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We consider Bayesian inferencein the linear regressionproblem with
an unknown error distribution that is symmetric about zero. We shaw
that if the prior for the error distribution assignspositive probabilities
to a certain type of neighborhoods of the true distribution, then the
posterior distribution is consistert in the weak topology. This, in par-
ticular implies that the posterior distribution of the regressionparam-
eters are consistert in the Euclidean metric. The result follows from
our generalization of a celebrated result of Schwartz to the indepen-
dert, non-idertical caseand the existenceof exponertially consisten
tests of the complemen of the neighborhoods shovn here. We then
specializeto two important prior distributions, namely, the Polya tree
and Dirichlet mixtures and showv that under appropriate conditions,
these priors satisfy the positivity requiremert of the prior probabili-
ties of the neighborhoods of the true density. We consider the case
of both non-stochastic and stochastic regressors.A similar problem of
Bayesianinferencein a generalizedlinear model for binary responses
with an unknown link is also considered.
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1. Intro duction

This paper addressesconsistency of the posterior in regressionproblems
when the unknown distribution of the error variable is endonved with a non-
parametric prior. Thus our obsenations are Y1; Y2;:::, where

(1.2) Yi = ®+ X + 3j; =120

herethe errors?; areindependert and identically distributed (i.i.d.) f, with
f adensity symmetric around 0, and X1; Xo; : : : are the valuesof the covariate
X. Thesemay ariseas xed non-random constarts or asi.i.d. obsenations
of a random variable X with a known or unknown distribution.

The unknown parametersaref, ® and formally the parameter space
is£ = F £ RE R, whereF is the set of all symmetric densitieson R. We
start with a prior |~ for f and independen of f, a prior * for (®; ). Let |
stand for the prior £ 1.

to 1 almost surelyasn! 1 for any neighborhood U of (fo; ®; o), when
the distribution governing Y1;Y2;::: hasthe \true" parameter (fo; ®p; o).
An exactly similar de nition holds if we want posterior consistencyonly for
the parametric part (®; ) at (fo;®; o). It will turn out that the suzcient
condition for the latter is wealker than that for the posterior consistencyof
f;®7).

The idea of posterior consistencyis due to Freedman(1963), though, in
a sensejt goesbad to Bayes,Laplaceand Von Mises. The relevanceof pos-
terior consistencyto Bayesiansis explained well in Diaconis and Freedman
(19864a). In Diaconis and Freedman(1986a,1986b), the authors alsoprovide
an example of inconsistency in a relatively simple setting, for location mod-
els with symmetric error distributions. A similar example of inconsistency
for the location problem with error distribution having median O is given
by Doss (1985a, 1985b). The problem of interest then is to identify all or
at least a large classof parameter valueswhere consistencyobtains. In this
paper, though we approad the problem in somegenerality, it is gearedto
handle two classesof popular priors on densities| the Polya tree priors
and Dirichlet mixtures of a normal kernel.

Recent reviews focusing on general issuesof consistency are Ghosal,
Ghosh and Ramamoorthi (1999a), Ghosh (1998) and Wasserman(1998).
In Ghosal, Ghosh and Ramamoaorthi (1999a,1999b)and Ghosh (1998), it is
arguedthat atheorem of Schwartz (1965) is the right tool for studying con-
sistencyin semi-parametric problems. It is so heretoo. However, sincethe
obsenations are independert but not identically distributed, major changes
are needed.We begin with a variant of Schwartz's theorem for independert,
non-identically distributed variables. This is discussedin Section 2 while



in Sections3 and 4, we discusshow one can verify the two conditions of
this theorem. The lack of i.i.d. structure for the Y;'s necessitatesassump-
tions on the x;'s to ensurethat the exponertially consistent tests required
by Scwartz's theorem exist in the presern corntext. Also certain conditions
on fq are required to verify a condition analogousto Schwartz's on the sup-
port of the prior. In Section 4, we relate the properties of the prior on F

to that on the regressionparametersand obtain a theorem on consistency
We shaw in the next sectionthat Polya tree priors of the sort consideredin

Ghosal, Ghosh and Ramamoorthi (1999b) ful'll the requiremerts. We then

turn to Diric hlet mixtures of normal kernel priors. The posterior consistency
of thesein the context of density estimation was studied in Ghosal, Ghosh
and Ramamoorthi (1999c). In Section6, we explore similar problemsin the
regressionsetting. In Section 7, we discussa similar problem of generalized
linear model with binary responsesand an unknown link function. This

may be viewed as non-parametric generalization of the logistic regression
model. A Dirichlet processprior is put on the link distribution function and
the consistencyof the posterior is brie°y discussed.Section 8 indicates the
modi cations necessaryto handle the caseof a stochastic regressor.

Although we prove consistencywhen the covariates are one-dimensional,
the argumerts easily generalizeto more than one dimension. For that we
will only needto modify Proposition 3.1 by looking at quadrants under the
appropriate modi cation of Assumption A.

Non-parametric and semi-parametric Bayesian methods are now being
usedincreasingly. In view of the example of Diaconis and Freedman(1986a,
1986h), it seemsappropriate to seeif some validation can be provided
through posterior consistency It will be alsointeresting to study the rate of
convergenceof the posterior distribution asdonein Ghosal, Ghoshand van
der Vaart (2000). In particular, it is of substartial interest to seewhether
H1e posterior distribution for the parametric part corvergesat the classical

n rate. We have not attempted to answer this question here. We will
return to this topic elsewhere.

