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1. Intro duction

The basic Bayesian model consistsof a parameter i and a prior distribution |
for u which re°ects the investigator's belief regarding . This prior is updated

One of the basic ingredierts in the model is the prior distribution | which
should ideally correspond to the investigators's opinion about p. Howewer a
complete elicitation of | is still not feasible,at least for high or in"nite dimen-
sional problems. In practice, a prior is adopted which accordswell with the
investigator's belief and is also mathematically tractable. A pragmatic choice
of the prior contains a subjective componert aswell as a technical one.

In this paper we are mainly concernedwith consistency of the posterior.
Informally, the posterior is said to be consistert at a true value [y if the fol-

corvergesto the degenerateprobability +,,. Alternativ ely with P, probability
1, the posterior probability of any neighborhood U of |y corvergesto 1.

Why would a Bayesianbe interestedin consistency?Think of an experiment
in which an experimenter generatesobsenations from a known (to the exper-
imenter) distribution. The obsenations are preseried to a Bayesian. It would
be embarrassing if, even with large data, the Bayesian fails to come closeto
“nding the medchanism used by the experimenter. Consistencycan be thought
of asa validation of the Bayesianmethod. It can also be interpreted as requir-
ing that the data, at least evertually, overridesthe prior opinion. Alternativ ely
two Bayesians,with two di®eren priors, preseried with the samedata eventu-
ally agree. A result of this kind relating \merging of opinions" and posterior
consistencyis discussedin Diaconis and Freedman[86a]. In fact, Diaconis and
Freedman [86a] (henceforth abbreviated as DF) and the ensuing discussions
cortain a wealth of material pertaining to posterior consistency

An early result in posterior consistencyis due to Doob [48], who showed that
posterior consistencyobtains on a set of prior measurel. This result does not
settle the question of consistencyfor a particular | of interest. In smooth "-
nite dimensional problems, di®erent methods show (for example Berk [66]) that
consistencyobtains at all parameter points. Freedman[63] exhibits a prior and
points of inconsistency for the in nite cell multinomial. He also shaved that



this phenomenonis quite general and the departure from consistencycan be
quite dramatic. This initiated a seard for priors with good consistencyprop-
erties in the nonparametric case. A major impetus to Bayesiannonparametrics
camefrom the introduction of Dirichlet Processby Ferguson[73]. Recen years
have seena surge of new priors, especially in the context of densitiesand semi
parametric inference. Walker et al. [97] review and discussin detail the in-
terpretation of parameters appearing in the priors. Hjort [96] cortains both
a review and some new constructions. Howewver questions of consistency for
such priors are ditcult to settle and are only beginning to receiwe attention. A
striking negative result is givenin DF. A detailed systematic study of Bayesian
nonparametrics with stresson asymptotics is available in a monograph under
preparation by J. K. Ghoshand R. V. Ramamoorthi [97].

This paper preseris a brief review of some of these developmerts. The
focus will be on elucidation of di®erent notions of convergenceand on positive
consistencyresults.

2. Consistency

Let R stand for real line and B stand for the Borel ¥:algebraon R. The space
of probability measureson R will be denotedby M . The spaceM is equipped
with the ¥.algebra B(M )|the smallest ¥zalgebra with respect to which the
functions fP 7! P(B) : B 2 Bg are measurable. It is corveniert to consider,as
our parameter space,a subsetP of M . Unlessotherwise stated, the ¥zalgebra
assaiated with P will be the ¥algebraB(M ), restricted to P. A prior | isa
probability measureon P. Denoting the random probability measureby P, we
will sometimewrite this asP » | and will write \givenP" for givenP = P.
Let X 1;X5;::: beasequencef random variableswhich are givenP, i.i.d. P.
We will for notational simplicity useP for the distribution of ead X, the joint

X1;X; 10 It is conveniert to think of X 1;X,;::: asbeingde nedon- = R! ,
with X; asthe ith co-ordinate map.

in most cortexts there is a natural choiceand it is this versionthat we will work
with.

ability measureson M and thus their convergenceinvolvescornvergenceof prob-
abilities on the spaceof probabilities. Our interestis mainly in convergenceto a
degeneratemeasuresy, and in this caseconsistencycan be corveniertly formu-
lated by requiring that j( UjX1;X2;:::;X,) ! 1 for suitable neighborhoods of
Po. Sincethere are a variety of topologiesavailable on M , theseleadto di®eren
notions of consistency We next brie°y discusssomeof these.



2.1. Weak Consistency

A subsetU of M is saiq:\to be a W%lk neighborhood of Py if it contains a set
of the form U = fP :j f; dPj f; dPpj < %; i = 1;2;:::;kg, where f;,
i = 1;2;:::;k; are bounded continuous functions on R.

De nition 1. The sequencef}( ¢)Xq1;X2;:::;Xy), n , 1g is said to be
weakly consistent at Py, if there existsa - ¢ Y2 - with Pg(- o) = 1 such that
for ! 2 - o, for every weak neighborhood U of Py, |( UjX1;X2;:::5;Xp) ! las
n! 1.

When M is given the weaktopology, M itself becomesa complete separable
metric spaceand this in turn induces a weak topology on the spaceof proba-
bility measureson M . Weak consistencycorrespondsto the convergenceof the
posterior in this topology. SinceM is a complete separablemetric space,it is
meaningful to talk of the (top ological) support of a prior |[the  smallestclosed
set with | measurel. It is not hard to seethat B(M ) is the Borel ¥algebra
when M is viewed as a metric space.

2.2. K-Consistency
If P1; P, are probability measureson R, de ne the Kolomogorov distance
dk (P1;P2) = SzuRijl(il i Pa(il ;)i
t

A K-neighborhood of Py is a set of the form fP : dx (Po; P) < 2g.

