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Abstract

Lindley’s measure of information ia a sample about a parameter is given by the average
Kullback-Leibler distance between the posterior and the prior. This is also equal to the
Bayes risk when one estimates the density using the entropy loss. In this paper, an asymp-
totic expansion of this measure is obtained for a ope-parameter family of discontinuous
densities. This expansion is then used to obtain the reference prior in the sense of Bernardo.

1. Introduction

Let X3, X5, ..., X, be independent observations each having a distribution P» with a density
f(=z; 8) with respect to a fixed dominating measure where # € ©, an open subset of R. Consider
a prior on © having a density 7 (-) with respect to the Lebesgue measure. Lindley’s measure of
information (see Lindley [15]) I{m; X™) in X" = (X},...,X,) about @ is given by the average
relative entropy or Kullback-Leibler distance between the posterior distribution of 6 given X"
and the prior 7 (see Sec. 2). This measure is also equal to the average (with respect to =)
relative entropy distance between the distribution of X™ given ¢ and the marginal distribution
of X™ and indeed is the Bayes risk when one estimates the density of X™ given # using the
entropy loss (see Aitchison {1]).

In Section 2 of this paper, we obtain an asymptotic expansion of this Bayes risk (or measure
of information) I(m; X™") for a family of nonregular cases. We restrict our attention to the
cases which, by results of Ghosh et al. [11], are essentially the only cases where the posterior
distributions converge. Our treatment is similar to that of Clarke and Barron [9] who obtained
an expansion of the entropy risk for the regular cases. Results similar to those of Clarke and
Barron [9] were obtained earlier by Ibragimov and Has’minskii [13). For extensions to mon
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 1id. regular cases, see, for example, Polson [16]: Certain related results are obtained by

Rissanen [18, 19]. )

The reference prior method for development of noninformative priors was initiated by
Bernardo [7) and developed further in a number of papers including Berger and Bernardo |2,
3, 4, 5], Berger, Bernardo and Mendoza {6}, Ghosh and Mukerjee {12] and Chang and Eaves
[8]. Bernardo (7] considered the measure I(7; X") as a measure of information in X™ about #
and argued that the larger the measure, the less informative is the prior. The reference prior
is defined as a 7 that maximizes this measure in an asymptotic sense. Since this measure is
also the Bayes risk with respect to the entropy loss, maximizing I(m; X™) would lead to an
asymptotically least favourable 7 and therefore under reasonable conditions, the corresponding
Bayes estimate is asymptotically minimax. Also, the reference priors usually have the property
that the corresponding procedures match with some standard frequentist procedures upte a
certain order; see Ghosh and Mukerjee [12] and the references therein.

In Section 3, we use the asymptotic expansion obtained in Section 2 to find a prior that
maximizes I{m; X") in an asymptotic sense. Explicit forms are derived for some important
examples.

2. Expansion of Bayes Risk for Entropy Loss

Let X, X5,... be i.i.d. observations with a common distribution Py having a density f(z;8),
8 € ©, where © is an open interval in R. We assume that for all 8 € &, f{-;0) is strictly
positive ox a closed interval (bounded or unbounded) S(8) := [a;(6),a2(f)] depending on ¢
and is zero outside S(8). It is permitted that one of the endpoints is free of § and may be plus
or minus infinity. In view of the results of Ghosh et al. {11} (Theorem 2.4 and Example 3.2),
in order to have a limit of the posterior, it is necessary that the sets S{6) are either increasing
or decreasing in #. The case where S(8) increases with 8 may be reduced to the case where
5(8) decreases, by the reparametrization 8 ~ (~8). We, therefore, consider only the latter,
namely the case where a;(6) is increasing and as(f) is decreasing in §. Moreover, we assume
that these functions are strictly monotone unless they are infinite or free from 6.

We now make the following assumptions on the density f(z;6).

(A1) For every & > 0, inf{r?(,8 + h) : || > €} is bounded away from zero on compact
subsets of ©, where r2(6,0 + k) := [ (fV2(z;8) — £¥%(z; 0 + h))2dz is the squared Hellinger
distance between f(;6) and f(-;6+ h).

