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1. In tro duction

This paper addressesconsistency of the posterior in regressionproblems
when the unknown distribution of the error variable is endowed with a non-
parametric prior. Thus our observations are Y1; Y2; : : :, where

Yi = ®+ ¯ x i + ² i ; i = 1; 2; : : : ;(1.1)

here the errors ² i are independent and identically distributed (i.i.d.) f , with
f a density symmetric around 0, and x1; x2; : : : are the valuesof the covariate
X . Thesemay arise as ¯xed non-random constants or as i.i.d. observations
of a random variable X with a known or unknown distribution.

The unknown parametersare f , ®, ¯ and formally the parameter space
is £ = F £ R £ R, where F is the set of all symmetric densitieson R. We
start with a prior ~¦ for f and independent of f , a prior ¹ for (®; ¯ ). Let ¦
stand for the prior ~¦ £ ¹ .

Fix (f 0; ®0; ¯ 0) in £. The sequenceof posteriors ¦( ¢jY1; Y2; : : : ; Yn ) is
said to be consistent for (f ; ®; ¯ ) at (f 0; ®0; ¯ 0) if ¦( UjY1; : : : ; Yn ) converges
to 1 almost surely as n ! 1 for any neighborhood U of (f 0; ®0; ¯ 0), when
the distribution governing Y1; Y2; : : : has the \true" parameter (f 0; ®0; ¯ 0).
An exactly similar de¯nition holds if we want posterior consistencyonly for
the parametric part (®; ¯ ) at (f 0; ®0; ¯ 0). It will turn out that the su±cient
condition for the latter is weaker than that for the posterior consistencyof
(f ; ®; ¯ ).

The idea of posterior consistencyis due to Freedman(1963), though, in
a sense,it goesback to Bayes,Laplaceand Von Mises. The relevanceof pos-
terior consistencyto Bayesiansis explained well in Diaconis and Freedman
(1986a). In Diaconis and Freedman(1986a,1986b), the authors alsoprovide
an exampleof inconsistency, in a relatively simple setting, for location mod-
els with symmetric error distributions. A similar example of inconsistency
for the location problem with error distribution having median 0 is given
by Doss (1985a, 1985b). The problem of interest then is to identify all or
at least a large classof parameter valueswhere consistencyobtains. In this
paper, though we approach the problem in somegenerality, it is gearedto
handle two classesof popular priors on densities | the Polya tree priors
and Dirichlet mixtures of a normal kernel.

Recent reviews focusing on general issuesof consistency are Ghosal,
Ghosh and Ramamoorthi (1999a), Ghosh (1998) and Wasserman(1998).
In Ghosal, Ghosh and Ramamoorthi (1999a,1999b)and Ghosh (1998), it is
argued that a theorem of Schwartz (1965) is the right tool for studying con-
sistency in semi-parametric problems. It is so here too. However, since the
observations are independent but not identically distributed, major changes
are needed.We begin with a variant of Schwartz's theorem for independent,
non-identically distributed variables. This is discussedin Section 2 while
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in Sections 3 and 4, we discusshow one can verify the two conditions of
this theorem. The lack of i.i.d. structure for the Yi 's necessitatesassump-
tions on the x i 's to ensurethat the exponentially consistent tests required
by Schwartz's theorem exist in the present context. Also certain conditions
on f 0 are required to verify a condition analogousto Schwartz's on the sup-
port of the prior. In Section 4, we relate the properties of the prior on F
to that on the regressionparameters and obtain a theorem on consistency.
We show in the next section that Polya tree priors of the sort consideredin
Ghosal, Ghosh and Ramamoorthi (1999b) ful¯ll the requirements. We then
turn to Dirichlet mixtures of normal kernel priors. The posterior consistency
of these in the context of density estimation was studied in Ghosal, Ghosh
and Ramamoorthi (1999c). In Section6, we explore similar problems in the
regressionsetting. In Section 7, we discussa similar problem of generalized
linear model with binary responsesand an unknown link function. This
may be viewed as non-parametric generalization of the logistic regression
model. A Dirichlet processprior is put on the link distribution function and
the consistencyof the posterior is brie°y discussed.Section 8 indicates the
modi¯cations necessaryto handle the caseof a stochastic regressor.

Although we prove consistencywhen the covariates are one-dimensional,
the arguments easily generalizeto more than one dimension. For that we
will only needto modify Proposition 3.1 by looking at quadrants under the
appropriate modi¯cation of Assumption A.

Non-parametric and semi-parametric Bayesian methods are now being
usedincreasingly. In view of the exampleof Diaconis and Freedman(1986a,
1986b), it seemsappropriate to see if some validation can be provided
through posterior consistency. It will be also interesting to study the rate of
convergenceof the posterior distribution as done in Ghosal, Ghosh and van
der Vaart (2000). In particular, it is of substantial interest to seewhether
the posterior distribution for the parametric part convergesat the classicalp

n rate. We have not attempted to answer this question here. We will
return to this topic elsewhere.

2. Consistency of posterior

Fix f 0, ®0, ¯ 0. For a density f , let

f ®;¯ ;i = f ®+ ¯ x i (y) = f (y ¡ (®+ ¯ x i )) :(2.1)

and put f 0i = f 0;®0 ;¯ 0 ;i .
For any two densities f and g, let

K (f ; g) =
Z

f log
f
g

; V (f ; g) =
Z

f
µ

log+
f
g

¶ 2

:(2.2)

3



and put

K i (f ; ®; ¯ ) = K (f 0i ; f ®;¯ ;i ); Vi (f ; ®; ¯ ) = V (f 0i ; f ®;¯ ;i ):(2.3)

As mentioned in the intro duction, the main tool we use is a variant of
Schwartz's Theorem (1965). The following theorem is an adaptation to the
casewhen the Yi 's are independent but not identically distributed. Here the
x i 's arenon-random. Westart with the de¯nition of exponentially consistent
tests.

