83] notes that

\this yields a variable kernel estimate with constant window size,but centered
at a point betweenX i and ¹ as is typical of shrinkageestimates".

The sample X 1; X 2; : : : ; X n may also be viewed as conditionally indepen-
dent (given µ1; µ2; ¢¢¢; µn ) N (µi ; ¾2) variables,wherethe meansµ1; µ2; ¢¢¢; µn are
drawn from an uncertain P which is itself distributed asD ®. Givenµ1; µ2; ¢¢¢; µn ,
the next value µn +1 is a new value with probabilit y M =(M + n) and is oneof the
previous oneswith probabilit y n=(M + n). Thus if M is small, typically the n
observations arise from few, much fewer than n, normal populations. This view
is adopted by West, Escobar and others [West [92], West et al. [94]], where
they e®ectively demonstrate the use of the Dirichlet mixture model in many
applications.

In general,we expect consistencywith the mixture only when the bandwidth
is allowed to take arbitrarily small values. Supposethat the bandwidth is also
given a prior having 0 in its support. Below we present someresults of Ghosal
et al. [97b] regarding consistencyof thesemixtures.

Sincethe prior is on densities,consistencyon uniform neighborhoods is the
appropriate notion. The tool we useis Theorem 5 which involvestwo parts|the
positive prior massfor Kullback-Leibler neighborhoods and sieveswith suitable
metric entropy. The ¯rst two results are concernedabout the ¯rst issue,among
which the Theorem 11 is about consistencyat compactly supported densities
and has a neat form. For this result, actually we neither needthat the mixture
is Dirichlet nor the kernel is normal. The only facts usedare that the compactly
supported density is in the weak support of the distribution of the mixtures and
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the kernel is positive and continuous.

Theorem 11. Let f 0 be a density having compact support contained in the

support of ®. Suppose that lim
¾! 0

Z
f 0 log(f 0=f 0;¾) = 0, where f 0;¾ = Á¾ ¤ f 0.

Then ¦( K ² (f 0)) > 0 for all ² > 0.

The analogue of Theorem 12 when ® has support all of R is somewhat
involved and as in Shyamalkumar [96], requires that the tail behavior of f 0 and
® be related. Looselyspeaking, a result of Dossand Sellke [82] shows that there
are functions l1; u1 and l2; u2 such that with probabilit y 1 under D ®, the upper
tail P(x; 1 ) is greater than l1(x) and P(x + k logx; 1 ) is lessthan u1(x). The
functions l2; u2 deal similarly with the lower tails. For any ¾> 0, set

L ¾(x) =
½

Á¾(k logx)( l1(x) ¡ u1(x)) ; if x > 0;
Á¾(k logx)( l2(x) ¡ u2(x)) ; if x < 0:

Theorem 12. If

1. lim
¾! 0

Z
f 0 log(f 0=f 0;¾) = 0;

2. lim
a!1

Z 1

¡1
f 0(x) log

Ã
f 0;¾(x)

Ra
¡ a Á¾(x ¡ µ)f 0(µ)dµ

!

dx = 0,

3. for all ¾,

lim
M !1

Z

j x j>M
f 0(x) log

µ
f 0(x)
L ¾(x)

¶
= 0;

then ¦( K ² (f 0)) > 0 for all ² > 0.

For example, when ® is double exponential, we may chooseany k > 2 and
the requirements of the theorem are satis¯ed if f 0 has ¯nite moment generating
function in an open interval containing [¡ 1; 1]. If ® is normal, the condition
neededis the integrabilit y of x(log x)ex 2 =2 with respect to f 0.

For strong consistency, we estimate the L 1-metric entropies of sets of the
form f Á¾ ¤ P : P[¡ a;a] = 1g and f Á¾ ¤ P : P[¡ a;a] ¸ 1 ¡ ±g. Then using
Theorem 5, we can establish the following two consistencytheorems.

Theorem 13. Let ® have compact support. Suppose that the prior ¹ for
¾ has bounded support and satis¯es ¹ f ¾< tg · c1 exp[¡ c2=t] for some c1; c2.
Then ¦( K ² (f 0)) > 0 for all ² > 0 implies that the posterior is strongly consistent
at f 0.