De nition 2. The sequencef}( ¢X1;X;:::;Xp);n, 1gis said to be K-
consistert at Py if there existsa - g ¥2- with Py(- o) = 1 such that for! 2 - g,
for every K-neighborhood U of Py, |( UjX1;X2;:::;Xp) ! lasn! 1.

This consistencyis of course motivated by the Glivenko-Cartelli theorem.
Under the metric dx , M is neither separablenor complete.

2.3. Consistency in uniform neighborho ods

Another popular metric on M is the total variation metric

dr (P1;P2) = slzléjjpl(B) i P2(B)j:

A total variation neighborhood of Py is a set of the form fP : dr (Po; P) < 2g.

De nition 3. The sequencd |( ¢X1;X;:::;Xp);n, 1gis saidto be con-
sistent at uniform neighlorhoods of Py if there existsa - ¢ ¥2- with Pg(- o) = 1,
such that for ! 2 - o, for every total variation neighborhood U of Py,

ICUjX 3 Xg;:05 X)) ! lasn! 1



The spaceM under the total variation metric is non-separableand the asso-
ciated measuretheoretic problemsrendersit uninteresting when the parameter
spaceis all of M . Howewer, if the prior is supported by a set of densities, then
the total variation metric coincideswith the L ;-metric. This spaceis separable
and in this caseconsistencyover uniform neighborhoods is preferred over weak
or K-consistency

Let} beaprior onM . The gxpectedvalueunder |, E; (P) isthe probabil-
ity measurede ned by B(B) = P (B)!( dP). We will refer to the expectation

tribution. It is not hard to seethat if the posterior is consistert at Py in any of
the above sensesthen the Bayesestimate convergesto Pg in the corresponding
topology.

3. General Consistency Theorems

We begin with a consistencyresult for the multinomial.

Theorem 1. Let} bea prior on M (X), wher X is a nite set. Then the
posterior is consistent at all Py in the support of | .

This result appears as Theorem 1 in Freedman [63]. Here is a brief out-
line of the argumert involved. Lgt X = f1;2;:::;kg, sothat M (X) = fP =
(P(1);P(@2);:::;P(k)) : P(1), O; P(i)= 1g. Let Py bein the support of |.

) Cen XL Poll)
Forany 2> 0,let K. = fP : Po(j) log P() <
=1

Finite dimensionality and compactnessof M (X) ensurestwo things:

g.

(i) Every neighborhood V of Py contains a setof the form K. and more crucially,
every K: contains a neighborhood of Py. Thus if Py is in the support of
I, then( K:) > Oforall 2> 0.

X _
(i) The convergenceof % log Po(X)

i=1
in the sensefor any 2 > 0,

Po(i)

~~ is uniform in P
P@)

X( .
P(X)) toj=1 Po(j) log

e Po(X;) = X : Po(j)
sup — lo i P lo ~2—1 0 a.s.Pg:
I . O ’
X Po(Xi) 2
= LSS P :
p'znizc - lo P(X1) > 5! 0 a.s.Pg:



For any neighborhood V of Py, let 2; > 22, and let K2, ; K2, be contained
in V. Then the posterior probability of V¢ satis es

z X ey

(VX1 X253 X)) = 2 VceXp[_)l@IOg popo(()i();l( dP)
ZM . exp[i:l log Po(xli)“( dP)

" exp[?: log ;’0((>><< ii))]: (dP)

.. exp[i:1 log go(():(ii))]:( 4P

(say):

The uniform corvergencemertioned in (ii) yields

lim supe™?l,, = 0 a.s. Po:
n!l

Since}( K:,) > 0, an application of Fatou's lemma gives

liminf e”2l,, =1 a.s.Pg:
n'l
Thesetwo together shaw that |( VX 1;X2;:::;Xp) ! 0a.s. Po.

When X is in nite, even weak consistencycan fail to occur in the support
of |. Freedman[63] provided a dramatic example of this when X = f1;2;:::g.

Theorem 1 provides a passageto consistencyfor tail free priors. A prior |
on M s tail free with respect to a sequenceof partitons T = fT,,;n, 1g if,
T=fT,;n, 1g= ff B. :22f0;1g"g;n, 1gis a nestedsequenceof partitions
as described in Section 7, and if

B

areall independen. As wewill seelater, Dirichlet processand Polyatree process
are tail free.

Theorem 2. If | is tail free with respct to T = fT,;n , 1g, then (a
suitable version of) the posterior is weakly consistent.

The idea behind Theorem 2 is simple. Every weak neighborhood is deter-
mined by fB. : 2 2 f0;1g"g for somek. Tail free property ensuresthat the

the posterior given the 2¢-cell multinomial with cellsfB: : 2 2 f0;1gg. This
puts us in the framework work of Theorem 1.



When the prior is not tail free, a usefultool to establishweak consistencyis
a theorem of Schwartz [65]. In this theorem too, like Theorem 1, the Kullback-
Leibler numbers play an important role. A similar theorem for the in nite cell
multinomial already appearsin Freedman[63].

Let L(*) bethe setof all densitieswith respectto a ¥ nite measure! . The
Kullback-Lejler divergenceof f from fo, where both arein L(*) is de ned as

K(fo;f)= folog ff—odl. The Kullback-Leibler neighborhood ff : K (fo;f) <

2g will be denoted by K:(fg).

Let U beasetand fo 2 U. Sa that there exists a uniformly consisten
sequenceof tests for testing Hg : f = fg vs. Hy : f 2 U°S, if there exists a
sequenceof tests A, (X 1; X;:::;X,) such that asn! 1,

and
fiznlljc Er An(X1; X0 i Xn) ! L

Theorem 3. (Schwartz). Let | be a prior on L(*). If fo 2 L(*) and
U L() satisfy

1. I( K:(fg)) > Ofor all 2> O

2. there existsa uniformly consistent sequene of testsfor testingHg : f = fg
vs. Hy :f 2 US;

then j( UjX1; X205 X) ! las. Po.