(A2) If not infinite, 01(8) and ay(@) are continuously differentiable in 6.

(A3) The limits

p(9) = ,},‘,f‘(b)f(”’ g, q¢6)= z}m)f(xﬂ)

exist V8 € ©, and the above convergences are uniform on compact subsets of ©.
(A4) For each z, log f(z; ) is twice differentiable in 8 on {6 : a;(8) < z < a2(8)} and for
any 4, there exist a neighbourhood Nj of 4 and a function Hy(z) such that

32
— B <
sup 155 los f(zit)| < Ha(z),

where EyHy(X;) is finite and continuous in 8.
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(AS5) The functions p(8), ¢(d) and f I(B/BG f(z;0)|dz are (finite and) continuous and have
polynomial majorants,
(A6) As |u| — oo, for some v > 0,

/fl/ﬂ(m;e)fl/ﬁ(z;e + u)dz < B(8)]u|™",

where B(#) is bounded on compact subsets of ©.

Let Xy < Xon < +++ < Xun be the order statistics based on Xl,Xz, ., Xn and set W, =
min{a;1(X;.,), a5 1(]i.’,.,_ﬂ)} (The first term in the minimum is ignored if a; is minus infinity or
free of 8, and the second term is ignored if a; is infinity or free of §). Note that Xy, | 21(6)
and X, T a2(0) as. [Py], and hence for almost all samples, W, is defined for all n, sufficiently
large. Now the likelihood function p*(X™;8) = [}, f(X:; ) is positive if and only if 8 < W,.
Define c(8) = Eo((8/08) lng £(X1;0)) and observe that c(8) = a{(8)p(9) — a}(6)q(d) »» 0. Let
0n = 0p{#) = n(W,, — 8). We make one more assumption:

(A7) For any compact subset K of ©, supsup Eyo, < oo.
8€K n>1
We shall give useful sufficient conditions for (A7) at the end of this section.

Let w(#) be a (proper) prior density on @ and m(9{X™) be the corresponding posterior.
Lindley's measure of information I{m;X") is defined to be the expected Kullback-Leibler
distance between the posterior and the prior, i.e.,

I(m; X™) = H(r) = Hx~(m),

where Hyw(m) = EH(9|X"), H(8|X") = —[n(8]X")logn(6|X")dd and H(m) =
~ [ =(9) log m(6)d8.
The following theorem is the main result of this section.

Theorem 2.1. Assume Conditions (A1)-(A7). Let K be a compact subset of © and
n(d) be a proper prior which is posilive, continuous and concentrated on K. Then as
n— 00,

I(m; X = log(n/e) + / 7(8) log(c(6)/n(8))d6 + o{1). 2.1)

The proof of this theorem is long and we break it into several parts. It suffices to show
that
lim inf{I(m; X") ~ logn] > 1+ / (6) log(c(8)/(8))d# (2.2)
e K

and
linm_sogp[I(w;X") —logn] < ~1 +/}; 7(8) log(c(8)/=(8))d8. (2.3)

We first establish (2.2), the proof of which is much easier than that of (2.3). The following
entropy maximization property of (the negative of) the exponential distribution (see, e.g., p.
217 of Rao [17)) is a straightforward consequence of the information inequality.

Lemma 2.1. Let f be a density on (—o0,0] having expectation —u, ps > 0. Then

—/f(:x:) log f(z)dz < 1 +logp.
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Let ma(z™) = [p*(z";8)7(6)dP be the marginal density of X™. The following result is an
important step towards the proof of Theorem 2.1, and is also of interest in its own right.

Proposition 2.1. Under Asatlrr;ptiorw (A1)-(AS),
(i) Log(ma(X™)/p"(X™; 8)) + log 1 + log(c(8)/7(8)) — c(8)a % O,

P
(it) n(E(tIX™) - Wa) = —1/c(8),
where t stands for a dummy variable for the parameter.