Theorem 14. Suppose the prior ¹ for ¾ has bounded support. For any
± > 0, let an be such that for some¯ 1, for all large n,

D®f P : P[¡ an ; an ] < 1 ¡ ±g < e¡ n¯ 1 :

For an ´ > 0, suppose that there is a sequence ¾n # 0 be such that an =¾n < n´
and ¹ f ¾< ¾n g · e¡ n¯ 0 for some ¯ 0 > 0. Then ¦( K ² (f 0)) > 0 for all ² > 0
implies that the posterior is strongly consistent at f 0.
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If for example,® is chosenasa normal distribution and ¾2 is given an inverse
gamma prior, then an in Theorem 14 is of the order

p
n and ¾n = C=

p
n for a

suitable (large) C (depending on ±) satis¯es the conditions of Theorem 14.
It seemsmore natural to considerthe location and scaleof the basemeasure

of Dirichlet prior for the mixing distribution as unknown hyperparameter with
somespeci¯ed prior. Under someconditions, consistencycontinues to hold for
such priors.

Another way of handling ¾is to treat the pair (µ; ¾) as the a hyper param-
eter and consider a Dirichlet prior for the distribution of (µ; ¾). This would
yield Dirichlet mixtures of normal over both the location and scaleparameters.
Ferguson[83] carriesout an analysiswhen the ¹® is the normal-gammaconjugate
prior.

Interestingly, Theorems11 and 12 have an important implication in the lo-
cation problem discussedin Section6. If we smooth the (symmetrized) Dirichlet
processusedby DF by a normal kernel with varianceh2 and h is chosenfrom a
prior distribution on (0; 1 ) having 0 in its support, then the posterior distribu-
tion of the location parameter is consistent if the true error density is symmetric,
satis¯es conditions of Theorem 7 and K (f 0; f 0 ¤ Áh ) ! 0 as h ! 0, where Áh (¢)
stands for the normal density with mean 0 and variance h2. This follows from
Theorem 7 by observingthe following facts: (1) Sincethe normal kernel is sym-
metric, smoothing a symmetrized Dirichlet processis sameas symmetrizing a
smoothed Dirichlet process;(2) If ¦ is a prior and f 0 is a symmetric density with
¦( K ² (f 0)) > 0, then the symmetrization ~¦ of ¦ also satis¯es ~¦ (K ² (f 0)) > 0
(seeLemma 4.1 of Ghosal et al. [95]). The posterior density for the location
parameter is a smooth function in this case,as opposedto the posterior based
on a Polya tree prior. On the other hand, computation is much more involved
in this case.

9. Gaussian pro cess priors

These priors intro duced by Lenk [88] are generalizations of a construction of
Leonard [78]. The idea is to start with a Gaussianprocessf Z (x; ! ); x 2 I g on
an interval I and de¯ne a random density on I through

f (x; ! ) =
exp[Z (x; ! )]R

I exp[Z (t; ! )]dt
:

The Gaussian processhas as parameters the mean ¹ (x) and the covariance
kernel ¾(x; y). Lenk intro ducesan additional parameter » to obtain a conjugate
family.

Let ¹ (x) be a continuous mean function and ¾(x; y) be continuous and pos-
itiv e de¯nite and let f Z (x; ! ) : x 2 I g be a Gaussianprocesswith mean ¹ (x)
and covariancekernel¾(x; y). It is convenient to intro ducethe intermediate pro-
cessW (x; ! ) = exp[Z (x; ! )]: Denote the distribution of W by LN (¹; ¾; 0) (LN
stands for lognormal). For each » de¯ne a processor equivalently a probabilit y
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measureLN (¹; ¾; ») on (R + )I by

dLN (¹; ¾; »)
dLN (¹; ¾; 0)

(! ) =
[
R

I W (x; ! )dx]»

C(¹; ¾; »)

The function on (R + )I de¯ned by f (x; ! ) =
W (x)R
W (t)dt

givesa random density

and the distribution of this density under LN (¹; ¾; ») is denotedby LN S(¹; ¾; »).
Supposef » LN S(¹; ¾; ») and given f , X 1; X 2; : : : ; X n are i.i.d. f . Then

the posterior is LN S(¹ ¤; ¾; »¤), where

¹ ¤(x) = ¹ (x) +
nX

i =1

¾(x i ; x); »¤ = » ¡ n:

This expression,though not entirely convincingly, allows » to be thought of
as a \pseudo samplesize". Similarly if ¾(x; y) is of the form ½(jx ¡ yj), then ½
might be consideredas a strength of belief about the prior.