2. Consistency of posterior
Fix fo, ®, o. For adensity f, let

(2.1) fori = fer i (Y) = fyi (®+ Xi)):

and put foi = foey -
For any two densitiesf and g, let
Z f Z | f )P
(2.2) K(f;90= f |Og§; V(f;g)= f log, g



and put
(2.3) Ki(f;® ) = K(foi;fei); Vi(f;® ) = V(fai;fe):

As merntioned in the introduction, the main tool we useis a variant of
Schwartz's Theorem (1965). The following theorem is an adaptation to the
casewhenthe Y;'s are independert but not identically distributed. Herethe
Xi's are non-random. We start with the de nition of exponertially consister
tests.

Definition 2.1 Let W 2 F £ R£ R. A sequenceof test functions

(2.4) Ho:(f;® )= (fo;®0; o) against Hi:(F:® )2 W
if there exist constarts C1, C,, C > 0 such that

(a) E@f ©, - Cqei "C
0i

1

b inf E © 1j Cpei "C
(b) (F:®)2W ®f®ﬁ( n), 1i C
1

Theorem 2.1 Suppse!™ is a prior on F and ! is a prior for (®; ).
LetW %2F £ RER. If

() There is an expnentially consistent sequene of tests for

Ho: (f;® )= (fo;®; o) against Hi:(f;® )2 W;

(i) For all £> 0,

(

L (f:® ) K (F:® ) < % for all i; %<1 > 0;
i=1
then with Qi1:1 Pt,; probability 1, the posterior probability
R -y _
| w i e e
(2.5) I WjYg; i Yn) = R S 0:

!
~ for i (Vi) CEy Ty
FERER i1 fo(viy D T@7)

Note Ighat Vi(f;®; ) boundedabovein i is sutcient to ensurethe summa-
bility of 1, Vi(f;®7)=i2

The proof of the theorem is similar to that of Schwartz (1965). If we
write (2.5) as

(2.6) I WjYg; i Yn) =



the proof involvesshaowing, asis donein Schwartz (1965), that condition (i)
implies
\ There existsad > 0 such that €911,(Y1;:::;Ys)! Oas.”
and that condition (ii) implies
\ Foralld> 0,e"95,(Ys;::Y,) ! 1 as.”
A sketch of the details is given in the appendix.

It should be noted here that the theorem could have been stated in
much more generality, for any semi-parametric problem. Consistencyof the
posterior holds aslong asthere is an exponertially consistert test for testing
the point null againstthe complemer of the required neighborhood and (ii)
holds. In Section7, we apply this ideato a binary responseregressionmodel
with an unknown link.

3. Exponentially consistent tests

Our goalis to establish consistencyof the posterior distribution for (f;;®; )
or for (®; ) at (fo;®y; o), and thusthe setW of interest to usis setsof the
type W = UC, where U is a neighborhood of (fo; ®; ). In this sectionwe
write W of this type asa nite union of W;'s and shav that Condition (i)
of Theorem 2.1 holds for eat of these W;'s. Note that Condition (i) does
not involve the prior.

We begin with a couple of lemmas.

Lemma 3.1 For i = 1;2, let goi and g; be densitieson R. If for eachi
there exists a function ©;, 0- ©; - 1 suchthat

(3.1) Egm ©)=6®& - ° = Egi (©i)
and if
o1 X
(3.2) lIiminf = (°;i &) > 0;
n'l n i1
then there exists a constant C, setsB,, 2R", n = 1;2;:::, and ng, | all

depending only on (°i;®), suchthat for n > ng
Q :
[ inzl PgOi](Bn) <¢e nc
[Qi“:l Pg1(Bn) > 1i & "°.
P n P n H
Proof. SetB,=f ;6 > .;(° + ®&)=29. Then by Hoe®ding's
inequality [Dudley (1999, page 14)]
" #
Y
PQOi (Bn)
i=1



"Y‘ #(X‘ X )

(33) ' Pgm (©I i Egm (©I)) > (oi i ®)
i=12 Ai=1 | 23 i=1
1 X
- exp4i n i:1(0ii ®) O

On the other hand, applying Hoe®ding'sinequality to 0- 1§ ©; - 1,
" #

Yn C
Pgi (Bn)
i=1
" #
e ( X xo )
(3.4) : Py (i ©)i (1i EgO)) - Cii ®)=2
i=1 j=1 i=1
I 2 A)@ | 23 |
Cexpdi = (1 @) 5
2n ' '
i=1
; — Liim i 1P 2
Taking C = zliminfhn (5 21 (°ii ®))<, the result follows. O

For adensity g and p2 R, let g, stand for the density g.(y) = g(yi W).

Lemma 3.2 Let gg be a continuous symmetric density on R, with go(0) >
0. Let” be suchthat infj; go(y) = C > Q.

() For any ¢ > 0; there existsa setB¢ suchthat

Pu(Be) - 5i CE »7)

and for any symmetric density g
1
Pg,(Be) , > forall p, ¢:

(i) For any ¢ < O, there exists a set By suchthat

P(Be) -~ 51 C(E ~7)

and for any symmetric density g

1
Pg,(B¢) . > forall p- ¢:

Proof. (i) TakeB¢ = (¢ ;1 ). Sincep, ¢ and gy is symmetric around

l"l! Pg“(BQ:) 5 %'
On the other hand
Z ¢ Z ¢/\'

1 1 1 .
(3-5) Pg(Be) = 5 Q)Y - 5 i Qo(y)dy - 5i C(¢ ")
0 0
Similarly B = (j1 ;¢) would satisfy (ii). O
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Remark 3.1 By consideringlg, (Yi Mo), it is easyto seethat Lemma3.2
holds if we replacego by go;,, and require j po> ¢;or pgj po< ¢:

We return to the regressionmodel.