Definition 2.1. Let W ½ F £ R £ R. A sequenceof test functions
©n (Y1; : : : ; Yn ) is said to be exponentially consistent for testing

H0 : (f ; ®; ¯ ) = (f 0; ®0; ¯ 0) against H1 : (f ; ®; ¯ ) 2 W(2.4)

if there exist constants C1, C2, C > 0 such that

(a) E nQ

1
f 0i

©n · C1e¡ nC

(b) inf
(f ;®;¯ )2W

E nQ

1
f ®;¯ ;i

(©n ) ¸ 1 ¡ C2e¡ nC

Theorem 2.1. Suppose ~¦ is a prior on F and ¹ is a prior for (®; ¯ ).
Let W ½ F £ R £ R. If

(i) There is an exponentially consistent sequence of tests for

H0 : (f ; ®; ¯ ) = (f 0; ®0; ¯ 0) against H1 : (f ; ®; ¯ ) 2 W;

(ii) For all ± > 0,

¦

(

(f ; ®; ¯ ) : K i (f ; ®; ¯ ) < ± for all i;
1X

i =1

Vi (f ; ®; ¯ )
i 2 < 1

)

> 0;

then with
Q 1

i=1 Pf 0i probability 1, the posterior probability

¦( WjY1; : : : ; Yn ) =

R
W

Q n
i=1

f ®;¯ i (Yi )
f 0i (Yi )

d¦( f ; ®; ¯ )
R

F £ R£ R

Q n
i=1

f ®;¯ i (Yi )
f 0i (Yi )

d¦( f ; ®; ¯ )
! 0:(2.5)

Note that Vi (f ; ®; ¯ ) boundedabovein i is su±cient to ensurethe summa-
bilit y of

P 1
i=1 Vi (f ; ®; ¯ )=i2.

The proof of the theorem is similar to that of Schwartz (1965). If we
write (2.5) as

¦( WjY1; : : : ; Yn ) =
I 1n (Y1; : : : ; Yn )
I 2n (Y1; : : : ; Yn )

;(2.6)
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the proof involvesshowing, as is done in Schwartz (1965), that condition (i)
implies

\ There exists a d > 0 such that end I 1n (Y1; : : : ; Yn ) ! 0 a.s. "
and that condition (ii) implies

\ For all d > 0, end I 2n (Y1; :::; Yn ) ! 1 a.s. "
A sketch of the details is given in the appendix.

It should be noted here that the theorem could have been stated in
much more generality, for any semi-parametric problem. Consistencyof the
posterior holds aslong asthere is an exponentially consistent test for testing
the point null against the complement of the required neighborhood and (ii)
holds. In Section7, we apply this idea to a binary responseregressionmodel
with an unknown link.

3. Exp onentially consisten t tests

Our goal is to establishconsistencyof the posterior distribution for (f ; ®; ¯ )
or for (®; ¯ ) at (f 0; ®0; ¯ 0), and thus the set W of interest to us is setsof the
type W = Uc, where U is a neighborhood of (f 0; ®0; ¯ 0). In this section we
write W of this type as a ¯nite union of W i 's and show that Condition (i)
of Theorem 2.1 holds for each of these W i 's. Note that Condition (i) does
not involve the prior.

We begin with a couple of lemmas.

Lemma 3.1. For i = 1; 2, let g0i and gi be densities on R. If for each i
there exists a function ©i , 0 · ©i · 1 such that

Eg0i (©i ) = ®i · ° i = Egi (©i )(3.1)

and if

lim inf
n!1

1
n

nX

i =1

(° i ¡ ®i ) > 0;(3.2)

then there exists a constant C, sets Bn ½ Rn , n = 1; 2; : : :, and n0, | all
depending only on (° i ; ®i ), such that for n > n0

[
Q n

i=1 Pg0i ] (Bn ) < e¡ nC

[
Q n

i=1 Pgi ] (Bn ) > 1 ¡ e¡ nC .

Pr oof. Set Bn = f
P n

i=1 ©i >
P n

i=1 (° i + ®i )=2g. Then by Hoe®ding's
inequality [Dudley (1999, page14)]

"
nY

i =1

Pg0i

#

(Bn )
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·

"
nY

i =1

Pg0i

# (
nX

i =1

(©i ¡ Eg0i (©i )) >
nX

i =1

(° i ¡ ®i )

)

(3.3)

· exp

2

4¡
1

2n

Ã
nX

i =1

(° i ¡ ®i )

! 2
3

5 :

On the other hand, applying Hoe®ding'sinequality to 0 · 1 ¡ ©i · 1,
"

nY

i =1

Pgi

#

(B c
n )

·

"
nY

i =1

Pgi

# (
nX

i =1

((1 ¡ ©i ) ¡ (1 ¡ Egi ©)) ·
nX

i =1

(° i ¡ ®i )=2

)

(3.4)

· exp

2

4¡
1

2n

Ã
nX

i =1

(° i ¡ ®i )

! 2
3

5 :

Taking C = 1
4 lim inf n!1 ( 1

n

P n
i=1 (° i ¡ ®i ))2, the result follows.

For a density g and µ 2 R, let gµ stand for the density gµ(y) = g(y ¡ µ).

Lemma 3.2. Let g0 be a continuous symmetric density on R, with g0(0) >
0. Let ´ be such that inf jyj<´ g0(y) = C > 0.

(i) For any ¢ > 0; there exists a set B¢ such that

Pg0 (B¢ ) ·
1
2

¡ C(¢ ^ ´ )

and for any symmetric density g

Pgµ (B¢ ) ¸
1
2

for all µ ¸ ¢ :

(ii) For any ¢ < 0, there exists a set ~B¢ such that

Pg0 ( ~B¢ ) ·
1
2

¡ C(¢ ^ ´ )

and for any symmetric density g

Pgµ ( ~B¢ ) ¸
1
2

for all µ · ¢ :

Pr oof. (i) TakeB¢ = (¢ ; 1 ). Sinceµ ¸ ¢ and gµ is symmetric around
µ, Pgµ (B¢ ) ¸ 1

2 .
On the other hand

Pg0 (B¢ ) =
1
2

¡
Z ¢

0
g0(y)dy ·

1
2

¡
Z ¢ ^ ´

0
g0(y)dy ·

1
2

¡ C(¢ ^ ´ ):(3.5)

Similarly ~B¢ = (¡1 ; ¢) would satisfy (ii).
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Remark 3.1. By consideringI B ¢ (y¡ µ0), it is easyto seethat Lemma3.2
holds if we replaceg0 by g0;µ0 and require µ ¡ µ0 > ¢ ; or µ ¡ µ0 < ¢ :

We return to the regressionmodel.

Assumption A. There exists " 0 > 0 such that the covariate values x i

satisfy

lim inf
n!1

1
n

nX

i =1

I f x i < ¡ "0g > 0; lim inf
n!1

1
n

nX

i =1

I f x i > "0g > 0;

Remark 3.2. Assumption A forcesthe covariate x to take both positive
and negative values, i.e., valueson both sidesof 0. However, the point 0 is
not special. If the condition is satis¯ed around any point, then by a simple
location shift, we can bring that to the present case.