The Schwartz theorem retains the °avor of Theorem 1. In Theorem 1,
i( Kz(fg)) > 0 was derived as a consequenceof fo being in the support of
1. Condition (2) essetially plays the role of the compactnessof M (X).

It is not hard to seethat if U is a weak neighborhood of fq, then there
exists a uniformly consistert sequenceof tests for testing Hg : f = fgo vs.
H; : f 2 UC. Sincethe weak neighborhoods have a countable base, Schwartz's
theorem immediately yields the following corollary.

Corollary 1. If |( Kz(fg)) > 0 for all 2 > 0, then the posterior is weakly
consistent at fg.

We considertwo examplesbelow. The rst of theseshawsthat the condition
of Schwartz is not necessaryfor consistency The secondexample shaws that if
the Schwartz condition doesnot hold then consistencycannot be expected in
generaleven for nite dimensional examples. In the secondexample, Pg is in
the weak support of the prior.

the Kullback-Leibler divergenceof every U(0; 1) from U(0;1) is 1 . Thus the
Sdwartz condition fails but if | is a prior with support all of [0; 1], then it is
easyto seethat the posterior is consistert at fo = U(0;1).



If the above exampleis modi ed by setting £ = (0;1][ (2;3), then it canbe
shown [Ghosh and Ramamoorthi [97]] that there is a prior with fo = U(0;1) in
its weak support such that the posterior fails to be consistert at fo = U(0; 1).
In this exampletoo, Scwartz's condition fails to hold.

If U isastrong neighborhood, then Le Cam [73]and Barron [86] shaw that, in
general, there will not exist a uniformly consistert sequenceof tests for testing
Ho : f = fgvs. Hy : f 2 U®. The role of uniformly consistert sequenceof
tests is greatly clari ed by the following theorem of Barron [86], which is also
discussedin Barron et al. [96] (henceforth abbreviated as BSW).

Theorem 4. Let} beaprior onL(*), fp 2 L(*) and U is a neighlorhood
of fo. Assumej( K:(fg)) > 0 for all 2> 0. Then the following are equivalent:

1. There existsa ¢ suchthat

(@ U= Vnh[ Wy

(b) I( Wn) - el "

(€) Ps,fAL(X1;X2;:::;X,) > 0 innitely ofteng= 0
and

inf E;A, ., 1i cel " 2:
f 2V,

The last theorem can be usedto dewvelop suxcient conditions for posterior
consistencyon uniform neighborhoods. BSW provide such a condition using
bracketing metric entropy. Motiv ated by the result of BSW and Theorem 4, we
can [Ghosal et al. [97Db]] prove the following:

Let F %2L(*). For £> O, the L,-metric entropy of F, denotedby J(£F), is

inL() with F Y[ K, ff :kf | fiky < g.

Theorem 5. Let| bea prior on L(*) with |( F) = 1. Supmsefq 2 L(%)
and }( K:(fg)) > Ofor all2> 0. If for each2 > Othereisat< 2=4, ¢;; 1> 0,
“ < 22=gand also F, %2 F suchthat, for all n large,

1. ((FS) < ciei " 1,
2. J(£Fp)<n,

then the posterior is consistent at fo on uniform neighlorhoods.



4. Diric hlet Pro cesses

Dirichlet processesvere introduced in the statistical context by Ferguson[73],
where he deweloped their basic properties and used it to provide a Bayesian
interpretation of many popular nonparametric procedures. A recert review of
Dirichlet processis the review article by Fergusonet al. [96]. Another good
sourceis the text by Sdcervish [95]. We provide a brief summary of someof the
properties for later usein this paper.

Let ® be a nite measureon R. A probability measureDg on M is said to

&A)
1. Ep,(P(A)) = ——=.
It is conveniert to write ® for the probability % Thus a natural choice

for ®is the prior belief of the distribution of X.

R @ N __p,;
®&R)+ n ®&R)+ n
where P, is the empirical distribution arising from X 1;X2;:::;X,. Since

as®R)! 0 the Bayesestimate goesto the empirical distribution, ®&R)
can be thought of asa \prior samplesize" or asa measureof belief in the
prior. Sethuraman and Tiwari [82] have pointed out the need for some
carein this interpretation.

4. D givesmassl to the set of discrete distributions. Thus Dg is concen-
trated on a small set. On the other hand the topological support of Dg is
fP : support(P) ¥ support(®)g. If ® has (topological) support all of R,
then D will have asits support all of M .

5. If ® and ®, are two distinct nonatomic measures,then De, ? De,. A
slight extension shaws that with a Dg prior, the prior and posterior are
singular with respect to ead other.

distribution of X1;X5;:::; X, can be interpreted as a Polya urn scheme
[Blackwell and MacQueen [73], Mauldin et al. [92]]. The distribution
. L . . ®+ K
of X1 is ®, the distribution of X, given X1 = x; is ——-— and the
1 29 1 1 &R) + 1 2
n

distribution of X ivenX1 = Xq1; X2 = Xp):::; Xn = X, is ®*r 1%

n+1 @ 1= X1; K2 = X2; 7 An = Xp m



One consequencef this expressionis that even when ® is nonatomic, the

Y

1
W]-r:l a(xj) 1)

ascendingfactorial ® R)(®&R)+ 1)(®&R)+ 2) ¢¢¢(®&R)+ nj JF) The above

expressionis to be viewed as a density with respectto | = BBy
where B1;By;:::; Bk is a partition of f1;2;:::;ng and , g,5,::8, IS the
k-dimensional Lebesguemeasureon f (X1;X2;:::;Xn) @ X = X;  ifi;j 2

the sameB, and x; & x; otherwiseg.

7. The Dirichlet processis tail free with respectto every partition and hence
the posterior is weakly consistet. In fact, it can be shown that it is
K-consistert.