Assumption A. There exists "o > 0 such that the covariate values x;
satisfy
1 X 1 X
lim inf = Ifxi <ij"og> 0 lim inf = [fx; > "og> 0;
n!l n . n!l n .
i=1 i=1
Remark 3.2 Assumption A forcesthe covariate x to take both positive
and negative values, i.e., valueson both sidesof 0. However, the point O is
not special. If the condition is satis ed around any point, then by a simple
location shift, we can bring that to the presen case.

Pr oposition 3.1 If Assumption A holds, fo is continuous at 0 and
fo(0) > 0, then there is an exponentially consistent sequene of tests for

Ho:(f;® )= (fo;®; o) against Hi:(f;® )2W

in each of the following cases:

() W=1(f;® ): ®>®y; | o0>¢g
(i) W=1(f;® ): ®<®; | o>¢g
(i) W=Ff(f;®&): ®>®y; i o0<it¢g
(iv)y W=1(f;® ): ®<®; | o<ijtCg
Proof. () LetK,=fi:1- i- n; X > "ogand#K, stand for the

cardinality of K,. We will construct a test using only those Y;'s for which
the corresponding i isin K.
If i 2 Kn; then (®+ X;)j (®& + oxj) > ¢ X, and by Lemma 3.2 for
eah i 2 K, there exists a set A suc that
1 .
® = Pty (A) < Ei C(C ™ ¢x)
and

1
°i = inf  Ps_—. (A =
T der)aw ® i (A 2

where\:=" stands for equality by de nition.
Ifi- nandi 2K, S%’[Ai = R, sothat|® =° = 1. Thus

|Irl;1;11Inf n' Cii ®&)
ii\l I
X '
liminf ni?t C( " ¢x)
n!l )
i2Kn
L CONre"p) Iimlinf#Kn=n> 0:

(3.6)

B
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With ©; = |,,, the result follows from Lemma 3.1.

(i) In this casewe construct tests using Y; such that i 2 My, := f1 -
i~ n:xi<ij"pg Ifi2 My, then

(®+ Xi)i (®+ oxj))<exj<ijtC"o

Now using (i) of Lemma 3.2, we get setsB; and then obtain exponertially
consistern tests using Lemma 3.1 asin part (i).
The other two casesfollow similarly. O

The union of the W's in Proposition 3.1isthe setf(f;®; ):j i of >
¢ g. The next proposition takescareof f (f;®; ) : j®j ®gj > ¢ g. The proof
is along the samelines and is omitted.

Pr oposition 3.2, Under the assumptionsof Proposition 3.1, there exists
an exmpnentially consistent sequene of tests for testing

Ho: (fi® )= (fo;®; o) against Hi:(f;® )2W

whenW is

(i) f(f;® ): ® ®>¢; > o

(i) f(f;® ): ® ®>¢; < o0

(ii)y f(f;® ): ® ®<i¢; > o

(iv) f(f;® ): ®f ®&<j¢; < o0

Remark 3.3. If random f's are not symmetrized around zero, ® is not

identi able. Sothe posterior distribution for ® will not be consistert. Con-
sistencyfor  will hold under appropriate conditions. To prove the existence
of uniformly consistert tests for —, we pair Y;'s and considerthe di®erence
Yi i Yj, which hasa density that is symmetric around (x; j x;). We can
now handle the problem in essetially the sameway asin Proposition 3.1to
construct strictly unbiasedtests. A result analogousto Proposition 3.2 then

follows immediately. The veri cation of the other conditions in Sections4,
5 and 6 is along exactly similar lines.

The next proposition considersneighborhoods of f 5 to get posterior con-
sistencyfor the true density rather than only the parametric part. We need
an additional assumption.

Assumption B. For somelL, jx;j < L for all i.

In practice, the range of interest of the regressoris often a bounded
interval, sincethe linearity of the regressionfunction can only be expected
on a range of values. Therefore, the assumption may not be very restrictive
from a practical point of view.



Pr oposition 3.3, Supmsethat Assumption B holds. Let U be a weak
neightorhood of fo andlet W = U°£ f(®; ) :j®j ®j<¢;j | o< ¢og.
Then there exists an exponentially consistent sequen@ of tests for testing

Ho: (f;® )= (fo;®; o) against Hy:(f;® )2 W:

Pr oof. Without lossof generality take
B Z Z EZ)

(3.7) U= f: oWii ©Oyfoly)<" ;

where0- © - 1and © is uniformly cortinuous.
Since © is uniformly continuous, given " > 0, there exists £ > 0 suc
that jy1i yoj < ximplies jO(y1) i ©(y2)j < "=2.
Let ¢ be sudh that
J(®i ®)+ (i o)Xxij< =
for ® 2 W. Set©i(y) = ©(yi (®+ oX)). Then

(3.8) Ery© = Ef,©; Eter i O = Bt (6 0p):i i ©*
Noting that
Z
Oi (®i ®)+ (i o)Xif(@ @)+ —o)x; (Y)Y
Z

= O(y)f (y)dy

we have by the uniform cortinuity of ©

z
Gi(Y)feri(y)dy

Z Z
Oy)f(dyi i©y)i ©yi (®i @)+ (i o)xi))]