Pr oposition 3.1. If Assumption A holds, f 0 is continuous at 0 and
f 0(0) > 0, then there is an exponentially consistent sequence of tests for

H0 : (f ; ®; ¯ ) = (f 0; ®0; ¯ 0) against H1 : (f ; ®; ¯ ) 2 W

in each of the following cases:

(i) W = f (f ; ®; ¯ ) : ® > ®0; ¯ ¡ ¯ 0 > ¢ g

(ii) W = f (f ; ®; ¯ ) : ® < ®0; ¯ ¡ ¯ 0 > ¢ g

(iii) W = f (f ; ®; ¯ ) : ® > ®0; ¯ ¡ ¯ 0 < ¡ ¢ g

(iv) W = f (f ; ®; ¯ ) : ® < ®0; ¯ ¡ ¯ 0 < ¡ ¢ g.

Pr oof. (i) Let K n = f i : 1 · i · n; x i > "0g and # K n stand for the
cardinalit y of K n . We will construct a test using only those Yi 's for which
the corresponding i is in K n .

If i 2 K n ; then (® + ¯ x i ) ¡ (®0 + ¯ 0x i ) > ¢ x i , and by Lemma 3.2 for
each i 2 K n , there exists a set A i such that

®i := Pf 0i (A i ) <
1
2

¡ C(´ ^ ¢ x i )

and
° i := inf

(f ;®;¯ )2W
Pf ®;¯ ;i (A i ) ¸

1
2

;

where \:=" stands for equality by de¯nition.
If i · n and i =2 K n , set A i = R, so that ®i = ° i = 1. Thus

lim inf
n!1

Ã

n¡ 1
nX

i =1

(° i ¡ ®i )

!

¸ lim inf
n!1

Ã

n¡ 1
X

i 2 K n

C(´ ^ ¢ x i )

!

(3.6)

¸ C(´ ^ ¢ "0) lim inf
n!1

# K n=n > 0:
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With ©i = I A i , the result follows from Lemma 3.1.

(ii) In this casewe construct tests using Yi such that i 2 M n := f 1 ·
i · n : x i < ¡ "0g. If i 2 M n , then

(®+ ¯ x i ) ¡ (®0 + ¯ 0x i ) < ¢ x i < ¡ ¢ "0:

Now using (ii) of Lemma 3.2, we get sets ~B i and then obtain exponentially
consistent tests using Lemma 3.1 as in part (i).

The other two casesfollow similarly.

The union of the W's in Proposition 3.1 is the set f (f ; ®; ¯ ) : j¯ ¡ ¯ 0j >
¢ g. The next proposition takescareof f (f ; ®; ¯ ) : j®¡ ®0j > ¢ g. The proof
is along the samelines and is omitted.

Pr oposition 3.2. Under the assumptionsof Proposition 3.1, there exists
an exponentially consistent sequence of tests for testing

H0 : (f ; ®; ¯ ) = (f 0; ®0; ¯ 0) against H1 : (f ; ®; ¯ ) 2 W

when W is

(i) f (f ; ®; ¯ ) : ® ¡ ®0 > ¢ ; ¯ > ¯ 0g

(ii) f (f ; ®; ¯ ) : ® ¡ ®0 > ¢ ; ¯ < ¯ 0g

(iii) f (f ; ®; ¯ ) : ® ¡ ®0 < ¡ ¢ ; ¯ > ¯ 0g

(iv) f (f ; ®; ¯ ) : ® ¡ ®0 < ¡ ¢ ; ¯ < ¯ 0g.

Remark 3.3. If random f 's are not symmetrized around zero, ® is not
identi¯able. So the posterior distribution for ® will not be consistent. Con-
sistencyfor ¯ will hold under appropriate conditions. To prove the existence
of uniformly consistent tests for ¯ , we pair Yi 's and consider the di®erence
Yi ¡ Yj , which has a density that is symmetric around ¯ (x i ¡ x j ). We can
now handle the problem in essentially the sameway as in Proposition 3.1 to
construct strictly unbiasedtests. A result analogousto Proposition 3.2 then
follows immediately. The veri¯cation of the other conditions in Sections4,
5 and 6 is along exactly similar lines.

The next proposition considersneighborhoods of f 0 to get posterior con-
sistency for the true density rather than only the parametric part. We need
an additional assumption.

Assumption B. For someL, jx i j < L for all i .

In practice, the range of interest of the regressoris often a bounded
interval, since the linearit y of the regressionfunction can only be expected
on a range of values. Therefore, the assumption may not be very restrictiv e
from a practical point of view.
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Pr oposition 3.3. Suppose that Assumption B holds. Let U be a weak
neighborhood of f 0 and let W = Uc £ f (®; ¯ ) : j® ¡ ®0j < ¢ ; j¯ ¡ ¯ 0j < ¢ g.
Then there exists an exponentially consistent sequence of tests for testing

H0 : (f ; ®; ¯ ) = (f 0; ®0; ¯ 0) against H1 : (f ; ®; ¯ ) 2 W:

Pr oof. Without lossof generality take

U =
½

f :
Z

©(y)f (y) ¡
Z

©(y)f 0(y) < "
¾

;(3.7)

where 0 · © · 1 and © is uniformly continuous.
Since © is uniformly continuous, given " > 0, there exists ± > 0 such

that jy1 ¡ y2j < ± implies j©(y1) ¡ ©(y2)j < "=2.
Let ¢ be such that

j(®¡ ®0) + (¯ ¡ ¯ 0)x i j < ±

for ®; ¯ 2 W. Set ~©i (y) = ©(y ¡ (®0 + ¯ 0x i )). Then

E f 0i
~©i = E f 0 ©; E f ®;¯ ;i

~©i = E f ( ®¡ ®0 ) ;( ¯ ¡ ¯ 0 ) ;i
©:(3.8)

Noting that
Z

©(y ¡ ((®¡ ®0) + (¯ ¡ ¯ 0)x i )) f (®¡ ®0 )+( ¯ ¡ ¯ 0 )x i (y)dy

=
Z

©(y)f (y)dy

we have by the uniform continuit y of ©
Z

~©i (y)f ®;¯ ;i (y)dy

¸
Z

©(y)f (y)dy ¡
Z

j©(y) ¡ ©(y ¡ ((®¡ ®0) + (¯ ¡ ¯ 0)x i )) j

£ f (®¡ ®0 )+( ¯ ¡ ¯ 0 )x i (y)dy

¸
Z

©(y)f (y)dy ¡
"
2

¸ E f 0 © +
"
2

for any f 2 Uc. An application of Lemma 3.1 completesthe proof.

4. Prior positivit y of neigh borho ods

In this section we develop su±cient conditions to verify condition (ii) of
Theorem 2.1. A similar problem in the context of location parameter was
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studied in Ghosal, Ghosh and Ramamoorthi (1999b). There, the authors
had managedwith Kullback-Leibler continuit y of f 0 at µ0 | the true value
of the location parameter, and the requirement that ¦ f K (f ¤

0;µ; f ) < ±g > 0
for all µ in a neighborhood of µ0 and for f ¤

0;µ which is closeto but di®erent
from f 0. However this approach does not carry over to the regressioncon-
text since, even though the true parameter remains (®0; ¯ 0), for each i we
encounter parameters µi = ®0 + ¯ 0x i . Here we take a di®erent approach.
Sincewe have no assumptionson the structure of the random condition f ,
the assumption on f 0 is somewhat strong. This condition is weakened in
Section6, wherewe considerDirichlet mixture of normals. In that case,the
random f is more well behaved.