In Ghosh and Ramamoorthi [97], consistencyis shown when the Gaussian
processis a standard Brownian motion. Consistency issuesin general caseis
under investigation.

10. Censored Data

Dirichlet processand Polya treesprovide an elegant framework for the Bayesian
analysis of right censoreddata. The model under consideration consists of
X 1; X 2; : : : ; X n and Y1; Y2; : : : ; Yn positive i.i.d. random variables with dis-
tributions F and G respectively. The X 's correspond to life times and the
Y 's to censoring times; the observations are (Z i ; ±i ), where Z i = (X i ^ Yi ),
±i = I [X i <Y i ]; i = 1; 2; : : : ; n. The goal is to make inferenceon F the distribu-
tion of the life time.

Susarla and van Ryzin [76] investigate the casewhen F » D ® and later
Susarla and Blum [77] show that the posterior distribution of F can be ob-
tained as a mixture of Dirichlet process. The mixture representation is cum-
bersomeand an alternativ e representation can be obtained asa Polya tree with
the partition depending on (Z1; ±1); (Z2; ±2); : : : ; (Zn ; ±n ). We describe this rep-
resentation below.

Let (Z1; ±1); (Z2; ±2); : : : ; (Zn ; ±n ) be the observations and the distinct val-
ues of the censoredobservations, arranged in increasing order, be denoted by
Z ¤ = (Z (1) ; Z (2) ; : : : ; Z (k ) ). Construct a sequenceT(Z ¤) of nestedpartitions as
follows:

B0 = (0; Z (1) ]; B1 = (Z (1) ; 1 );

B10 = (Z (1) ; Z (2) ]; B11 = (Z (2) ; 1 );

and in general if 1m is a string of m 1's, then for m · k ¡ 1,

B1m 0 = (Z (m ) ; Z (m +1) ]
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and
B1m 1 = (Z (m +1) ; 1 ):

The other B ² are partitioned arbitrarily into two intervals so that the parti-
tion T(Z ¤) satis¯es the conditions in Section 7.

Theorem 15. Let F » D®. Then the posterior is Polya tree with respect
to the partition T(Z ¤) and with parameters

®¤
² 1 ;² 2 ;¢¢¢;² k

= ®(B ² 1 ;² 2 ;¢¢¢;² k ) +
nX

i =1: ±i =1

I B ² k
(Z i ) + C² k

;

where C² k
is the number of pairs (Z i ; 0)'s such that the interval (Z i ; 1 ) is con-

tained in B ² k
.

Note that if B ² k
= (Zk ; 1 ), then C² k

is just the number of individuals on
test at time Zk .

The Polya tree representation of the posterior givesconsistency.

Theorem 16. If F » D®, then the posterior distribution of F is weakly
consistent.

This and other related consistencyresults appear in Rajagopalan [97].

Important classesof priors such asthe simplehomogeneousprocess[Ferguson
and Phadia [79]] and the extended gamma process[Dykstra and Laud [81]]
have been used for analyzing right censoreddata. These priors are neutral to
the right in the senseof Doksum [74]. Another interesting class of priors for
right censoreddata is the classof Beta processintro duced by Hjort [90]. These
have beenfurther generalizedand studied by Muliere and Walker [Muliere and
Walker [97], Walker and Muliere [97]]. We expect the posterior consistencyto
hold in thesecases.

11. Non informativ e priors

Except for the choice ®(R ) ! 0 for a Dirichlet process, there is very little
development towards a notion (or notions) of non informativ e priors for in¯nite
dimensional models. This section summarizesGhosal et al. [97a], where some
tentativ e proposalswere made.