Z £ f (@ @)+ i To)x (Y)Y
oW)f dyi 5

5 Ef0©+ é
for any f 2 U°. An application of Lemma 3.1 completesthe proof. O

4. Prior positivit y of neighborho ods

In this section we dewelop sutcient conditions to verify condition (ii) of
Theorem 2.1. A similar problem in the context of location parameter was
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studied in Ghosal, Ghosh and Ramamoorthi (1999b). There, the authors
had managedwith Kullback-Leibler continuity of fg at o | the true value
of the location parameter, and the requiremert that | fK (f “;u;f) <+g>0
for all pin a neighborhood of po and for f ., which is closeto but di®erert
from fo. However this approac doesnot carry over to the regressioncon-
text since, even though the true parameter remains (®; o), for ead i we
encourter parameters|y = ® + oX;. Here we take a di®erent approach.
Since we have no assumptionson the structure of the random condition f ,
the assumption on fo is somewhat strong. This condition is weakened in
Section 6, where we considerDiric hlet mixture of normals. In that case,the
random f is more well behaved.

Lemma 4.1 Supmsefo 2 F satis es the following condition: There
exist” > 0; C- and a symmetric density g suchthat, for j'°j <’
(4.1) folyi *)<Cg(y)  forally:
Then
(@ Foranyf 2 F andjy <’

. g .
K(fO;fu)' (C+1)|OgC+C K(g/;f)+ K(g,f) :

(b) If in addition, V(g ;f) < 1, then

supV(fo;fy) < 1:
<

Pr oof. Part (a) is an immediate consequencef Lemma 5.1 of Ghosal,
Ghosh and Ramamoorthi (1999a) and the fact that K (fo;f) = K(fo;f}),
which follows from the symmetry of fg and f .

For (b), note that

zZ - .2 L : foos2 zZz - C a2
42) fo log, 2 = fou log, "% . C g log, —2 ;
fu : f f
which is nite under the assumedcondition. O

We write the assumption of last lemma as follows:

Assumption C. For © > 0, suzciently small, there is g 2 F and
constart C- > 0 such that forj § < ~,

folyi )< Cgl(y) forally

and
C! 1 as"! O

10



Pr oposition 4.1, Suppse that Assumptions B and C hold. Let |~ be
a prior for f, and?® be a prior for (®; ). If (®y; o) is in the support of *
and if for all ©~ suzciently small and for all > 0

(4.3) CfK(gf) <+ V(g:f)<1lg >0

then for all £> 0 and someM > 0,

4.4) (FELHI(F;® ):Ki(f;® )< £ Vi(f;® )< M for all ig> 0:
Pr oof. Choose”, 1y suc that (4.3) holds with == +; and

h  p_i
(C +1)logC +C H+ # <=*

Let n . -0
V= (& ):® ®j< 5 i d< g
Note that
Ki(fo;® ) =K (fo§f(®i ®0)+( i _o)xi)
and

Vilto;® ) = V(o f @ @y i ~oxi);
and (® ) 2 V implies that j(® ®) + (i o)xij < ~ for all xj. An
application of Lemma 4.1 immediately givesthe result. O

Theorem 4.1. Suppsethat
() The covariates x1; X»; ::: satisfy Assumptions A and B.
(i) fo is continuous, fo(0) > 0 and f( satis es Assumption C.
(i) For all sutciently small = and for all +> 0,
CfK(g;f) <% V(g;f)<1g >0
where g is asin Assumption C.
Then for any weak neighlorhood U of f g,
(45 | f(f;® ):f 2Uj®) ®j< £] i o< Y1V Yag! 1
Q4

a.s. i1 Pty . In other words, the posterior distribution is weakly consistent
at (fo; ®o; o).

Pr oof. Note that
(4.6) f(f;®7):f 2U;j® ®j< | i o<z

is the union of setsconsideredin Propositions 3.1, 3.2 and 3.3. The required
exponertially consistert test therefore exists. Proposition 4.1 shows that
Condition (ii) of Theorem 2.1 holds and hence((4.5) follows. O

11



Remark 4.1 Assumption (i) of Theorem4.1is satis ed if f is Cauchy
or normal. If fq is Caudhy, then g = fo satis es Assumption C. If fq is
normal then Assumption C holds with

1 /gl o o
(4.7) g'=f3;'°:§ffo()’i )+ fo(iyi “%g;

where ! QOas” ! Obut "°="1 1.

Remark 4.2. Assumption B is usedin two places: Proposition 3.3 and
Proposition 4.1. For speci ¢ fo's one may be able to obtain the conclusion
of Proposition 4.1 without Assumption B. In such casesone would be able
to get consistencyat (®; o) without having to establish consistency at

(fo;®o; o).

Remark 4.3. In order to strengthen Theorem 4.1 to variation neighbor-
hoods U of f, one needsto further nd, for all " > 0, a sequenceof subsets
Fn %2 F with [T FS) exponertially small such that for some+ < "=2 and
~ < "2=8, the L{-metric entropy J(¥ F,) < n_. SeeTheorem 2 of Ghosal,
Ghosh and Ramamoorthi (1999c) for details.

5. Polya tree priors

In this section we shawv that Polya tree priors, with a suitable choice of
parameters, satisfy Condition (iii) of Theorem 4.1 and hencethe posterior
distribution is weakly consistert. To obtain a prior on symmetric densities,
we considerPolya tree priors on densitiesf on the positive half-line and then
consideringthe symmetrization f S(y) = %f (jyj): SinceK (f;g) = K(f ;g%
and V (f;g) = V(f 3; g%, this symmetrization preseris no problems.