Lemma 4.1. Suppose f 0 2 F satis¯es the following condition: There
exist ´ > 0; C´ and a symmetric density g´ such that, for j´

0
j < ´

f 0(y ¡ ´
0
) < C´ g´ (y) for all y:(4.1)

Then

(a) For any f 2 F and jµj < ´

K (f 0; f µ) · (C´ + 1) logC´ + C´

·
K (g´ ; f ) +

q
K (g´ ; f )

¸
:

(b) If in addition, V (g´ ; f ) < 1 , then

sup
jµj<´

V(f 0; f µ) < 1 :

Pr oof. Part (a) is an immediate consequenceof Lemma 5.1 of Ghosal,
Ghosh and Ramamoorthi (1999a) and the fact that K (f 0;µ; f ) = K (f 0; f µ),
which follows from the symmetry of f 0 and f .

For (b), note that
Z

f 0

·
log+

f 0

f µ

¸ 2

=
Z

f 0;µ

·
log+

f 0;µ

f

¸ 2

· C´

Z
g´

·
log+

C´ g´

f

¸ 2

;(4.2)

which is ¯nite under the assumedcondition.

We write the assumption of last lemma as follows:

Assumption C. For ´ > 0, su±ciently small, there is g´ 2 F and
constant C´ > 0 such that for j´ 0j < ´ ,

f 0(y ¡ ´
0
) < C´ g´ (y) for all y

and
C´ ! 1 as ´ ! 0:
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Pr oposition 4.1. Suppose that Assumptions B and C hold. Let ~¦ be
a prior for f , and ¹ be a prior for (®; ¯ ). If (®0; ¯ 0) is in the support of ¹
and if for all ´ su±ciently small and for all ± > 0

~¦ f K (g´ ; f ) < ±; V (g´ ; f ) < 1g > 0;(4.3)

then for all ± > 0 and someM > 0,

( ~¦ £ ¹ ) f (f ; ®; ¯ ) : K i (f ; ®; ¯ ) < ±; Vi (f ; ®; ¯ ) < M for all i g > 0:(4.4)

Pr oof. Choose´ , ±0 such that (4.3) holds with ± = ±0 and

(C´ + 1) logC´ + C´

h
±0 +

p
±0

i
< ±:

Let
V =

n
(®; ¯ ) : j® ¡ ®0j <

´
2

; j¯ ¡ ¯ 0j <
´

2L

o
:

Note that
K i (f 0; ®; ¯ ) = K (f 0; f (®¡ ®0 )+( ¯ ¡ ¯ 0 )x i )

and
Vi (f 0; ®; ¯ ) = V (f 0; f (®¡ ®0 )+( ¯ ¡ ¯ 0 )x i );

and (®; ¯ ) 2 V implies that j(® ¡ ®0) + (¯ ¡ ¯ 0)x i j < ´ for all x i . An
application of Lemma 4.1 immediately givesthe result.

Theorem 4.1. Suppose that

(i) The covariates x1; x2; : : : satisfy Assumptions A and B.

(ii) f 0 is continuous, f 0(0) > 0 and f 0 satis¯es Assumption C.

(iii) For all su±ciently small ´ and for all ± > 0,

~¦ f K (g´ ; f ) < ±; V (g´ ; f ) < 1g > 0;

where g´ is as in Assumption C.

Then for any weak neighborhood U of f 0,

¦ f (f ; ®; ¯ ) : f 2 U; j®¡ ®0j < ±; j¯ ¡ ¯ 0j < ±jY1; Y2; : : : ; Yng ! 1(4.5)

a.s.
Q 1

i=1 Pf 0i . In other words, the posterior distribution is weakly consistent
at (f 0; ®0; ¯ 0).

Pr oof. Note that

f (f ; ®; ¯ ) : f 2 U; j®¡ ®0j < ±; j¯ ¡ ¯ 0j < ±gc(4.6)

is the union of setsconsideredin Propositions 3.1, 3.2 and 3.3. The required
exponentially consistent test therefore exists. Proposition 4.1 shows that
Condition (ii) of Theorem 2.1 holds and hence((4.5) follows.
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Remark 4.1. Assumption (ii) of Theorem 4.1 is satis¯ed if f 0 is Cauchy
or normal. If f 0 is Cauchy, then g´ = f 0 satis¯es Assumption C. If f 0 is
normal then Assumption C holds with

g´ = f s
0;´ ¤ =

1
2

f f 0(y ¡ ´ ¤) + f 0(¡ y ¡ ´ ¤)g ;(4.7)

where ´ ¤ ! 0 as ´ ! 0 but ´ ¤=´ ! 1 .

Remark 4.2. Assumption B is used in two places: Proposition 3.3 and
Proposition 4.1. For speci¯c f 0's one may be able to obtain the conclusion
of Proposition 4.1 without Assumption B. In such casesone would be able
to get consistency at (®0; ¯ 0) without having to establish consistency at
(f 0; ®0; ¯ 0).

Remark 4.3. In order to strengthen Theorem 4.1 to variation neighbor-
hoods U of f 0, one needsto further ¯nd, for all " > 0, a sequenceof subsets
Fn ½ F with ~¦( F c

n ) exponentially small such that for some± < "=2 and
¯ < "2=8, the L 1-metric entropy J (±; Fn ) < n¯ . SeeTheorem 2 of Ghosal,
Ghosh and Ramamoorthi (1999c) for details.

5. Poly a tree priors

In this section we show that Polya tree priors, with a suitable choice of
parameters, satisfy Condition (iii) of Theorem 4.1 and hencethe posterior
distribution is weakly consistent. To obtain a prior on symmetric densities,
we considerPolya tree priors on densitiesf on the positive half-line and then
considering the symmetrization f s(y) = 1

2 f (jyj): SinceK (f ; g) = K (f s; gs)
and V(f ; g) = V (f s; gs), this symmetrization presents no problems.

We brie°y recall Polya tree priors and for details refer to Lavine (1992,
1994). Seealso Mauldin, Sudderth and Williams (1992).

Let E = f 0; 1g, E m = f 0; 1gm and E ¤ =
S 1

m=1 E m . For each m, f B ² :
² 2 E m g is a partition of R+ and for each ², f B ²0; B ²1g is a partition of B ² .
Further f B ² : ² 2 E ¤g generatesthe Borel ¾-algebra.