Proof: By the general results derived in Ibragimov and Has'minskii {14}, Ch. V,
PH(X™ 0+ u/n)/p"(X";0) = explc(8)u]l{u < an} + 05(1), (24)
where the convergences are uniform on |u} < H for any H > 0. Now

/ (8 + u/n)%é’;—/"—) — n(6) exple(®)u]1 {u < oa}ldu

pH{(X"; 64 u/n)
SAcsH|W(0+u/n)_7r(0)l xe)
PHX™ 8 +u/n)
+A15HW(9) (X 0)
P
* fpa ™0

M(X" 8 +u/n)
+/ 7(8) exp[c(®)u]1{u < on}du. (2.5)
lul>H

— explc(8)ull{u < .} du

Let ¢ > 0 and § > O be given. The variable 0. is asymptotically exponential and
so it is tight. Hence we can choose H > 0 such that P{o, > H} < §/4 for all n and
(r(8)/c(8)) exp[—c(f)H] < /4. Thus the last term on the right hand side (RHS) of (2.5) is
less than e/4 with probability greater than 1 — §/4. The third term can also be made less
than /4 with probability greater than 1 — §/4 by Lemma 1.5.2 of Ibragimov and Has'minskii
{14], provided H is chosen large enough. Now, for such an H, choose n large enough so that
the first two terms are less than €/4 with probability greater than 1 — §/4, by virtue of (2.4).
Thus

f (6 + u/n)%@ — (8) exple(®)ulL{u < ox}ldu % 0 (2.6)
which also leads to the posterior approximation:
/ ulChs "fl ’Zf(;xgi T8/ 0) exple(®)(u - o) 1{n < oa} | du B0, (27)
From (2.6), we linmediately have |
nma(X™)/p"(X";6) ~ (v(6)/c(8)) exple(8)a] - 0 (28)

which is equivalent to (i). Part (ii) can be proved in a similar manner. £

Remark 2.1. An almost sure version of Proposition 2.1, together with asymptotic expan-
sions, can also be obtained under some further assumptions; see Ghosal and Samanta [10].
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We now prove (2.2). Let v = n(t — W,) where ¢ is a dummy variable for the parameter.
Then the posterior density of v is n},(v) = n~in, (W, +v/n), where =, is the posterior density
of t. Note that 7}(v) is concentrated on (—co,0]. Thus

I(m; X™)

fi

- ‘/K n(8)log 7 {9)d8 + / mye(z™) L n(6) log ma (8)dfdz™

0
-A’IF(G) Iogw(&)d0+/mu(x") -/_-ww;(v)[logn+log7r,‘,(v)]dvdm"

]

0
-—'/er(B)logw(B)dB -Hogn+/m,,(a:")[wwn(v)logrn(v)dv&z

v

_/K m(8) l?g 7 (8)df + logn — fmﬂ(x")’[l + log B(~v|z™)}dz" 2.9

by Lemma 2.1. By Proposition 2.1 (i), B(—v|X™) " (c(8))71. Further, E(—v|X™) = n(W, —
E (t|X™) = 0,~n(E{t|X™)—0) is uniformly integrable by (A7) and Theorem 1.5.2 of Ibragimov
and Has'minskii [14]. (Here the uniformity is also with respect to n > 1 and ¢ belonging to
compacts.) Hence log E(—v|X™) is uniformly integrable from above and so

liﬁgﬁ[l(w;X")—log(n/e)+/;(1r(9) log 7(#)d8)]
> —lif‘ri‘s:p/[{ 1r(0)/logE(vIa:")p"(m";Q)dx dé
>- /K (6) log(c(6))~1d8 = ﬂ{ (6) log c(8)d8, (2.10)
which is equivalent to (2.2). &

We now prove (2.3). Fix a 0 € © and let

Re = ~log(ma(a")/p"(";6)) = logn,
P (6) K(Pg';mg,) —logn = EyR,,
p(8) log(c(8)/m(6)) - 1

where K'(P;*;my,) stands for the Kullback-Leibler information number between the two prob-
ability measures P;* and m,. Note that

I

I(m; X7) = / n(8)m(6)dO. (211)
K
The proof of (2.3) follows from the following result.
Lemma 2.2. Under Assumptions (A1)-(A6), we have
(a) limsup, .. ¥a(8) < %(9),

(b) ¥n(6) is uniformly dominated from above by an integrable function on K.