We brie®y recall Polya tree priors and for details refer to Lavine (1992,
1994). Seealso Mauldin, Sudderth and WiIIia@s (1992).

Let E = f0;1g, E™ = f0;1g™ and E” = #:1 E™. For each m, fB- :
22 EMgis a partition of R* and for ead 2, f Bzg; B21g is a partition of B-.
Further fB- : 2 2 E"g generatesthe Borel ¥zalgebra.

A random probability measureP on R" is said to be distributed as a
Polya tree with parameters(} ;A), where| is a sequenceof partitions as
described in the last paragraph, and A = f®: : 2 2 E"g is a collection of
non-negative numbers, if there exists a collection f Y- : 2 2 E"g of mutually
independert random variables sud that

() Each Y. hasa beta distribution with parameters®:q and ®:

12



(i) The random measureP is given by

2 32 3
yn yn
P(Bzcet) = 4 Yeycop, 10 4 (Li Yecoq, 1)
j=1;%=0 j=1;%=1
We restrict ourselvesto partitions | = f} , : m = 0;1;:::g that are

determinedby a strictly positive, continuousdensity ®on R* in the following
sense:The setsin | , are intervals of the form
Ye z Ya

ki1l y k
< A,
o ) ®dt - o

Theorem 5.1 Let |~ b%a Polya tree prior on densities on R* with
® =1y forall22 E™ If 1 ri*™ < 1, then for any density g such

that K(g;® < 1 and Eg4(log g)? < 1, we havefor all +> 0,

(5.1) Mlilrln Fff CK(gf)< £ V(gif)<Mg> O:

Pr oof. We will show that
(5.2) MIi'rln ~ff :V(g;f)<Mg! L

This together with Theorem 3.1 of Ghosal, Ghoshand RarBamoorthi (1999b),
where it is showvn that [ff : K(f;g) < #g > 0 when rln:1 i< 1,
would then prove the theorem.
Since
q
(5.3) V(g:f) - Egllogf)?+ Eg(logg)®+ 2 Eg(logf)2Eg(log g)2;

it is enoughto show that asM | 1,

© a
(5.4) ~ Eg(logf)?>M ! O
If y hasthe binary expansion2 = 2,2, ¢¢¢ then for almost all vy,
2 32 3
_ yn yn
(55) f (y) = nﬂ!llg_n 4 2Y21¢¢2¢i 15 4 2(li Y21¢¢9¢i 1)5 ,
’ j=1;2=0 j=1;2=1
so that
Eg(logf)? 5
2
3 h 3
(56) = Eg4 |Og(2Y21¢¢zq;i 1) + |Og(2(1| Yzlg;qg?i 1))5 ;
j=1;zj=0 j:1;2j:1

13



where E4 now stands for the expectation over 2 wheny hasdensity g.
Now letting E stand for the expectation with respectto | we have by
Chehlyshev'sinequality,

£ o
(5.7) I Eg(logf)?> M
2 3,
. X X
M i EE 4 log(2Yz, 005, ) + 10921 i Yeyeep,,))5 -
j=1,;%=0 j=1;%=1

Interchanging the order of expectations and exploiting independence,the
right hand side of (5.7) can further be bounded by

2 0 1,
g s X gl % X A
2M g E 10g(2Yz1c0p,,) ~+ @ E(109(2Y2,60¢, 1))
j=1;2=0 j=1;2%=0 13
2
b3 i (]:2 b3
+ E' l0gR(1i Yeeeq,,) + @ E(log(2(1i Yeyceg, ,))A O
j=1;2=1 j=1:%=1

SinceYz, ¢pg, , and 1j Yz ¢eq, , havethe samedistribution, the last expression
is equal to

2 0 1,3

| % %
oM 'Eg4 E(I0g(2Yeieap, )2+ @  E(log(2Y:,cep, )A 5
j=1 j=1

Note that the terms inside E4 do not involve the particular sequence
2. Letting ' (k) = Ejlog(2Uy)j and A(k) = E(log(2Uy))?2, where Uy, »
Beta(k; k), the last expressioncan be written as

2 A !23

R R
2Mitd A(rm) + "(rm) O

m=1 m=1

It is shown in ther_‘;\ppendix that ' (k) and A(k) are respectively O(ki 1) and

O(ki 22). since’ 1 _ ri*™ < 1, both innite seriesare summable and
hencethe last expressiongoesto OasM ! 1. O

Although Polya treesgive rise to naturally interpretable priors on densi-
ties and leadto consistert posterior, samplepaths of Polya treesare however
very rough having discortin uities everywhere. Such a drawbadk can be eas-
ily overcomeby consideringa mixture of Polya trees. Posterior consistency
cortinuesto hold in this case,since by Fubini's theorem, prior positivity
holds under mild uniformity conditions.
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6. Diric hlet mixture of normals

In this section, we look at random densitiesthat arise as mixtures of normal
densities. Let A, denote the normal density with mean 0 and standard
deviation h. For any probability P on R, f,,.p will stand for the density

z

(6.1) frp () = Anlyi tdP(t):

Our model consistsof prior * for h and a prior |~ for P. Consistencyissues
related to these priors, in the context of density estimation, are explained
in Ghosal, Ghosh and Ramamoorthi (1999c¢). Here we look at similar issues
when the error density f in the regressionmodel is endoved with these
priors.

Toinsurethat the prior sits on symmetric densities,welet P bearandom
probability on R* and set

z z

62)  fhe()=5 Alyi DIP@+ 5 Auly+ D)

We will denote by [~ both the prior for P and the prior for fnp.