A random probabilit y measureP on R+ is said to be distributed as a
Polya tree with parameters (¦ ; A ), where ¦ is a sequenceof partitions as
described in the last paragraph, and A = f ®² : ² 2 E ¤g is a collection of
non-negative numbers, if there exists a collection f Y² : ² 2 E ¤g of mutually
independent random variables such that

(i) Each Y² has a beta distribution with parameters®²0 and ®²1
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(ii) The random measureP is given by

P(B ²1¢¢¢²m ) =

2

4
mY

j =1 ; ² j =0

Y²1¢¢¢² j ¡ 1

3

5

2

4
mY

j =1 ; ² j =1

(1 ¡ Y²1¢¢¢² j ¡ 1 )

3

5 :

We restrict ourselves to partitions ¦ = f ¦ m : m = 0; 1; : : :g that are
determinedby a strictly positive, continuousdensity ®on R+ in the following
sense:The sets in ¦ m are intervals of the form

½
y :

k ¡ 1
2m <

Z y

¡1
®(t)dt ·

k
2m

¾
:

Theorem 5.1. Let ~¦ be a Polya tree prior on densities on R+ with
®² = rm for all ² 2 E m . If

P 1
m=1 r ¡ 1=2

m < 1 , then for any density g such
that K (g; ®) < 1 and Eg(log g)2 < 1 , we have for all ± > 0,

lim
M !1

~¦ f f : K (g; f ) < ±; V (g; f ) < M g > 0:(5.1)

Pr oof. We will show that

lim
M !1

~¦ f f : V (g; f ) < M g ! 1:(5.2)

This together with Theorem3.1of Ghosal,Ghoshand Ramamoorthi (1999b),
where it is shown that ~¦ f f : K (f ; g) < ±g > 0 when

P 1
m=1 r ¡ 1=2

m < 1 ,
would then prove the theorem.

Since

V(g; f ) · Eg(log f )2 + Eg(log g)2 + 2
q

Eg(log f )2Eg(log g)2;(5.3)

it is enoughto show that as M ! 1 ,

~¦
©

Eg(log f )2 > M
ª

! 0:(5.4)

If y has the binary expansion² = ²1²2 ¢¢¢, then for almost all y,

f (y) = lim
m!1

2

4
mY

j =1 ; ² j =0

2Y²1¢¢¢² j ¡ 1

3

5

2

4
mY

j =1 ; ² j =1

2(1 ¡ Y²1¢¢¢² j ¡ 1 )

3

5 ;(5.5)

so that

Eg(log f )2

= Eg

2

4
1X

j =1 ; ² j =0

log(2Y²1¢¢¢² j ¡ 1 ) +
1X

j =1 ; ² j =1

log(2(1 ¡ Y²1¢¢¢² j ¡ 1 ))

3

5

2

;(5.6)

13



where Eg now stands for the expectation over ² when y has density g.
Now letting E stand for the expectation with respect to ~¦, we have by

Chebyshev's inequality,

~¦
£
Eg(log f )2 > M

¤
(5.7)

· M ¡ 1EEg

2

4
1X

j =1 ; ² j =0

log(2Y²1¢¢¢² j ¡ 1 ) +
1X

j =1 ; ² j =1

log(2(1 ¡ Y²1¢¢¢² j ¡ 1 ))

3

5

2

:

Interchanging the order of expectations and exploiting independence,the
right hand side of (5.7) can further be bounded by

2M ¡ 1Eg

2

4
1X

j =1 ; ² j =0

E
¡
log(2Y²1¢¢¢² j ¡ 1 )

¢2 +

0

@
1X

j =1 ; ² j =0

E(log(2Y²1¢¢¢² j ¡ 1 ))

1

A

2

+
1X

j =1 ; ² j =1

E
¡
log(2(1 ¡ Y²1¢¢¢² j ¡ 1 ))

¢2 +

0

@
1X

j =1 ; ² j =1

E(log(2(1 ¡ Y²1¢¢¢² j ¡ 1 )))

1

A

23

5 :

SinceY²1¢¢¢² j ¡ 1 and 1¡ Y²1¢¢¢² j ¡ 1 havethe samedistribution, the last expression
is equal to

2M ¡ 1Eg

2

4
1X

j =1

E(log(2Y²1¢¢¢² j ¡ 1 ))2 +

0

@
1X

j =1

E(log(2Y²1¢¢¢² j ¡ 1 ))

1

A

23

5 :

Note that the terms inside Eg do not involve the particular sequence
². Letting ' (k) = E j log(2Uk )j and Ã(k) = E(log(2Uk ))2, where Uk »
Beta(k; k), the last expressioncan be written as

2M ¡ 1

2

4
1X

m=1

Ã(rm ) +

Ã
1X

m=1

' (rm )

! 2
3

5 :

It is shown in the appendix that ' (k) and Ã(k) are respectively O(k ¡ 1) and
O(k¡ 1=2). Since

P 1
m=1 r ¡ 1=2

m < 1 , both in¯nite seriesare summable and
hencethe last expressiongoesto 0 as M ! 1 .

Although Polya treesgive rise to naturally interpretable priors on densi-
ties and lead to consistent posterior, samplepaths of Polya treesare however
very rough having discontinuities everywhere. Such a drawback can be eas-
ily overcomeby consideringa mixture of Polya trees. Posterior consistency
continues to hold in this case,since by Fubini's theorem, prior positivit y
holds under mild uniformit y conditions.
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6. Diric hlet mixture of normals

In this section,we look at random densitiesthat ariseasmixtures of normal
densities. Let Áh denote the normal density with mean 0 and standard
deviation h. For any probabilit y P on R, f h;P will stand for the density

f h;P (y) =
Z

Áh(y ¡ t)dP(t):(6.1)

Our model consistsof prior ¹ for h and a prior ~¦ for P. Consistencyissues
related to these priors, in the context of density estimation, are explained
in Ghosal, Ghosh and Ramamoorthi (1999c). Here we look at similar issues
when the error density f in the regressionmodel is endowed with these
priors.

To insure that the prior sits on symmetric densities,we let P bea random
probabilit y on R+ and set

f h;P (y) =
1
2

Z
Áh(y ¡ t)dP(t) +

1
2

Z
Áh(y + t)dP(t):(6.2)

We will denote by ~¦ both the prior for P and the prior for f h;P .
The following lemmashows that the random f generatedby the prior un-

der consideration is more regular than thosegeneratedby Polya tree priors,
and hencethe conditions on f 0 are more transparent than those in Section
5 or those in Ghosal, Ghosh and Ramamoorthi (1999b).