5. Mixtures of Diric hlet

Mixtures of Dirichlet processconsideredby Antoniak [74] provide greater °exi-
bility. In this model, a hyper parameter pis rst chosenaccordingto a prior !

ample, one may be ready to say that the expectedvalue of P is normal but not
be able to specify (%; ¥). In such casesit may be appropriate to take u= (%; %3

and @, = @(R)N (4 %).

Sincej( Pj; X1; X251 Xp) is D®(u)+ . and
Z
i PIX XoiinXn) = 0PI X Xy X)) 1 diX g X505 X)),
the posterior distribution of P given X 1;X,;:::; X, is again a mixture of

Diric hlet \f_lj'[h 1 changingto 17 = J( dyX1;X2;:::;Xp) and &) changing
to ®&) + . We needan expressionfor }( dyjX1;X2;:::; X) to evaluate
the posterior.

If * hasa density h(u) and if &) has a density g,u(x), then using (1), the

h(p) Y

[®W)(R)™ - Ou(x;)

Y
C(X1; X250 Xn)h(W) gu(Xj):
jily=1



If the true distribution Pg hasa density then with Py probability 1, the I;'s

Y
(X1 X2y i Xn)h() gu(x): 2
j=1

Mixtures are no longer tail-free and in general one has inconsistency Fer-
gusonet al. [96] has a nice exampleillustrating this phenomenon. Consistency
issuesin the caseof mixtures of Dirichlet is studied in detail in Freedmanand
Diaconis [83], where the following result is available.

Theorem 6. If &W(R) - M for all y, then the mixture of Dg(, Yields a
weakly consistent posterior.

The mixture model, apart from being interesting in its own right, alsoarises
in Bayesian models for semiparametric problems. Location model discussedin
the next section is one example. Another interesting type of problems is the
binary regressionmodel studied by Newton [94].

6. Location model

Consider the location parameter problem where * is a prior on the location
parameter p and P is independenly chosenaccording to De; given (4 P),

distribution of P. In other words, p is the parameter of interest and not just
an index in the mixture distribution.

_ pn(W9x1i Woxzi W) e g(xni 1) |
h()g(x1i )g(xz2i t)¢ee;g(xn i t)dt’

Barron, in his discussionof DF, notesfrom this expressionthat eventhough
H is the location parameter of an unknown P, the posterior acts as though the
Xi's comefrom a xed known density g. So, onewould not, in general, expect
consistencyof the posterior.

Since the location model is not identi able without someassumptionslike
symmetry, it is appropriate to considera prior on M S|the spaceof distributions
on R, symmetric around 0. DF use a symmetrized Dirichlet processon M 3.
Symmetrized Dirichlet processesvere rst studied by Dalal [79].

The expressionfor the posterior distribution for pis somewhatcomplicated
(Lemma 3.1 of Diaconis and Freedman [86b]), but DF show that asymptotic
analysis of the previous case essetially holds also for symmetric P. To be
more precise,in the symmetric location model, if ® is the Cauchy distribution

10



then, when the true parameter is (0; Pg) where Py has a trimo dal density with
compact support, for approximately half the samplesthe posterior concernrates
near a mode + and another half concerirates near i + The number * can be
made as large as one wants by choosing Py suitably. This is an example of
how dramatic deviations from consistencycan be. A similar phenomenonwas
obsened by Doss[85] under a di®eren set up.

This is a surprising result. Addition of a single parameter seemsto destroy
the attractiv e features of the Dirichlet. That inconsistency should occur for a
Po with simple structure also comesas a surprise.

In Ghosalet al. [95], we considerthe location model and prove the following:

Theorem 7. Let , be a prior on M S|the set of all symmetric densities
and ! be a prior on R, fo be a symmetric density and | be a real numkter.
Assumethat ,; * satisfy the following:

1. * givespositive massto every open neightourhood of po;

2. for every 2 > 0 and all sutciently small jtj, , (K:(fg,)) > 0, wher
foxr (x) = fo(xi t) and fg. (x) = (Foux(X) + fox (i X))=2.

If fo satis es either of the following conditions, then the posterior is weakly
consistent at (Wo;fo) (and as a consejuene, the posterior of W is consistent at
Ko in the usual topology):

z f

1. tI!m0 folog de: 0;

2. fo is continuous and has compact support.

Thus, if the assumptionsof the above theorem hold, then consistencydoes
occur in the DF type of distributions. Sincefor any density f, K(f;P) = 1
whenewer P is discrete and since Dg givesmass1 to discrete densities, clearly
the assumptionsdo not hold for the Dirichlet. In the next sectionwe will shav
that Polya tree priors can be chosento satisfy the assumptions. In Section 8.2,
we will show that if the Dirichlet processis smoothed by corvoluting with a
(normal) kernel, then alsothe assumptionsare satis ed.

Of course,the theorem does not preclude inconsistencybut it doesappear
that in this casepoints of inconsistency if they exist, will be quite complicated.

7. Polya Tree priors

Polya tree priors are generalization of Dirichlet process. These were discussed
by Ferguson[74]. For a recert explication of their role in nonparametrics we
refer to Lavine [92, 94]. Other related referencesare Mauldin et al. [92] and
Schervish [95].
Let E; bethe setof all sequencesf0'sand 1'soflengthj andletE® = [ E;.
Let T = fT,;n, 1g be a sequenceof nested partitions of R into intervals
such that [ j T; generatesthe Borel ¥zalgebra. A bit more explicitly, let T; =

11



fB. :22 E;g. At the (j + 1)th stage,ead B: is partitioned into Bzo and B:;.
We want ead B: to be an interval and the ¥+algebrageneratedby [ 2= B2 be
the Borel ¥+algebraon R.

