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posterior distribution where the dimension of the parameter is allowed to grow to in¯nit y
with the sample size. Under certain growth restrictions on the dimension, we show that
the posterior distribution is consistent and admits a normal approximation. This result
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1. In tro duction

In many situations that arise in practice, we encounter independent outcomes
x1; : : : ; xn of a variable of interest where the data (possibly after a suitable trans-
formation) comesfrom an m-dimensional(standard) exponential family, i.e., x i has
a density (with respect to a ¾-¯nite measureon Rm )

(1.1) f (x i ; µi ) = exp[xT
i µi ¡ Ã(µi )]; i = 1; : : : ; n;

wherethe parametersµ1; : : : ; µn are determined by a smaller number of parameters
¯ 1; : : : ; ¯ p, p < n. Dempster [3] considersthe situation where x i is observed along
with p (real valued) covariates zi 1; : : : ; zip and µi has the linear expansion

(1.2) µi = zi 1¯ 1 + ¢¢¢+ zip ¯ p; i = 1; : : : ; n:

Haberman [7] terms the above a Dempster model. One constructs estimates of
µi 's through the estimates of ¯ j 's. Thus the estimate of µ i \b orrows strength"
from all the observations, a situation similar to small area estimation. Logistic
regressionmodel for binomial probabilit y, Poissonregressionmodel and normal re-
gressionmodel with homoscedasticerrors are simple examplesof Dempster models.
Dempster modelsare, however, special casesof GeneralizedLinear Models (GLMs)
intro duced by Nelder and Wedderburn [12] which are de¯ned by the relation

(1.3) µi = g(zi 1¯ 1 + ¢¢¢+ zip ¯ p); i = 1; : : : ; n;

where the link function g : Rm ! Rm is a one-to-one,continuously di®erentiable
function with a non-zero Jacobian everywhere (i.e., a di®eomorphism). Dempster
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models are thus GLMs with the canonical link and enjoy the property of having
su±cient statistics equal in dimension to (¯ 1; : : : ; ¯ p), seeMcCullagh and Nelder
[11], page 32. Among the familiar examplessatisfying (1.3) are probit regression
model and overdispersedmodels, seeMcCullagh and Nelder [11] and Fahrmeir and
Tutz [4] for description of thesemodels and further examples.

When a Bayesiananalysisis intended, onelooksat the posterior distribution. It
is therefore important to know whether the minimal requirement of posterior con-
sistency holds or not. Further, the posterior distribution is often very complicated
and it is desirableto have simpler approximations. The aim of the present paper is
to establish consistencyand a normal approximation of the posterior distribution
in GLMs, where it is also allowed that the dimension p = pn increasesto in¯nit y
with the samplesize.

When p remains¯xed, theseresults are relatively easyto derive from the general
results obtained in Ghosal et al. [6] (Proposition 1, Theorem 1 and Example 1).
Normal approximation to the posterior distribution, usually called the Bernstein-
von Mises theorem, is well known in somesimpler situations and there have been
a number of contributors in this area. To name a few, we cite Le Cam [10], Bickel
and Yahav [2] and Johnson[9]. Even if one is reluctant to useasymptotic approxi-
mations if the samplesizeis not very large, the normal approximation may be used
for other purposessuch as the approximating density in importance sampling from
the posterior, see,e.g., Tanner [13] (page 117). Finally, sincea ¯rst order approx-
imation is always free from the particular choice of the prior, it may be thought
of as a sort of \non-informativ e posterior" which may be appealing to an objective
Bayesian,or even a frequentist.

>From practical considerations, it is desirable to have limit theorems when p
is relatively large, i.e., p ! 1 as n ! 1 , subject to some growth restrictions.
The reason is twofold. Since a data analyst usually usesa relatively more com-
plicated model (i.e., with a higher dimension) if the sample size is larger, on one
hand, limit theorems with dimension tending to in¯nit y justify the use of various
asymptotic approximations. On the other hand, for a given model, such results
give an idea about the samplesizerequired for the safeapplications of asymptotic
theory. However, the situation where the dimension tends to in¯nit y is technically
much more involved and a very careful consideration of the various error terms is
necessary. The frequentist version of this problem, viz., consistencyand asymp-
totic normalit y of the maximum likelihood estimate (MLE) in Dempster models
was solved by Haberman [7] as a special caseof the treatment of his more general
exponential responsemodels. Haberman [7] obtained his results essentially under
the growth conditions p3=n ! 0 (the condition p2=n ! 0 su±ces for consistency).
To the best of our knowledge, similar results for GLMs are not available in the
literature. In this paper, we show that the posterior distribution in GLMs admits
a normal approximation, even if the dimension p ! 1 . It is worth mentioning
here that the posterior distribution in a GLM is extremely complicated and can
only be computed with the help of highly computationally intensive Markov chain
Monte-Carlo methods. This is becauseof the lack of existenceof a conjugate prior
and the inapplicabilit y of numerical integration in dimensionhigher than 2. On the
other hand, the normal approximation to the posterior distribution of ¯ is easyto
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compute and also readily yields an approximation to the posterior distribution of
a µi , which is sometimesof more direct interest. We assumea little more stringent
growth restrictions (p4 logp)=n ! 0 on p than that assumedin the frequentist coun-
terpart. Although the growth conditions required here is stronger, in our view it is
not totally unexpected. The main reasonis the presenceof a vast tail region which
substantially contribute to the posterior probabilities although the likelihood may
be very small in that region. Moreover, we prove our results in terms of a strong
distance measure,viz., the L 1-distance and consider the entire parameter simul-
taneously while the frequentist counterpart concernsweak convergenceof linear
functionals of the MLE. It will, however, be of considerableinterest if asymptotic
normalit y of the posterior distribution of linear functionals canbe establishedunder
weaker growth conditions.