The following lemmashawnsthat the randomf generatedby the prior un-
der considerationis more regular than those generatedby Polya tree priors,
and hencethe conditions on f o are more transparent than those in Section
5 or those in Ghosal, Ghosh and Ramamoorthi (1999b).

Lemma 6.1 Let f be a density suchthat
Z Z

(6.3) y*fo(y)dy< 1  and fo(y)jlogfo(y)i*dy < 1
R . R

If f(y)= An(yi t)dP(t) and t2dP(t) < 1, then

() H!mOK(fo;fu) = K (fo;f),

(i) IilmOV(fo;f“) = V(fo;f).

W
Pr oof. Clearly f (y) is positive and cortinuous, and
4 _

6.4)  jlogfu(y)j - ilog” 2Vhj + Jog e Ui 1 02N gp ()=

. R . . . 2, 2 . . .
Sincelog el Vi Hi D7=Ch)gp(t) < 0, by Jensen'sinequality appliedto j logx,
the last expressionis bounded by

Z 2
ilog" 2vhj + WdP(t):
The Dominated ConvergenceTheorem now applies. O
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We now return to the regressionmodel.
Theorem 6.1 Suppse| is a normal mixture prior for f. If
(i) Assumptions A and B hold,
@iy Tff :K(fo;f)<x V(fo;f)< 1g > Ofor all +> 0,
(i) Er,(y?) < 1, Eqologfo)?< 1,
. RR
(iv) t?dP(t)d~(P) < 1,

at (fo;®p; o) provided (®y; o) is in the support of the prior for (®; ).

© R a
Pr oof. By (iv), P: t2dP(t) <1 has| probability 1. Sowe may
assumethat
5 Z E7)

(6.5) ~ f . f = fp: (i) holds, 2dP(t)< 1 > 0O

© . R a
Let U= f :f = fp; (i) holds, t2dP(t)< 1
For every f 2 U, using Lemma 6.1 choose# suc that, for u< %

(6.6) K(fo;f)< £ V(fo;f) < £
Now choose"s such that, j®j ®& + (| 0o)Xij < & whenewer j®; ®gj <
"t T i o< "¢=L.
Clearly if f 2 U and j®j ®j< "f andj | oj < "f=L, we have
(6.7) Ki(f;® )< 2+t and Vi(f;® )< V(fg;f)+ £
Since

6.8) f(f;® ):f2U; j® ®j<"t; j i o<"t=Lg>0;

we have
( _
6.9 | (f;® ):Ki(fo;®, )< xforall i %< 1 >0
i=1
An application of Theorem 2.1 completesthe proof. O

It is shavn in Ghosal, Ghosh and Ramamoorthi (1999c) that if fo has
compact support or if fo = fp with P having compact support, then
Fff K(fo;f)< g > O for all £ > 0. The argument given there also
shows that in thesecaseg(ii) of Theorem 6.1 holds when |~ is Diric hlet with
basemeasure®. Ghosal, Ghoshand Ramamoorthi (1999c)alsodescribef ¢'s
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whosetail behavior isrelated to that of ° suchthat 7 ff : K(fg;f) < 2g> 0.
In the casewhen the prior is Dirichlet, the double-integral in (iv) is “nite
if and only if t2d°(t) < 1 . While normal fq is covered by these results
the caseof Caudchy fo cannot be resolved by the methods in that paper.
Howewer, Dirichlet mixtures of both location and scale parameters of nor-
mal should be able to handle Cauchy which is a scale mixture of normal.
This scalemixing measuredoes not have a compact support so the results
of Ghosal, Ghosh and Ramamoorthi (1999c) still do not apply.

7. Binary response regression with unkno wn link

A distinguishing feature of the regressionproblem consideredin this paper
is the changein the parameter value with i. A similar situation arisesin
other modelslik e the regressionof the Bernoulli parameterwith an unknown
link function. This may be viewed as a non parametric version of logistic
regressionproblems and the methods developed here can be usedto handle
these problems too. We give an indication of how it can be done without
going into much details.

with the drug. The ith level of the drug is given to n; subjects and the
number of responsesr; noted. We thus get k independert binomial vari-
ables with parameters n; and p;, wheren = ni + ¢¢+ ny,. The object
usually isto nd x such that p= 0:5. Often, p; is modeled as

(7.1) pi = F(®+ Xxj) = H(Xj); s&,

whereF is aresponsedistribution and ® and  are parameters. Here p; may
be estimated by r;=n;, but if the n;'s are small, the estimateswill have large
variances. The model provides a way of combining all the data. In logistic
regression,F is taken aslogistic function. Other link functions like the nor-
mal distribution function are alsoused. The choice of the functional form of
the link function is somewhatarbitrary, and this may substartially in°uence
inference,particularly at the two endswherethe data is sparse.In the recert
years, there has beena lot of interest in link functions with unknown func-
tional form. In non-parametric problems of this kind, one puts a prior on F
or H. Sud an approad was taken by Albert and Chib (1993), Chen and
Dey (1998), Basu and Mukhopadhyay (1998, 2000) and someother authors.
If one puts a prior on F, one hasto put conditions on F like specifying the
values of two quantiles to make (F; ®; ) identi able. In this case,one can
dewelop suzcient conditions for posterior consistencyat (Fo;®p; o) using
our variant of Schwartz's theorem. Howewer, in practice, one usually puts
a Dirichlet processor someother prior on F and independerily of this, a
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prior on (®;, ). Due to the discretenessof Dirichlet selections, many au-
thors actually prefer the useof other priors sud as Dirichlet scalemixtures
of normals, seeBasu and Mukhopadhyay (1998, 2000) and the references
therein. Becauseof the lack of identi abilit y, the posterior for (®; ) is not
consisteri. This will show up in simulations as°at, rather than peaked, pos-
teriors. On the other hand, a Dirichlet processprior and a prior on (®; )
provides a prior on H and one can ask for posterior consistencyof H i l(%)
at, say, H}, 1(%). This problem can be solved by Theorem 2.1 as follows.