A prior | onM is saidto be a Polya tree prior with respect to the partition
T and with parametersf®: :2 2 E®g, written asP » PT(TI;®), if under

1. fP(B2jB:) : 2 2 E"g are a set of independert random variables;
2. foread1 22 E®, P(B2(jB:) » Beta(®:,; ®1).
Here are someproperties of Polya tree priors:

1. The expected value of P under PT(T;®) is the probability measure P
de ned by, if 2, = (21;22;::1;%), 30= (%;0)and 2, 1= (%;1),

Bey=

B.) = =

( _) i=1 @iilo-l-@iill

2. 1f P » PT(T;®) and given P if X1;X5;:::; X, areiid. P, then the
posterior distribution |§aga|naPona tree with parameters® = f®9 22

E°g, where® = & + [, Is.(X;)

The above two properties together easily yield an expressionfor the Bayesesti-
mate. Being tail free, weak consistencyis immediate for Polya trees.

Unlike the Dirichlet, by choosing the parameterscarefully, a Polya tree can
be madeto sit on densities. Results like the following appear in Mauldin et al.
[92] and Sdhervish [95].

Theorem 8. Supmsethat , is a contlnuoquprotablllty measure such that

,(B:,) = 2 X for all k and further @ = a.. If = a}* , then the resulting

Polya tree givesmass1 to the set of all distributions absolutelycontlnuous with
respect to |

In the discussionof the location model and strong consistencywe required
priors on densitieswhich give positive massto Kullback-Leibler neighborhoods.
The following theorem proved in Ghosal et al. [95] shows that this can be
achieved for Polya tree priors. A wealer result also appearsin Lavine [94].

Theorem 9. Supmsethat , is a oontlnuoua prokability measure such that
.(B, ) =2 kK for all k and further ®:, R If a;(l “2< 1 then the then for

any densnyfo (with respect to ) W|th fologfo < 1, we have,for all 2> 0O,
PT(T; ®)(K-(fo)) > 0.

Thus Polya tree priors (for suitable ®) provides an example of priors men-
tioned in Theorem 7. As for consistencyin uniform neighborhoods, BSW con-
struct an appropriate sieve and show that if ® = 8¢, then the posterior is
strongly consistert. The result of BSW suggestsusmg such a prior for the loca-
tion model. We expect that if the tails of the prior * for the location parameter
decay rapidly then this approac would yield consistency(of the pair (;f)) in
uniform neighborhoods for a wide classof \true" distributions.

12



8. Diric hlet mixtures

While Polya tree priors can be made to sit on densities, it is not possibleto
ensurethe densitiesin the support to have enoughsmoothnessproperties. Priors
on smooth families of densities can be constructed via Dirichlet mixtures, a
method suggestedby Lo [94].

Let £ be a parameter set, typically R or R?. Let K (x; M) be a kernel,
i.e., for ead p, K(x; ) is a probability density irgx and jointly measurablein
(x; ). For any probability P on £, let K (x;P) = K(x; WP (dy. Lo's method
consistsof choosinga mixture K (x; P) at random accordingto a Diric hlet prior.
Note that when K (x; ) is a location family K (x; P) is just the corvolution
K o P. Typically, such location families will also have a scale parameter %
which plays a role similar to that of window length in kernel density estimation.
We look at the structure of the posterior beforelooking at speci ¢ kernels.

Formally, we have a hierarchical Bayes model which consistsof P » Dg

P and given;, X; is an obsenation from K (¢ ;). The latent variablesy;, while
unobsened, serne as a useful tool in describing and simulating the posterior.
Indeed, West and others have set up excient computing algorithms basedon
Gibbs sampling.

basedon (W ; kp;:::; ). The Bayesestimate of P(¢ then becomes
z
Mg+ 8o (GH (X1 Xoi 1 Xn)
M+n®(© Y n(GY X ;X200 X

13



M n 1X
K + —
M+ n o(X) M+nni:

1

where K o(X) is the prior expectation RK (x; W) ®&dp). The Bayes estimate is
thus composedof a part attributable to the prior and a part dueto obsenations.
Ferguson[S?F} remarks that the secondterm in the above corvex combination,
namely ni * i“:l K (X w)H(AX 1; X2;:::;X,) can be viewed as a partially
Bayesianestimate with the in°uence of the prior guessremoved. The evaluation

P nj 1
®(dp) . (&(dpe) + %4) (®(dp) + 2 Hy).
&R £ ®(R)+‘l“ £ CCCE SR) nl R

Further, the likelihood given (U e; i n) iS Qi”:l K (Xj; ). HenceH canbe

written down using standard Bayesformula. Somealgebrayields the following
expressionfor the Bayes estimate of the density at x:

Z Y
. — y ( )W) . K7(x; u)lzci K (X5 we(dy)
X; U W+ Y Py ;
M +n M +n =1 1 Y K (X1; ®(d})
12C;i

dinality of p, ¢ is the number of elemerts in C;,

A o £y
wpy= PP and Ap = fei 1) K (X1; )@(d)g:
po A(P) i=1 12C;

Consistencyof the Bayesestimatesin thesemodelsis studied in Ghorai and
Rubin [82].

A di®erent kind of application of Diric hlet mixtures is made by Brunner and
Lo [89], who estimate a decreasingdensity on the positive half-line by using
a Dirichlet mixture of uniform densities. By a well-known theorem of Khint-
chine and $hepp, any decreasingdensity on the positive half-line is a given by
a mixture i f0 - x - pgP(dy and corversely Brunner and Lo [89] in-
duce a prior on the spaceof these densities by putting a Dirichlet prior on P.
A symmetric (about zero) strongly unimodal density, which is preciselya sym-
metrization of a decreasingdensity on the positive half-line, is often areasonable
model for error distribution. Brunner and Lo [89] also considerthe estimation
of a symmetric (about an unknown location) strongly unimodal density on the
real line, by using the above Diric hlet mixture of uniform and someprior on the
location of the symmetry. Brunner [92] used a similar idea when the densities
are not necessarilysymmetric. Brunner [95] applied the idea of Brunner and Lo
[89] to the linear regressionproblem.
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8.1. Random histograms