The following result will be used to prove Lemma 2.2.
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Lemma 2.3. Let # € ©. Then under Py, R, is uniformly integrable from above, i.e.,
there exists o uniformly mtegmble sequence of random variobles R, such that R, < R;,
n21. :

Definition 2.1. Let P and Q be two probability measures on a measurable space ({2, 4) and
let k stand for the Radon-Nikodym derivative of the absolutely continuous part of P with
respect to @. The modified Kullback-Leibler information number K*(Q; P) of Q with
respect to P is defined by

K@P)== [ logh)(de).

Unlike the usual Kullback-Leibler information number K (Q; P}, K *(Q); P) can be negative
and hence cannot be viewed as a distance measure. The following property of K* will be used
in the sequel; the proof is fairly simple.

Let P™ and Q™ be n-fold products of two probabilities P and Q. Then

K*(Q"% P") = nK*(Q; PY(Q{h > 0})"". (2.12)

Proof of Lemma 2.3: For any A > 0,

]

R = —logl(/p(e"i9)) [ 5Eit)m(ede] — logn
K
S. __log[/- P (.',1: ;€+u/n)
(—A<ugon(a)) Pz 0)
where 0,(A4) = min{o,, A}.
Now applying Jensen’s inequality, the RHS of (2.13) can be bounded by

(8 + u/n)du] (2.13)

~(4 + oa(A)) / log(p"(2"; 8 + u/n)/p" (=" 0))du
A<usa, (A}
— log(A + 0, (4)) — loginf{n (8 + u/n) : |u] < A}. (2.14)
The second term in (2.14) is uniformly bounded and the last term converges to logw(6) >

—o0. Hence it is enough to show that the first term is bounded by an uniformly integrable
function from above. Now

log(p™ (X™; 0 + u/n) /5" (X™;6)) — c(8)ull{u < o} % 0 (2.15)

for any fixed u. Therefore, by Fubini’s theorem, the above convergence also holds in the joint
probability (v x P*) where v is the uniform distribution on [—A, A). So it is now enough to
show that

(log(™(X™;6 + u/n)/p™"(X";0)) — c(B)ul1{u < on}

is uniformly integrable with respect to 1 x P;*. Indeed, we then have

/ / “<wn(9n+ 913/") ~ (B)ull{u < ou}dup™(z";6)ds" — 0,
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which implies that

(=" 8 +u/n). - ]
log ———-—"21{u < 0,}du —
-[—A.Aj BT (a";6) fu < onldu -4,

is uniformly integrable with respécé to P, Since the last term is always uniformly integrable
by the tightness of {7,}, the result will then follow. Now

[=log(P"(z"; 6 + u/n)/p"*(z";8)) + c(O)u]1{u < 0.}
neom. 1/2 Ly 12
=2[_log<P (x ,6+u/n)> +(P (z ,8+u/n)) }1{u<0’n}

c(@ul{u < o,}du
Al

7(z"; 0) (™ 6)
(@6 +u/m)\
- [2 (W—_-) + c(@)u] H{u < an}. (2.16)

The second term on the RHS of (2.16) has a bounded second moment and hence is uni-
formly integrable. The first term is nonnegative and being a continuous function of the
normalizéd likelihood ratio, is itself weakly convergent with respect to F;* for each fixed u,
and hence is also so with respect to (v > PJ*)-probability. The weak limit here is

(—c(B)u + 2exple(®)u/2)1{u < o},

where o has an exponential distribution with parameter c(6). The expectation of the limit is
[~ <]
(2A)‘1{~/ / c(B)u 1{u < s}c(d) exp[—c(8)s]dsdu
(-4.4] Jo
+2/ / exple()u/2]1{u < 5}c(6) exp[—c(P)s]|dsdu}
{-4,4) Jo
= 24) / (~c(@)u + 2 exple(8)u/2))du
[—A0]

+ / (=c(6)u + 2exp(e(8)u/2]) expl—c(6)u]du}. (2.17)
f0.4) :