Lemma 6.1. Let f 0 be a density such that
Z

y4f 0(y)dy < 1 and
Z

f 0(y)j log f 0(y)j2dy < 1(6.3)

If f (y) =
R

Áh(y ¡ t)dP(t) and
R

t2dP(t) < 1 , then

(i) lim
µ! 0

K (f 0; f µ) = K (f 0; f ),

(ii) lim
µ! 0

V(f 0; f µ) = V (f 0; f ).

Pr oof. Clearly f (y) is positive and continuous, and

j log f µ(y)j · j log
p

2¼hj +

¯
¯
¯
¯log

Z
e¡ (y¡ µ¡ t )2=(2h2 )dP(t)

¯
¯
¯
¯ :(6.4)

Sincelog
R

e¡ (y¡ µ¡ t )2=(2h2 )dP(t) < 0, by Jensen'sinequality applied to ¡ logx,
the last expressionis bounded by

j log
p

2¼hj +
Z

(y ¡ µ ¡ t)2

h2 dP(t):

The Dominated ConvergenceTheorem now applies.
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We now return to the regressionmodel.

Theorem 6.1. Suppose ~¦ is a normal mixture prior for f . If

(i) Assumptions A and B hold,

(ii) ~¦ f f : K (f 0; f ) < ±; V (f 0; f ) < 1g > 0 for all ± > 0,

(iii) E f 0 (y2) < 1 , E f 0 (log f 0)2 < 1 ,

(iv)
RR

t2dP(t)d~¦ (P) < 1 ,

then the posterior distribution ¦( ¢jY1; : : : ; Yn ) is weakly consistent for (f ; ®; ¯ )
at (f 0; ®0; ¯ 0) provided (®0; ¯ 0) is in the support of the prior for (®; ¯ ).

Pr oof. By (iv),
©

P :
R

t2dP(t) < 1
ª

has ~¦ probabilit y 1. So we may
assumethat

~¦
½

f : f = f P ; (ii) holds,
Z

t2dP(t) < 1
¾

> 0:(6.5)

Let U =
©

f : f = f P ; (ii) holds,
R

t2dP(t) < 1
ª

.
For every f 2 U, using Lemma 6.1 choose±f such that, for µ < ±f

K (f 0; f ) < ±; V (f 0; f ) < ±:(6.6)

Now choose" f such that, j® ¡ ®0 + (¯ ¡ ¯ 0)x i j < ±f whenever j® ¡ ®0j <
" f ; j¯ ¡ ¯ 0j < " f =L.

Clearly if f 2 U and j®¡ ®0j < " f and j¯ ¡ ¯ 0j < " f =L, we have

K i (f ; ®; ¯ ) < 2± and Vi (f ; ®; ¯ ) < V (f 0; f ) + ±:(6.7)

Since

~¦ f (f ; ®; ¯ ) : f 2 U; j®¡ ®0j < " f ; j¯ ¡ ¯ 0j < " f =Lg > 0;(6.8)

we have

¦

(

(f ; ®; ¯ ) : K i (f 0; ®; ¯ ) < ± for all i;
1X

i =1

Vi (f ; ®; ¯ )
i 2 < 1

)

> 0:(6.9)

An application of Theorem 2.1 completesthe proof.

It is shown in Ghosal, Ghosh and Ramamoorthi (1999c) that if f 0 has
compact support or if f 0 = f P with P having compact support, then
~¦ f f : K (f 0; f ) < ±g > 0 for all ± > 0. The argument given there also
shows that in thesecases(ii) of Theorem 6.1 holds when ~¦ is Dirichlet with
basemeasure° . Ghosal,Ghoshand Ramamoorthi (1999c)alsodescribe f 0's
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whosetail behavior is related to that of ° such that ~¦ f f : K (f 0; f ) < ±g > 0.
In the casewhen the prior is Dirichlet, the double-integral in (iv) is ¯nite
if and only if

R
t2d° (t) < 1 . While normal f 0 is covered by these results

the caseof Cauchy f 0 cannot be resolved by the methods in that paper.
However, Dirichlet mixtures of both location and scaleparameters of nor-
mal should be able to handle Cauchy which is a scalemixture of normal.
This scalemixing measuredoes not have a compact support so the results
of Ghosal, Ghosh and Ramamoorthi (1999c) still do not apply.

7. Binary response regression with unkno wn link

A distinguishing feature of the regressionproblem consideredin this paper
is the change in the parameter value with i . A similar situation arises in
other modelslike the regressionof the Bernoulli parameter with an unknown
link function. This may be viewed as a non parametric version of logistic
regressionproblems and the methods developed here can be usedto handle
these problems too. We give an indication of how it can be done without
going into much details.

Considerk levelsof a drug on a suitable scale,say x1; : : : ; xk , with prob-
abilit y of a response(which may be death or someother speci¯ed event) pi ,
i = 1; : : : ; k. To study the e®ectsat di®erent levels, n subjects are treated
with the drug. The i th level of the drug is given to n i subjects and the
number of responsesr i noted. We thus get k independent binomial vari-
ables with parameters n i and pi , where n = n1 + ¢¢¢+ nk . The object
usually is to ¯nd x such that p = 0:5. Often, pi is modeled as

pi = F (®+ ¯ x i ) = H (x i ); say,(7.1)

whereF is a responsedistribution and ® and ¯ are parameters. Herepi may
be estimated by r i =ni , but if the ni 's are small, the estimateswill have large
variances. The model provides a way of combining all the data. In logistic
regression,F is taken as logistic function. Other link functions like the nor-
mal distribution function are alsoused. The choiceof the functional form of
the link function is somewhatarbitrary , and this may substantially in°uence
inference,particularly at the two endswherethe data is sparse.In the recent
years, there has beena lot of interest in link functions with unknown func-
tional form. In non-parametric problemsof this kind, oneputs a prior on F
or H . Such an approach was taken by Alb ert and Chib (1993), Chen and
Dey (1998), Basu and Mukhopadhyay (1998,2000)and someother authors.
If one puts a prior on F , one has to put conditions on F like specifying the
values of two quantiles to make (F; ®; ¯ ) identi¯able. In this case,one can
develop su±cient conditions for posterior consistencyat (F0; ®0; ¯ 0) using
our variant of Schwartz's theorem. However, in practice, one usually puts
a Dirichlet processor someother prior on F and independently of this, a
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prior on (®; ¯ ). Due to the discretenessof Dirichlet selections,many au-
thors actually prefer the useof other priors such as Dirichlet scalemixtures
of normals, seeBasu and Mukhopadhyay (1998, 2000) and the references
therein. Becauseof the lack of identi¯abilit y, the posterior for (®; ¯ ) is not
consistent. This will show up in simulations as°at, rather than peaked, pos-
teriors. On the other hand, a Dirichlet processprior and a prior on (®; ¯ )
provides a prior on H and one can ask for posterior consistencyof H ¡ 1( 1

2)
at, say, H ¡ 1

0 ( 1
2). This problem can be solved by Theorem 2.1 as follows.