The simplestkernelis K (x; ) = hi 1 if both x and p are between(ih; (i + 1)h).
This corresponds to choosing a histogram with bins (ih; (i + 1)h). A useful
method suggestedby Gasparini [92] is to start with a prior 1 with density
m(h) for h and given h, pick a histogram with bin width h along the following
lines: Given h, let ®, = My®, be a nite measureon integersand given h, let
P » Dg,. De ne the random histogram by

R P(fig) .
fhp = h Liin; (i+1) h-
i=ijl

If nj(h) is the number of X 1;X57;:::; Xy in the bin [ih; (i + 1)h], it is not
hard to gsgethat the posterior is of the sameform asthe prior with ®, updated
to ®& + %, (h) and m(h) changing to

m(h) Ly @ (fig)(nii b
Mp+n

m®(h) =

The predwtwed.gn&ty with no obsenation is givenby f’\(x) = fh(x)m(h)dh
wherefp(x) = hi 1™ i @ (Fig)lin; (i+1) ny(X).

In view of the conjugate property, the predictive density given obsenations
X1;X2;::1; Xy can be easily written down. For any fg, let fo., be the ap-
proximation fq histograms of bin width h, i.e., if x isin (ih; (i + 1)h] then
fon(x) = (1=h) ; ('+1) " (y) dy: The calculations in Gasparini [92] can be used
to show:

Theorem 10. Supmsethe prior satis es
1. ®, is a prokability measure for all h;

@ (fj i 19)

2. For each h, there exists a constant K}, such that -
" @ (fjg)

j = ¢ee; | 1;0;1;2; 6¢e:

< Ky for

R
Then the,posterior is weakly consistent at any fq satisfying x?fo(x)dx < 1

and lim  fo(x) log fo—“olx =

Under additional conditions, Gasparini [92] shows that the Bayes estimate
is strongly consisten. We expect that the techniques of BSW and the section
3 would enablein identifying densitiesfor which the posterior is consistert on
uniform neighborhoods.

Choice of m which is positive in a neighborhood of 0 will allow for a wide
variability in the choice of histograms and will ensurethat the prior has all of
L, assupport. If fo is one'sprior belief about the density, then an appropriate
choice of ®, would be

Z (i41)n
@ (fig) = fo(x)dx:

ih
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Of course,this choicewill leadto a prior expected density which may not equal
fo but canbe viewed asan approximation to fo. A di®erert Bayesianhistogram
is proposed by Hartigan [94]. Another method is to consider for ead k, a
mixture of k many Beta random variables. A suitable choiceof the parametersof
the betaleadsto choosingthe distribution function at random through Bernstein
polynomials. This method was proposedby Diaconis and has beeninvestigated
by Spectrone [97].

8.2. Diric hlet mixtures of normal densities

A natural choicefor the kernelis the normal density Ay(xi 1) = p— exp[i (Xi

W2=2%%]. The %in the kernel is analogousto the window length in density
estimation. It may be chosenempirically or in afully Bayesianway by selectinga
prior on % We start looking at the casewhen %zis xed. If P is chosenaccording

of latent variables py; [p; ¢¢¢; 4y, which arei.i.d. P; and X; » N (; %%).

The posterior calculations can be carried out as before. A corveniert choice
of ® is the conjugate prior N (%; ¢2). If ® = M®, Ferguson [83] argues that
asM ! 1 gthe Bayesestimate with the in°uence of the prior removed, con-
vergesto = L, f(xjX;), wheref (xjX;) is the Bayesestimate of K (x; j) based
on a single obsenation X; arlgj gvher;);(i h%/; the2 grior ®: In particular when

+ X + 2¢
®=N( &), (%)) = NG o e T2
\this yields a variable kernel estimate with constart window size,but certered
at a point betweenX; and ! asis typical of shrinkage estimates".

). Ferguson[83] notesthat

dent (givenpy; p; ¢¢¢; b, ) N (W ; ¥2) variables, wherethe meansyy ; po; ¢¢¢; 4, are
drawn from an uncertain P which isitself distributed asDg. Givenpy; lp; ¢¢¢; W, ,
the next value P, +1 is a new value with probability M =(M + n) and is one of the
previous oneswith probability n=(M + n). Thusif M is small, typically the n
obsenations arise from few, much fewer than n, normal populations. This view
is adopted by West, Escobar and others [West [92], West et al. [94]], where
they e®ectiely demonstrate the use of the Dirichlet mixture model in many
applications.

In general,we expect consistencywith the mixture only whenthe bandwidth
is allowed to take arbitrarily small values. Supposethat the bandwidth is also
given a prior having 0 in its support. Below we presert someresults of Ghosal
et al. [97b] regarding consistencyof these mixtures.

Sincethe prior is on densities, consistencyon uniform neighborhoods is the
appropriate notion. The tool we useis Theorem 5 which involvestwo parts|the
positive prior massfor Kullback-Leibler neighborhoods and sieveswith suitable
metric entropy. The rst two results are concernedabout the rst issue,among
which the Theorem 11 is about consistencyat compactly supported densities
and has a neat form. For this result, actually we neither needthat the mixture
is Dirichlet nor the kernelis normal. The only facts usedare that the compactly
supported density is in the weak support of the distribution of the mixtures and
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the kernel is positive and cortinuous.

Theorem 11. Let fq be a depsity having compact supprt contained in the
supprt of ® Supmse that SLLmO folog(fo=fo:) = 0, wher foy, = Ay, mfg.
Then }( Kz(fg)) > 0 for all 2> 0.

The analogue of Theorem 12 when ® has support all of R is somewhat
involved and asin Shyamalkumar [96], requiresthat the tail behavior of f and
® berelated. Looselyspeaking, a result of Dossand Sellke [82] shavs that there
are functions I;; u; and I,; u, such that with probability 1 under Dg, the upper
tail P(x;1 ) is greaterthan I1(x) and P(x + klogx; 1 ) is lessthan uy(x). The
functions I,; u, deal similarly with the lower tails. For any %> 0, set

o 7 A(klogx)(11(0) | us(x): i x > O;
ux) = A(klogx)(I2(x) i ua(x)); if x < O

Theorezm 12. If
1. 3|/LI'T10 fo |Og(fo=f0;af,) =0;
z, A !