By a well known fact, the uniform integrability verification now boils down to showing that
the limit of the expectations coincides with the expression in {2.17). Fix u > 0 and note that
the expectation of the first term on the RHS of (2.16) given ¢ is equal to

/ P& 0) log(p" (&30 + u/m) /57" 6))da”
p*(z"0+u/n)>0

+2/ .(P"(z"; 8+ u/n)p"(2";6))" dz"

]

i (8+u/n) ' a,(6) 1
nK*(6;8 4+ u/n) [1 -—/ flz;0)dz — f(x;&)dle

a(8) az(f+u/n)
+2[1 — 73(8,8 + u/n)/2J"
= n(—c@u/n+ o{1/n){1 — c(B)u/n)"! +2(1 — c()u/(2n) + o(1/n))™.
The last expression converges to

—c(@)u exp{—c(8)u] + 2 exp[—c(f)u/2)
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and the convergence is uniform in u belonging to compact subsets. Similarly for u < 0, the
limit is
—e(f)u + 2explc(§)u /2]
and the convergence is uniform on compacts again. Clearly, the last two statements are
sufficient to imply the desired result. 27
Proof of Lemma 2.2: We first prove Statement (a). As a consequence of Froposition 2.1,
R, 2 log(c(6)/r(8)) — c(8)c (2.18)
where o has an exponential distribution with parameter ¢(8). By Lemma 2.3, we have
limsup Es R, < log(c(6)/7(8)) ~ c(8)Eo = log(c(8)/m(6)) — 1 (2.19)
=00 .
as desired.
It remains to prove Statement (b). From (2.14),

- (26 +u/n)
na<,41/j (g™ 0)) log o0 /M)y g
Ya(f) < [—A.a',,(A))p (z™;0){log ) |du dx

~log A - loginf{w(t) : t € K}. (2.20)
If p"(c™;0 + u/n) >0,

P f4+u/n) u

b — 9 R .
og p(z"; 6) =% £ e log f(z:;6) + 53 ; Er log f{z;;8*)

where 8* lies between 6 and 8 + u/n. Consequently by (A4), for all sufficiently large n,
P +u/n)] ol &

PAR IR
]lo £ ;

o 2 r
p"(a:";e) é—ébgf(xi;e)l + 'é%ZHg(a:i),

=1

which yields

n pi(=":0 + u/n)
z"; 8)| log ———————=|dx"du
\/['—A,A} l"(x";&-{-u/u»() F ( )l g o (Iﬂ'; 9) I

—~log 4 —loginf{n{t) : t € K}
L. N ,
«[——A,A} |u]\/ 60f(z’ Ndzdu+ 2/[_&4]11 /Hg(z)f(m, )dzdu
~log A ~loginf{r(t):t € K}
24 / l% f(z;0)| do+ 247 / Hy(z) f(z; 0)dx
~log A~ loginf{m(t) : t € K}. (2.21)

¥n(8)

IA

N

IA

By assumption, the terms are continuous in # and hence bounded on compacts. Thus (b)
is proved. &
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By Proposition 2.1, the posterior converges in the L!-distance:

0 : oo
/ s (vIXT) ~ c(8) explc(8)v]ldv =5 0,
where =% is the posterior density of v = n(t — W,). This can be equivalently written as

0 n
/ a8 X™) = nc(8) explnc(8)(t — Wa)lldt = 0. (2.22)

-0

We shall now present an information theoretic version of (2.22).

Theorem 2.2. Assume (A1)-(A6) and the following condition:
(A7) 0,(9) i3 uniformly (in n and also in § belonging to compacts) integrablec.
Then

Wa
[] [ trattiem) ostmteiz™)/on(ei0,5)e0) "™ 6)d"n()d0 — 0, (229)
where p,(t; 8, z") = nc(f) expne(8)(t — W),
Proof: The expression on the left hand side of (2.23) is equal to
I(m X™) +/ (6) log7(6)d@ ~ logn —-/ 7(6) log c(6)dd
K K
- /K / (E(t3") — Wa)c(8)p™(a™; 8)da™n(6)dS. (2.24)

By Proposition 2.1 (ii) and (A7), the last term converges to one. Using Theorem 2.1, we now
get the result. 27 '

As we have promised, we now give sufficient conditions for.(A7) to hold.