Let F be a family of densities equipped with, say, the Hellinger metric
dH (f ; g) de¯ned by d2

H (f ; g) =
R

(
p

f ¡
p

g)2dx. Assume further that F is
compact. For each ² > 0, let F ² be an ²-sieve, i.e., a maximal set with the
property F ² ½ F and dH (f ; g) > ² for every f ; g in F ² . SinceF is compact, F ²

is a ¯nite set. Denote by D(²; F ) the cardinalit y of F ² .
SinceF ² is, in a sense,an ²-approximation of F , a natural approach would be

to take the uniform distribution on F ² , say ¦ ² , asan approximation to whatever
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might be consideredas the \uniform" distribution on F . In practice, ² should
depend on the samplesize to re°ect the disposition to entertain more complex
modelswhen a large sampleis available. This approach, while attractiv e, would,
in view of the dependenceof the prior on sample size, run into problems of
incoherencein the senseof Heath and Sudderth [78].

Another approach would be to take any limit point ¦ ¤ of f ¦ ² : ² > 0g as a
non informativ e prior. If ¦ ¤ is unique, it is precisely the uniform distribution
de¯ned and studied by Dembski [90]. In Ghosal et al. [97a], it is shown that in
¯nite dimensional regular models this approach leadsto Je®reys'prior.

In keepingwith the spirit of the mixture models studied earlier, yet another
alternativ e is to view ² asa hyper parameter and considera hierarchical prior ¸
for ². In Ghosal et al. [97a], the following consistencyresult is proved for such
priors.

Theorem 17. Let F be a family of densities where F , metrized by the
Hellinger distance, is compact. Let ²n be a positive sequence satisfying the con-
dition

P 1
n =1 n1=2²n < 1 . Let Fn be an ²n -sieve in F , ¹ n be the uniform

distribution on Fn and ¹ be the probability on F de¯ned by ¹ =
P 1

n =1 ¸ n ¹ n ,
where ¸ n 's are positive numbers adding upto unity. If for any ¯ > 0

lim
n !1

e¯ n ¸ n

D(²n ; Fn )
= 1 ; (3)

then the posterior distribution based on the prior ¹ and i.i.d. observations
X 1; X 2; : : : ; X n is consistent at every f 0 2 F .

An examplewherethis theoremis applicable is the following classof densities
consideredin density estimation (see,e.g., Wong and Shen(1995)):

F = f f = g2 : g 2 Cr [0; 1];
Z

g2(x)dx = 1; kg( j ) ksup · L j ; j = 1; : : : ; r ;

jg( r ) (x1) ¡ g( r ) (x2)j · L r +1 jx1 ¡ x2jm g;

where r is a positive integer, 0 · m · 1 and L j 's are ¯xed constants. By Theo-
rem XV of Kolmogorov and Tihomirov [61], D (²; P) · exp[c²¡ 1=(r + m ) ]. Hence
the hierarchical prior constructed in Theorem 17 leads to consistent posterior.
With a little modi¯cation of the construction of the prior, in this case it is
possibleto achieve a rate of convergenceof the order n¡ ( r + m )=(2( r + m )+1) of the
posterior distribution, which is optimal.

Diaconis and Freedman[93] considera binary regressionproblem and show
that a hierarchical prior based on uniform distributions (on certain ¯nite di-
mensionalsets) leadsto a consistent posterior under a condition on the rate of
decay of the hierarchical weights. This prior is somewhat similar in spirit to
what we consideredabove.

While we have demonstrated the feasibility of obtaining consistency for a
variety of popular priors, consistencyby itself is not adequate. Given a consis-
tency result, one would want results on rates of convergenceor simulations to
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get an idea of how large an n is required to get convergenceto ±P0 to a desired
level of accuracy. More precisely, given P0, ², ´ and U, one would want an n0

such that for n > n0, ¦( UjX 1; X 2; : : : ; X n ) ¸ 1 ¡ ² with P0-probabilit y greater
than 1¡ ´ . Such results or simulations would be relatively easyto get for tail free
priors and weak neighborhoods U. Similar results in the context of Theorem 3
or 5 will require more work. We will return to thesetopics elsewhere.
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