Without loss of generality, one may take n; = 1 for all i, and hence
k = n. To verify Condition (iij) of Theorem 2.1, consider

(Ho(xi))"" (1§ Ho(xi))H "
(Hi) (@i Hxiptin

wherer; is 1 or O with probability H(x;) and 1 H(X;) respectively, and
the true H is denoted by Hg. Then

(7.2) Zi = log

(73)  Eno(Zi) = Ho(xi) log Tf)((xxii))+ (L1 Holxi) 'OglliaHTo((xxii))
and
u 1
_ Ho(xi)
Eno(Z2) - 2Ho(x)) 9 0y . .
. . 2
7.9 * 201 Hotx))log o)

Assumethat x;'s lie in a boundedinterval containing H 1(%), and the sup-
port of Ho contains a bigger interval. Since the range of x;'s is bounded,
the sequenceof formal empirical distributions ni t N, & of xq;ii1;
relatively compact. Assumethat all subsequetial limits corvergeto distri-
butions which give positive measureto all non-degeneratentervals, provided
the intervals are cortained in a certain interval containing H}, 1(%). There-
fore, a positive fraction of x;'s lie in an interval of positive length if the
interval is closeto the the point H| 1(%). Also assumethat Hg is cortinuous
and the support of the prior for H contains Ho. For instance, if the prior
is Dirichlet with a basemeasurewhosesupport corntains the support of Hy,
then the above condition is satis ed. Mixture priors often have large sup-
ports too. For instance, the Diric hlet scalemixture of normal prior usedby
Basuand Mukhopadhyay (1998,2000)will have this property if the true link
function is alsoa scalemixture of normal cumulativ e distribution functions.
If Ho is a sequenceonvergingweakly to Hg, then by Polya'stheorem, the
convergenceis uniform. Note that the functions plog(p=9 + (1i p) log((1
P)=(1i q)) and p(log(p=9)?+ (1i p)(log((1i p)=(1i 0)))?in gcorvergeto O
asq! p, uniformly in plying in a compact subinterval of (0; 1). Thus given
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+ > 0, we can choose a weak neighborhood U of Hg sud that if H 2 U,
then Ep,(Zi) < + and Ex,(Z?2)'s are bounded. By the assumption on the
support of the prior, Condition (ii) of Theorem 2.1 holds.

For the existence of exponertially consistert tests in Condition (i) of
Theorem 2.1, consider,without lossof generality, testing H i l(%) = H{} 1(%)
againstHi }(3) > Hy *(}) + " for small " > 0. Let
a

_©. i 179 — n—_o .. i 19— n
Kn= 1:H)1=2)+ "=2. x; - H}1(1=2)+

Since

(75) En(r) = HO) - HH§' A=)+ ") - 2
and 1
(7.6) Eno(ri) = Ho(xi) , Ho(H{*(1=2) + "=2) > >
the test 1 X ,
(7.7) vl ri<§+

12K p

for = (Ho(H§ *(2) + "=2)i 1)=2is exponertially consistert by Hoe®ding's
inequality and the fact that # K,,=n corvergeto positive limits along sub-
sequences.Therefore Theorem 2.1 applies and the posterior distribution of
Hi () is consistert at Hj '(3).

8. Stochastic regressor

In this section, we considerthe casethat the independert variable X is
stochastic. We assumethat the X obsenations X 1;X»;::: arei.i.d. with a
probability density function g(x) and areindependen of the errors24;2;;:: ..
Below we argue that all the results on consistencyhold under appropriate
conditions.

Let G(x) = i’i g(u)du, denote the cumulativ e distribution function of
X . We shall assumethat the following condition holds.

Assumption D. The independert variable X is compactly supported
and 0< G(0j ) - G(0) < 1.

Under these assumptions, results will follow from a conditionality argu-
ment and the corresponding results for the non-stochastic case,conditioned
on a sequencexi; Xo;::: such that Assumptions A and B hold. Note that
if g satisfy Assumption D, under Pg1 -almost all sequencex;Xo;::: satisfy
theseassumptionsA and B.

Obsene that for a stochastic x1; X2;::: with a known density g, the ex-
E{essionsfor the posterior probabilities are still given by (2.6), asthe factor

", 9(xi) gets canceledin the numerator and the denominator. As g has
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no role, we need not know g also, provided that the g is a priori indepen-
dent of the other parameters. We need not specify a prior distribution for
g, but assumethat the sampled g's are compactly supported and satisfy
Assumption D. If fo and the prior |~ satisfy (ii) and (iii) of Theorem 2, it
then follows that for any neighborhood U of f,

CEE® ) 20U j®1 @< i o < (X1 Y1) (Xn;Ya)g! 1
a.s. Pflo;go;®0;—0, where Ps ;.q.:@0; 7, IS the distribution of (X;Y) where X has
density go, Y = ®& + oX + 2, X isindependert of 2 and 2 has density f.

Thus if X is stochastic and Assumption D replacesAssumptions A and
B in Theorems5.1 and 6.1, posterior consistencyholds.