, fo:94(X)
2. lim fo(X)log Ry—— =
e Y W TR
3. for all 3 7 1
lim fo(x)logufO(X) =0
M 11 ixj>M L%(X)

then |( K:(fg)) > O for all 2> 0.

For example, when ® is double exponertial, we may chooseany k > 2 and
the requiremerts of the theorem are satis ed if f o has nite momern generating
function in an open interval containing [j 1;1]. If ® is normal, the condition
neededis the integrability of x(log x)e><2:2 with respectto fg.

For strong consistency we estimate the L ;-metric entropies of sets of the
form fA, 0P : P[j a;a] = 1gand fAy, P : P[j a;a] , 1 #g. Then using
Theorem 5, we can establish the following two consistencytheorems.

Theorem 13. Let ® have compact supprt. Suppse that the prior * for
¥ahas bounded supprt and satis es 1 f3%< tg - ¢, exp[j c;=t] for somec;;c;.
Then |( K:(fp)) > Ofor all 2> 0 implies that the posterior is strongly consistent
at fo.

Theorem 14. Suppse the prior * for ¥ has bounded support. For any
+> 0, let a, be suchthat for some 4, for all largen,

Dof P : P[j @an;an]< 1j tg< € " 1

For an” > 0, supmsethat there is a sequen@ ¥ # 0 be suchthat an=% < n’
and 1f3%< ¥%qg- e " o for some o > 0. Then |( K:(fg)) > Ofor all 2> 0
implies that the posterior is strongly consistent at f .
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If for example,® is chosenasa normal distribution pand ¥# is given aB inverse
gamma prior, then a, in Theorem 14 is of the order " n and % = C= n for a
suitable (large) C (depending on %) satis es the conditions of Theorem 14.

It seemamnore natural to considerthe location and scaleof the basemeasure
of Dirichlet prior for the mixing distribution asunknown hyperparameter with
somespeci ed prior. Under someconditions, consistencycontinuesto hold for
sud priors.

Another way of handling %ais to treat the pair (4; %) asthe a hyper param-
eter and consider a Dirichlet prior for the distribution of (;%). This would
yield Dirichlet mixtures of normal over both the location and scaleparameters.
Ferguson[83] carriesout an analysiswhenthe ® is the normal-gammaconjugate
prior.

Interestingly, Theorems11 and 12 have an important implication in the lo-
cation problem discussedn Section6. If we smooth the (symmetrized) Dirichlet
processusedby DF by a normal kernel with variance h? and h is chosenfrom a
prior distribution on (0; 1 ) having O in its support, then the posterior distribu-
tion of the location parameteris consistert if the true error density is symmetric,
satis es conditions of Theorem7 and K (fo;fo2Ay) ! Oash! 0, whereA, (9
stands for the normal density with mean 0 and variance h?. This follows from
Theorem 7 by observingthe following facts: (1) Sincethe normal kernelis sym-
metric, smoothing a symmetrized Dirichlet processis sameas symmetrizing a
smoothed Dirichlet process;(2) If | isaprior andf g is a symmetric density with
I( Kz2(fg)) > 0, then the symmetrization [~ of | also satis es "(K:(fg)) > 0
(seeLemma 4.1 of Ghosal et al. [95]). The posterior density for the location
parameter is a smooth function in this case,as opposedto the posterior based
on a Polya tree prior. On the other hand, computation is much more involved
in this case.

9. Gaussian pro cess priors

These priors introduced by Lenk [88] are generalizations of a construction of
Leonard [78]. The idea is to start with a GaussianprocessfZ(x;!);x 2 Igon
an interval | and de ne a random density on | through

REPIZG)]
| explZ(t;!)]dt’

The Gaussian processhas as parameters the mean ! (x) and the covariance
kernel ¥(x; y). Lenk introducesan additional parameter » to obtain a conjugate
family.

Let 1 (x) be a corntinuous mean function and ¥{x; y) be contin uous and pos-
itive de nite and let fZ(x;!) : x 2 |1 g be a Gaussianprocesswith mean* (x)
and covariancekernel ¥{x; y). It is conveniert to intro ducethe intermediate pro-
cessW(x;!) = exp[Z(x;!)]: Denote the distribution of W by LN (%; %40) (LN
stands for lognormal). For eac » de ne a processor equivalertly a probability

f(x;!)=
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measureLN (%; %») on (R*)' by

R
dLN (%; ¥ ») 0y = [, W(x!)dx]”
dLN (5 %0)" 7 C(% %»)
. Al A L pW(X) . _
The function on (R*)' dened by f(x;!) = Wt givesa random density

andthe distribution of this density under LN (%; % ») isdenotedby LN S(%; ¥»).

the posterior is LN S(* 7; ¥%»"), where

X
19(x) = 1(x) + Y{Xi; X); » = »j n
i=1
This expression,though not ertirely convincingly, allows » to be thought of
as a \pseudo samplesize". Similarly if ¥{x;y) is of the form %jx i vyj), then %
might be consideredas a strength of belief about the prior.
In Ghosh and Ramamoorthi [97], consistencyis shovn when the Gaussian
processis a standard Brownian motion. Consistencyissuesin general caseis
under investigation.

10. Censored Data

Diric hlet processand Polya trees provide an elegart framework for the Bayesian
analysis of right censoreddata. The model under consideration consists of
Xq;Xo;i:0; Xy and Yq;Y2;:::; Y, positive ii.d. random variables with dis-
tributions F and G respectively. The X's correspond to life times and the
Y's to censoringtimes; the obsenations are (Zi; %), where Z; = (X; ™ Y;),
% = Iix,<v,;si = L,2:::;,n. The goal is to make inferenceon F the distribu-
tion of the life time.