Asymptotic normalit y of posterior distributions with a growing number of pa-
rametershasnot beenestablishedbeforein the literature except in the recent work
of the author (Ghosal [5]), wheresimilar results have beenproved for linear models.
The two problemsare, however, largely non-overlapping with the normal regression
model being the only common example.

In our results, we restrict ourselves to univariate GLMs, i.e., m = 1. The gen-
eral caseis notationally much more complicated while the univariate casealready
includes many models used in practice. However, we believe that the treatment of
the multiv ariate casem > 1 is essentially the same. We shall switch to the non-bold
scalar notations and write x1; : : : ; xn , µ1; : : : ; µn , ¯ 1; : : : ; ¯ p etc. Moreover, we set
zi = (zi 1; : : : ; zip )T , µ = (µ1; : : : ; µn )T and ¯ = (¯ 1; : : : ; ¯ p)T . We shall also make
another simpli¯cation. Although we are in a situation involving a triangular array,
the extra su±x denoting the stagewill often be suppressed.

The organization of the paper is as follows. In Section2, we state and prove our
main result (Theorem 2.1) on the asymptotic normalit y of the posterior distribution.
The proof is somewhat lengthy and for the sake of a better presentation, we split
it into several auxiliary lemmas. Proofs of the lemmas are given in Section 3.
Consistency and other related questions are answered from simple corollaries to
the main theorem and its lemmas. In Section 4, we discussapplications of the
results and check the numerical accuracy of the approximations by means of a
simulation study.

2. Setup and main results

Let x1; : : : ; xn be independent observations with x i having a density f i (¢) (with
respect to a ¾-¯nite measureº ) de¯ned by

(2.1) f i (x i ) = f (x i ; µi ) = exp[x i µi ¡ Ã(µi )]; i = 1; : : : ; n;

whereµi = g(zT
i ¯ ) and g(¢) is the link function. For a given prior ¼(¢), the posterior

distribution of ¯ given the observations x1; : : : ; xn is de¯ned by
(2.2)

¼n (¯ ) / ¼(¯ )
nY

i =1

f (x i ; g(zT
i ¯ )) = ¼(¯ ) exp

"
nX

i =1

f x i g(zT
i ¯ ) ¡ Ã(g(zT

i ¯ ))g

#

:

We ¯x a (sequenceof) parameter point(s) ¯ 0 and will agree to the convention
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of dropping ¯ 0 in the probabilit y statements. We transform the parameter ¯ to
u = B 1=2

n (¯ ¡ ¯ 0), where B n =
P n

i =1 Ã00(g(zT
i ¯ 0))( g0(zT

i ¯ 0))2zi zT
i and B 1=2

n is its
positive de¯nite squareroot. Then the likelihood ratio, as a function of u, is given
by

Zn (u) = exp

"
nX

i =1

f x i (g(zT
i ¯ 0 + zT

i B ¡ 1=2
n u) ¡ g(zT

i ¯ 0))(2.3)

¡ [Ã(g(zT
i ¯ 0 + zT

i B ¡ 1=2
n u)) ¡ Ã(g(zT

i ¯ ))]g
i

; u 2 B 1=2
n (£ n ¡ ¯ 0):

We set Zn (u) = 0 if u 62B 1=2
n (£ n ¡ ¯ 0). The posterior distribution of u is then

given by

(2.4) ¼¤
n (u) =

¼(¯ 0 + B ¡ 1=2
n u)Zn (u)

R
¼(¯ 0 + B ¡ 1=2

n w)Zn (w)dw
:

The following is the main result of this paper.

Theorem 2.1. Under Conditions (A0){(A3) described below,

(2.5)
Z

j¼¤
n (u) ¡ Áp(u; ¢ n ; I p)jdu ! p 0;

where ¢ n =
P n

i =1 (x i ¡ Ã0(g(zT
i ¯ 0))) g0(zT

i ¯ 0)B ¡ 1=2
n zi , Áp(¢; ¹ ; § ) stands for the

density of Np(¹ ; § ) and I p is the identity matrix of order p.