Acknowledgmen t. This paper is dedicated to ProfessorJ. Pfanzagl
for his outstanding cortribution to asymptotics.

APPENDIX

R
Lemma A.1. Letf and g be prokability derﬁésities. Letkfj gk1= jfi g
gtand for the L ;-distance and let K “(f;9)= flog,(f=g)andKi (f;g) =
f log, (f=g). Then

A1) Ki(Fi0) 2K i gk K122

and 1 D
(A2) K*(f;0) - SKb i gk+ K(fig) - K(fig)+  K(fig)=2

Proof. Usingdogx - xj 1,asin Hannan (1960), we obtain Ki(f;g) =
o>t f log(g=f) - o>t (gi f) = kf j gki=2. The secondpart of (A.1) follows
from Kemperman's inequality [Kemperman (1969), Theorem 6.1]. Relation
(A.2) follows becauseK ¥ = K + K1 . O

Remark A.1. Using the inequality logx - 2(pii 1), the following
alternativ e bound can be derived:

(A.3) Ki(f;g) - kfi gkai H?(f;0);
R . s . .
whereH?(f;g) = (f 72 ¢g'™)? is the squaredHellinger distance.

Pr oof of Theorem 2.1 The proof proceedsalongthe sameline asin
Theorem 6.1 of Schwartz (1965). Here is a sketch of the argumert.
Write the posterior probability in (2.5) as
l 1n (1 ©n)lan.

(A.4) . o+
I2n I2n
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wherel 1, and Iy, are asin (2.6).
Clearly, in view of the Borel-Cantelli lemma, Condition (a) ibthe de -
nition of exponertially consisten tests implies that ©,! Oa.s. * 1, Pr, .
Note that
z z N

o (L1 @)l = (i ©) 2 i%Wgirg)" 4y
lfOI ; 7 we  foi(yi) i=1

(1i On)fei(yDdyidi( f;®, )
WC

SUpEaq (1 ©y)
We¢ N fori
C,el "C:

Therefore,
(A.5) eC¥@1; ©)l;m! O

a.s. i1:1 Ps 0i *

Note th?g with Wi = log, (foi=fei)(Yi), we have var(W;) - Vi(f;®, ),
and hence 11:1 var(W;)=i?> < 1 for all f 2 V. Applying Kolmogorov's
strong law of large numbers for independert non-idertical variablesto the
sequencew; iAE(Wi), it follows Llemma A.l that foreach f 2 V

X (V)
iminf L log i)
nll n

B foi (Yi) |
: 1 X foi(Y)
i limsup — log, ———2~
! n'1 P n i1 9 foi(Yi)
: 1 X _
(A.6) =j limsup= K (f;®"7)
n'l . |
g X p '
i limsup 1 Ki(f;® )+ 1 Ki(f;® )=2
! n n
ni i=1 i=1
0 Y 1
: 1 X _ o bax _
i imsup@=  K;f;® )+ = K;(f;® )=2A:
ni1 n., n._,

a.s. Qi1:1 Ps, » WhereV is the setdisplayed in (ii) of Theorem 2.1. Sincefor
f2v,nit L Ki(f;® )< % wehavefor eah f 2V,

1 X fori(Yi) P
A7 I f = log————— . i (% +=2):
(A7) Im in 0 0g fa(Y) * | (£+ )
Choosing + sothat ++ P +=2 . C=8 and noting that
Z
Y feri (Vi) —
[ —=_di( f;® );
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it follows from Fatou's lemma that

(A.8) e, 11
a.s. Qilzl Pt,; - Combining with (A.4) and (A.5), we obtain (2.5). Indeed
the corvergenceis exponertially fast. This provesthe theorem. O

Remark A.2. The condition (ii) of the theorem can be weakened. It
can be seenfrom the proof that if the prior assignspositive probability to
the following set

X X -~ 20F - @y —

% Ki(f;®, )< xfor all n; vilh: @, )TZK'(f’®’ )<1;

i=1 i=1

then also the posterior is consistert.

We state Lemma 5.1 from Ghosal, Ghosh and Ramamoorthi (1999b) for
easyreference.

Lemma A.2. If fo- Cfy, wher fg and f are densities, then for any f
i

(A.9) K(fo;f) - (C+ 1)logC+ C K(fl;f)+pK(f1;f)
Lemma A.3. If Uy » Beta(k; k), then
(A.10) E (log(2Ux))? = O(k' 1):

Pr oof. Let
Z,

(log(2u))2uki 11§ u)*i *du;
0

- 2 _
(A.11) Iy = E(log(2Uk))“ = B K
Ry . . . .
where B (k;k) =, uki }(1j u)%i duis the beta integral.
By a change of variable,
Z
— 1 ! . 2,.Ki 171 . ki 14;,-
(A.12) Ik = BK o (log2(1j uw))<u™ (1 uw) *du:
Note that log(2u) and log(2(1 j u)) are always of the opposite sign for
0< u < 1. Therefore,

2
‘ 1 ‘10 a
= : (log(2u)2+ (log(2(1i w)? uki (@i u)* du
Bkik) Lo
1
(A13) = B(Ii; g, flog2u) i log2(1i w)g’ut Hai w'i tdu
' B(kl'k 012('09(2U))(|09(2(1i u)uki 12 u)ki tdu

21“ ﬂz

uki 21 u)ki du
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Using the Laplace approximation, it hasbeenshown in the proof of Lemma
A.1 of Ghosal, Ghosh and Ramamoorthi (1999b) that the right hand side
of (A.13) is O(ki 1). This completesthe proof. O
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