Susarla and van Ryzin [76] investigate the casewhen F » Dg and later
Susarla and Blum [77] shaw that the posterior distribution of F can be ob-
tained as a mixture of Dirichlet process. The mixture represenation is cum-
bersomeand an alternativ e represetation can be obtained asa Polya tree with

follows:

Bo=(0:Zwp]; Bi1=(Z@:1);
Bio= (Zw;Z@li Bu=(Z@;:1);

and in generalif 1, is a string of m 1's, then for m - ki 1,

B1, 0= (Zm);Z(m+y |
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and
Bi 1= (Zm+1;1):

The other B are partitioned arbitrarily into two intervals sothat the parti-
tion T(Z°) satis es the conditions in Section 7.

Theorem 15. Let F » Dg. Then the posterior is Polya tree with respect
to the partition T(Z®) and with parameters

X0
@1?2;‘?@3;( = @821;22;¢¢$k)+ IBz_k (Zi)+ Cik’
i=1: =1

whete C:, is the number of pairs (Z;;0)'s suchthat the interval (Z;;1 ) is con-
tained in Bz, .

Note that if B: = (Zk;1), then C, is just the number of individuals on
test at time Zy.
The Polya tree represeniation of the posterior givesconsistency

Theorem 16. If F » Dg, then the posterior distribution of F is weakly
consistent.

This and other related consistencyresults appear in Rajagopalan [97].

Important classef priors suc asthe simple homogeneouprocesgFerguson
and Phadia [79]] and the extended gamma process[Dykstra and Laud [81]]
have beenused for analyzing right censoreddata. These priors are neutral to
the right in the senseof Doksum [74]. Another interesting class of priors for
right censoreddata is the classof Beta processintroduced by Hjort [90]. These
have beenfurther generalizedand studied by Muliere and Walker [Muliere and
Walker [97], Walker and Muliere [97]]. We expect the posterior consistencyto
hold in these cases.

11. Non informativ e priors

Except for the choice ® R) ! 0 for a Dirichlet process,there is very little
developmert towards a notion (or notions) of non informativ e priors for in nite
dimensional models. This section summarizesGhosal et al. [97a], where some
tentativ e proposalswere made.

Let F be a family of densitigspequipged with, say, the Hellinger metric
du (f;9) dened by d3(f;09) = ( Fi "@)%dx. Assume further that F is
compact. For eah 2 > 0, let F: be an 2-siew, i.e., a maximal set with the
property F: ¥2F and dy (f;g) > 2 for every f;gin F:. SinceF is compact, F-
is a nite set. Denote by D(?; F) the cardinality of F-.

SinceF: is, in asensean 2-approximation of F, a natural approach would be
to take the uniform distribution onF:, say | -, asan approximation to whatever
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might be consideredas the \uniform" distribution on F. In practice, 2 should
depend on the samplesizeto re°ect the disposition to entertain more complex
modelswhen a large sampleis available. This approad, while attractiv e, would,
in view of the dependenceof the prior on sample size, run into problems of
incoherencein the senseof Heath and Sudderth [78].

Another approac would be to take any limit point | " of f} - : 2> Og asa
non informativ e prior. If | ® is unique, it is precisely the uniform distribution
de ned and studied by Dembski [90]. In Ghosalet al. [97a],it is shown that in
“nite dimensional regular models this approadc leadsto Je®reys'prior.

In keepingwith the spirit of the mixture models studied earlier, yet another
alternativ e is to view 2 asa hyper parameter and considera hierarchical prior ,
for 2. In Ghosal et al. [97a], the following consistencyresult is proved for such
priors.

Theorem 17. Let F be a family of densities where F, metrized by the
HeIIinggr distance, is compact. Let 2,, be a positive sequene satisfying the con-
dition ﬁzl n=22, < 1. Let F, be an 2,-sievein F, 1, be It_he uniform
distribution on F, and * be the probability on F de ned by ! = Ll ntn,
where , 's are positive numkbers adding upto unity. If for any = > 0

; . n s N — .
nI!|lm e D Fn) 1; 3)

then the posterior distribution basel on the prior * and i.i.d. observations

An examplewherethis theoremis applicableis the following classof densities
consideredin density estimation (see,e.g., Wong and Shen (1995)):
z

F=ff=¢2:92C"[0;1] @*(X)dx= L kgWkeyp -+ Lj:j = Liiosm;

Jg(r)(xl)l g(r)(Xz)] . Lr+1jxli X2jmg;

wherer is a positiveinteger,0- m - landL;'s are xed constarts. By Theo-
rem XV of Kolmogorov and Tihomirov [61], D(% P) - exp[c? ©=("*™)]. Hence
the hierarchical prior constructed in Theorem 17 leadsto consisteri posterior.
With a little modi cation of the construction of the prior, in this caseit is
possibleto achieve a rate of corvergenceof the order ni ("*M=@(r+m)*l) of the
posterior distribution, which is optimal.

Diaconis and Freedman[93] considera binary regressionproblem and show
that a hierarchical prior basedon uniform distributions (on certain nite di-
mensional sets) leadsto a consisteri posterior under a condition on the rate of
decay of the hierarchical weights. This prior is somewhat similar in spirit to
what we consideredabove.

While we have demonstrated the feasibility of obtaining consistencyfor a
variety of popular priors, consistencyby itself is not adequate. Given a consis-
tency result, one would want results on rates of corvergenceor simulations to
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get an idea of how large an n is required to get corvergenceto #p, to a desired
level of accuracy More precisely given Pg, 2, © and U, one would want an ng

than 1j “. Sud results or simulations would be relatively easyto get for tail free
priors and weak neighborhoods U. Similar results in the context of Theorem 3
or 5 will require more work. We will return to thesetopics elsewhere.
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