Without loss of generality, one may take n i = 1 for all i , and hence
k = n. To verify Condition (ii) of Theorem 2.1, consider

Z i = log
(H0(x i )) r i (1 ¡ H0(x i ))1¡ r i

(H (x i )) r i (1 ¡ H (x i ))1¡ r i
;(7.2)

where r i is 1 or 0 with probabilit y H (x i ) and 1 ¡ H (x i ) respectively, and
the true H is denoted by H0. Then

EH 0 (Z i ) = H0(x i ) log
H0(x i )
H (x i )

+ (1 ¡ H0(x i )) log
1 ¡ H0(x i )
1 ¡ H (x i )

(7.3)

and

EH 0 (Z 2
i ) · 2H0(x i )

µ
log

H0(x i )
H (x i )

¶ 2

+ 2(1 ¡ H0(x i )) log
µ

1 ¡ H0(x i )
1 ¡ H (x i )

¶ 2

:(7.4)

Assumethat x i 's lie in a bounded interval containing H ¡ 1
0 ( 1

2), and the sup-
port of H0 contains a bigger interval. Since the range of x i 's is bounded,
the sequenceof formal empirical distributions n¡ 1 P n

i=1 ±x i of x1; : : : ; xn is
relatively compact. Assumethat all subsequential limits convergeto distri-
butions which givepositivemeasureto all non-degenerateintervals, provided
the intervals are contained in a certain interval containing H ¡ 1

0 ( 1
2). There-

fore, a positive fraction of x i 's lie in an interval of positive length if the
interval is closeto the the point H ¡ 1

0 ( 1
2). Also assumethat H0 is continuous

and the support of the prior for H contains H 0. For instance, if the prior
is Dirichlet with a basemeasurewhosesupport contains the support of H 0,
then the above condition is satis¯ed. Mixture priors often have large sup-
ports too. For instance, the Dirichlet scalemixture of normal prior usedby
Basuand Mukhopadhyay (1998,2000)will have this property if the true link
function is alsoa scalemixture of normal cumulativ e distribution functions.

If H º is a sequenceconvergingweakly to H 0, then by Polya's theorem, the
convergenceis uniform. Note that the functions p log(p=q) + (1 ¡ p) log((1 ¡
p)=(1¡ q)) and p(log(p=q)) 2 + (1¡ p)(log((1 ¡ p)=(1¡ q))) 2 in q convergeto 0
asq ! p, uniformly in p lying in a compact subinterval of (0; 1). Thus given
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± > 0, we can choosea weak neighborhood U of H 0 such that if H 2 U,
then EH 0 (Z i ) < ± and EH 0 (Z 2

i )'s are bounded. By the assumption on the
support of the prior, Condition (ii) of Theorem 2.1 holds.

For the existence of exponentially consistent tests in Condition (i) of
Theorem 2.1, consider,without lossof generality, testing H ¡ 1( 1

2) = H ¡ 1
0 ( 1

2)
against H ¡ 1( 1

2) > H ¡ 1
0 ( 1

2) + " for small " > 0. Let

K n =
©

i : H ¡ 1
0 (1=2) + "=2 · x i · H ¡ 1

0 (1=2) + "
ª

:

Since
EH (r i ) = H (x i ) · H (H ¡ 1

0 (1=2) + ") ·
1
2

(7.5)

and
EH 0 (r i ) = H0(x i ) ¸ H0(H ¡ 1

0 (1=2) + "=2) >
1
2

;(7.6)

the test
1

# K n

X

i 2 K n

r i <
1
2

+ ´(7.7)

for ´ = (H0(H ¡ 1
0 ( 1

2) + "=2) ¡ 1
2)=2 is exponentially consistent by Hoe®ding's

inequality and the fact that # K n=n converge to positive limits along sub-
sequences.Therefore Theorem 2.1 applies and the posterior distribution of
H ¡ 1( 1

2) is consistent at H ¡ 1
0 ( 1

2).

8. Sto chastic regressor

In this section, we consider the casethat the independent variable X is
stochastic. We assumethat the X observations X 1; X 2; : : : are i.i.d. with a
probabilit y density function g(x) and are independent of the errors ²1; ²2; : : :.
Below we argue that all the results on consistencyhold under appropriate
conditions.

Let G(x) =
Rx

¡1 g(u)du, denote the cumulativ e distribution function of
X . We shall assumethat the following condition holds.

Assumption D. The independent variable X is compactly supported
and 0 < G(0¡ ) · G(0) < 1.

Under theseassumptions,results will follow from a conditionalit y argu-
ment and the corresponding results for the non-stochastic case,conditioned
on a sequencex1; x2; : : : such that Assumptions A and B hold. Note that
if g satisfy Assumption D, under P 1

g -almost all sequencesx1; x2; : : : satisfy
theseassumptionsA and B.

Observe that for a stochastic x1; x2; : : : with a known density g, the ex-
pressionsfor the posterior probabilities are still given by (2.6), as the factorQ n

i=1 g(x i ) gets canceledin the numerator and the denominator. As g has
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no role, we need not know g also, provided that the g is a priori indepen-
dent of the other parameters. We need not specify a prior distribution for
g, but assumethat the sampled g's are compactly supported and satisfy
Assumption D. If f 0 and the prior ~¦ satisfy (ii) and (iii) of Theorem 2, it
then follows that for any neighborhood U of f 0,

~¦ f (f ; ®; ¯ ) : f 2 U; j®¡ ®0j < ±; j¯ ¡ ¯ 0j < ±j(X 1; Y1); : : : ; (X n ; Yn )g ! 1

a.s. P1
f 0 ;g0 ;®0 ;¯ 0

, where Pf 0 ;g0 ;®0 ;¯ 0 is the distribution of (X ; Y ) where X has
density g0, Y = ®0 + ¯ 0X + ², X is independent of ² and ² has density f 0.

Thus if X is stochastic and Assumption D replacesAssumptions A and
B in Theorems5.1 and 6.1, posterior consistencyholds.

Ac kno wledgmen t. This paper is dedicated to Professor J. Pfanzagl
for his outstanding contribution to asymptotics.