Proposition 2.2. Let go(v) = Py(S(0+v)). If
o
sup/ go(v)du < o0, (2.25)
ek Jo
then (A7) holds. If for some § > 0,
00
sup/ vige(v)du < o0, (2.26)
ek Jo

then (A7) holds.

Proof: We shall prove only the first assertion; proof of the second one is similar. We have
o] o0
Eaan(6) = / Pr{oa(6) > v}dv = / (s (v))"dv. @27)
0 0

Now n{gg(v))" < gs(v) if and only if go(v) < n~V~1 which is true if and only if v > ¢n,
where gs(c,) = n~¥ D, Clearly, ¢, — 0 since n~V*=0 = 1. Thus

' Byon(6) < /0 C"n(gg(u>)n@+ fo ™ go(v)do. (2.28)



138 . . GHOSAL-SAMANTA

‘

* By assumption, the last term on the RHS of {2.28) is finite whereas the first term is equal to

GA(5+'4/")
/ 1-—/ flz; 8)dz) du. (2.29)
ay(6)

Find € > 0 and 6 > 0 such that

inf inf F{z;8) > e >0,
GEK a((B)<z<a (0)+6

inf inf flz;8) >e >0,
€K ay (ﬂ)—6<z <ax{6)

inf inf o}(8+u)>e >0,
K O<u<s

inf inf (-a.z(G)) 2e>0;

ek O<u<é

this is possible by the assumed conditions in the setup. Then the term in (2.29) is less than

nc, )
/ (1 - 26%u/n) du < / exp[—2¢etu)du < oo,
0 o

completing the proof. £&7

Remark 2.2, Condition (2.26) is clearly satisfied if © is bounded above. In the very impor-
tant case when a;(8) = 0 and 0y(0) = oo, if we have supg.y Eo(X; — 8)¢ < oo for some
5 > 0, then (2.26) is satisfied. This is simply because

95(v) = Po{X; =0 > v} < v, X, — g1, (2.30)

3. Reference Prior

Reference priors are proposed by Bernardo {7} as noninformative priors which can be thought
of as a reference point against which any particular subjective prior belief can be judged. These
are obtained by maximizing the expected Kullback-Leibler divergence between the posterior
and the prior in an asymptotic sense. However, Bernardo's original suggestion needs to be
slightly modified for technical reasons and we shall follow essentially Ghosh and Mukerjee [12].

For any (possibly improper) prior 7(6) on © and K C © compact, we write 7|x for the
proper prior defined by

tlic(4) = w(4)/x(K), ACK.

Definition 3.1. A prior density 7* on @ is called a reference prior if

(i) #* is positive and continuous on ©;

(it) for all compact K C © and for all prior density 7 positive and continuous on @, we
have

J(n* (&) = J(rl«)
where J(q) = [, q(8) log(c(8)/7(0))d8.

Motivation of Condition (ii) in Definition 3.1 comes from Bernardo [7] (the present form
is suggested by Ghosh and Mukerjee {12]). The first one is included for technical reasons;
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nevertheless, it is an impartiality requirement. One would hardly like to call a prior as a

reference prior if (i) is not satisfied.
As is immediate, the prior 7*(6) o« ¢(6) is the reference prior. (In case S(#) is increasing,

m*(8) o |c(8)].) In the particular case of a location family, we have f(z;8) = f(z—8), 8 € R,
with f(0+) > 0, f(0—) = 0, and so c¢(§) = f(0+). Consequently, =*(d) is the improper
uniform prior, as expected. In the case of truncation model

flz;0) = g(2)/GB), =©26
where g is a smooth positive density and G(z) = [° g(y)dy, we have c(8) = g(6)/G(8).

Consequently, the reference prior 7*(#) is proportional to the hazard rate for the density g.

Acknowledgement. The authors are indebted to Professor J. K. Ghosh for several helpful

suggestions and for providing important references.
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