APPENDIX

Lemma A.1. Let f and g be probability densities. Let kf ¡ gk1 =
R

jf ¡ gj
stand for the L 1-distance and let K + (f ; g) =

R
f log+ (f =g) and K ¡ (f ; g) =R

f log¡ (f =g). Then

K ¡ (f ; g) ·
1
2

kf ¡ gk ·
p

K (f ; g)=2(A.1)

and
K + (f ; g) ·

1
2

kf ¡ gk + K (f ; g) · K (f ; g) +
p

K (f ; g)=2:(A.2)

Pr oof. Using logx · x ¡ 1, as in Hannan (1960), we obtain K ¡ (f ; g) =R
g>f f log(g=f ) ·

R
g>f (g¡ f ) = kf ¡ gk1=2. The secondpart of (A.1) follows

from Kemperman's inequality [Kemperman (1969), Theorem 6.1]. Relation
(A.2) follows becauseK + = K + K ¡ .

Remark A.1. Using the inequality logx · 2(
p

x ¡ 1), the following
alternativ e bound can be derived:

K ¡ (f ; g) · kf ¡ gk1 ¡ H 2(f ; g);(A.3)

where H 2(f ; g) =
R

(f 1=2 ¡ g1=2)2 is the squaredHellinger distance.

Pr oof of Theorem 2.1. The proof proceedsalong the sameline as in
Theorem 6.1 of Schwartz (1965). Here is a sketch of the argument.

Write the posterior probabilit y in (2.5) as

I 1n

I 2n
· ©n +

(1 ¡ ©n )I 1n

I 2n
;(A.4)
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where I 1n and I 2n are as in (2.6).
Clearly, in view of the Borel-Cantelli lemma, Condition (a) in the de¯-

nition of exponentially consistent tests implies that ©n ! 0 a.s.
Q 1

i=1 Pf 0i .
Note that

E nQ

1
f 0i

((1 ¡ ©n )I 1n ) =
Z

(1 ¡ ©n )
Z

W c

f ®;¯ ;i (yi )
f 0i (yi )

d¦( f ; ®; ¯ )
nY

i =1

f 0i (yi )dyi

=
Z

W c

Z
(1 ¡ ©n )f ®;¯ ;i (yi )dyi d¦( f ; ®; ¯ )

· sup
W c

E nQ

1
f ®;¯ ;i

(1 ¡ ©n )

· C2e¡ nC :

Therefore,
enC =2(1 ¡ ©n )I 1n ! 0(A.5)

a.s.
Q 1

i=1 Pf 0i .
Note that with Wi = log+ (f 0i =f ®;¯ ;i )(Yi ), we have var(Wi ) · Vi (f ; ®; ¯ ),

and hence
P 1

i=1 var(Wi )=i2 < 1 for all f 2 V. Applying Kolmogorov's
strong law of large numbers for independent non-identical variables to the
sequenceWi ¡ E (Wi ), it follows Lemma A.1 that for each f 2 V

lim inf
n!1

Ã
1
n

nX

i =1

log
f ®;¯ ;i (Yi )
f 0i (Yi )

!

¸ ¡ lim sup
n!1

Ã
1
n

nX

i =1

log+
f 0i (Yi )

f ®;¯ ;i (Yi )

!

= ¡ lim sup
n!1

1
n

nX

i =1

K +
i (f ; ®; ¯ )(A.6)

¸ ¡ lim sup
n!1

Ã
1
n

nX

i =1

K i (f ; ®; ¯ ) +
1
n

nX

i =1

p
K i (f ; ®; ¯ )=2

!

¸ ¡ lim sup
n!1

0

@1
n

nX

i =1

K i (f ; ®; ¯ ) +

vu
u
t 1

n

nX

i =1

K i (f ; ®; ¯ )=2

1

A :

a.s.
Q 1

i=1 Pf 0i , where V is the set displayed in (ii) of Theorem 2.1. Sincefor
f 2 V, n¡ 1 P n

i=1 K i (f ; ®; ¯ ) < ±, we have for each f 2 V,

lim inf
n!1

1
n

nX

i =1

log
f ®;¯ ;i (Yi )
f 0i (Yi )

¸ ¡ (±+
p

±=2):(A.7)

Choosing ± so that ±+
p

±=2 · C=8 and noting that

I 2n ¸
Z

V

nY

i =1

f ®;¯ ;i (Yi )
f 0i (Yi )

d¦( f ; ®; ¯ );
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it follows from Fatou's lemma that

enC =4I 2n ! 1(A.8)

a.s.
Q 1

i=1 Pf 0i . Combining with (A.4) and (A.5), we obtain (2.5). Indeed
the convergenceis exponentially fast. This provesthe theorem.

Remark A.2. The condition (ii) of the theorem can be weakened. It
can be seenfrom the proof that if the prior assignspositive probabilit y to
the following set

1
n

nX

i =1

K i (f ; ®; ¯ ) < ± for all n;
1X

i =1

Vi (f ; ®; ¯ ) + K 2
i (f ; ®; ¯ )

i 2 < 1 ;

then also the posterior is consistent.

We state Lemma 5.1 from Ghosal, Ghosh and Ramamoorthi (1999b) for
easyreference.

Lemma A.2. If f 0 · Cf 1, where f 0 and f 1 are densities, then for any f

K (f 0; f ) · (C + 1) logC + C
h
K (f 1; f ) +

p
K (f 1; f )

i
(A.9)

Lemma A.3. If Uk » Beta(k; k), then

E(log(2Uk ))2 = O(k¡ 1):(A.10)

Pr oof. Let

I k = E(log(2Uk ))2 =
1

B (k; k)

Z 1

0
(log(2u))2uk¡ 1(1 ¡ u)k¡ 1du;(A.11)

where B (k; k) =
R1

0 uk¡ 1(1 ¡ u)k¡ 1du is the beta integral.
By a changeof variable,

I k =
1

B (k; k)

Z 1

0
(log 2(1 ¡ u))2uk¡ 1(1 ¡ u)k¡ 1du:(A.12)

Note that log(2u) and log(2(1 ¡ u)) are always of the opposite sign for
0 < u < 1. Therefore,

2I k

=
1

B (k; k)

Z 1

0

©
(log(2u))2 + (log(2(1 ¡ u))) 2ª

uk¡ 1(1 ¡ u)k¡ 1du

=
1

B (k; k)

Z 1

0
f log(2u) ¡ log(2(1 ¡ u))g2 uk¡ 1(1 ¡ u)k¡ 1du(A.13)

+
1

B (k; k)

Z 1

0
2(log(2u))(log(2(1 ¡ u))) uk¡ 1(1 ¡ u)k¡ 1du

·
1

B (k; k)

Z 1

0

µ
log

u
1 ¡ u

¶ 2

uk¡ 1(1 ¡ u)k¡ 1du
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Using the Laplace approximation, it has beenshown in the proof of Lemma
A.1 of Ghosal, Ghosh and Ramamoorthi (1999b) that the right hand side
of (A.13) is O(k¡ 1). This completesthe proof.
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