To prove Theorem 2.1, we shall assumethat the following regularity conditions
(A0){(A3) hold.

(A0) The link function g(¢) is a one-to-one thrice continuously di®erentiable
function on R. The matrix A n de¯ned by the relation A n =

P n
i =1 zi zT

i is positive
de¯nite.

(A1) As n varies, max1· i · n jµ0i j remains bounded, where µ0i stand for zT
i ¯ 0,

the i th component of the true value of µi .
This would seemto be a reasonablehypothesisparticularly if the data is cleaned

from extreme outliers.
With the above in mind, we can restrict the parameter spaceaccording to our

convenience.The allowable valuesof ¯ are assumedto satisfy

(2.6) max
1· i · n

jzT
i ¯ j · K (say);

i.e., the sequencemax1· i · n jµi j is bounded. We denote the set of all ¯ satisfying
(2:6) by £ n . The actual speci¯cation of K is, however, not necessaryfor calculating
the normal approximation. To a frequentist, our results apply if the prior has
support in £ n . To a Bayesian, (2.6) meanssimply a belief in (A1).

Set ´ n = max1· i · n kA ¡ 1=2
n zi k and ±n = kA ¡ 1=2

n k where A ¡ 1=2
n (respectively,

A 1=2
n ) is the positive de¯nite squareroot of A ¡ 1

n (respectively, A n ) and k ¢k stands
for the Euclidean norm for vectors and operator norm for matrices.
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(A2) The prior density ¼(¢) of ¯ is proper and satis¯es

(2.7) ¼(¯ 0) > ´ p
0 for some´ 0 > 0

and the condition of Lipschitz continuit y

(2.8) j log¼(¯ ) ¡ log¼(¯ 0)j · K n k¯ ¡ ¯ 0k; k¯ ¡ ¯ 0k · Cp(log p)1=2±n :

The Lipschitz constant K n = K n (C) will be required to satisfy somegrowth re-
striction to be described in Assumption (A3) below.

The conditions (2.7) and (2.8) described above are satis¯ed with K n = M p1=2

in the common situation where the components of ¯ are a priori independently
distributed with the j th component ¯ j following a density ¼j (¢), j = 1; : : : ; p, and
for someM ; ±; ´ 0 > 0 and for all j = 1; : : : ; p, ¼j (¯ 0j ) > ´ 0 and

(2.9) j log¼j (¯ j ) ¡ log¼j (¯ 0j )j · M j¯ j ¡ ¯ 0j j; j¯ j ¡ ¯ 0j j · ±;

provided p(log p)1=2±n ! 0.

(A3) The dimension p can grow to in¯nit y subject to the following constraints:

(2.10) K n ±n p(log p)1=2 ! 0 and p3=2(log p)1=2´ n ! 0;

where K n is as de¯ned in (2.8). Further, the designsatis¯es

(2.11) tr( A n ) =
nX

i =1

pX

j =1

z2
ij = O(np):

To explain condition (A3), we remark that a condition on the smallnessof ´ n

is an uniform asymptotic negligibilit y condition while smallnessof ±n is a basic
requirement on the normalizer for any kind of asymptotics. The factors involving
p are redundant in the ¯xed dimension case, but are crucial for asymptotics in
increasingdimension. The last condition on the trace of A n is a mild requirement.
When zi 's behave like a random samplefrom a nonsingular distribution on Rp, and
K n = O(p1=2), the condition (p4 logp)=n ! 0 is su±cient to imply (2.10).

We also assumethat somepower of p grows faster than n, i.e., logp and logn
are of the sameorder. If this fails, then the situation is very closeto the classical
caseof ¯xed dimension. Theorem 2.1 is still valid in this casebut a little changein
the proof is required. It can be treated using similar (in fact, simpler) arguments,
but one has to usea di®erent break-up of central and tail regions in (2.25) below.
For example, the arguments go through if we split into the regionskuk · n1=4 and
kuk > n1=4.

Recall our notation B n =
P n

i =1 Ã00(g(zT
i ¯ 0))( g0(zT

i ¯ 0))2zi zT
i . By the strict con-

vexity of Ã(¢), the assumptionon the link function g(¢) [vide (A0)] and boundedness
of zT

i ¯ 0 [vide (A1)], it follows that there are K 0 > k0 > 0 such that

(2.12) k0A n · B n · K 0A n ;
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hereA · B meansthat B ¡ A is nonnegative de¯nite. If we denotekB ¡ 1=2
n k by ±¤

n

and max1· i · n kB ¡ 1=2
n zi k by ´ ¤

n , then it follows from (2.12) that ±n and ±¤
n are of

the sameorder. For the samereason´ n and ´ ¤
n are also of the sameorder. Hence

(2.13) K n ±¤
n p(log p)1=2 ! 0; p3=2(log p)1=2´ ¤

n ! 0 and tr( B n ) = O(np):

Also observe that E¢ n = 0 and E(¢ n ¢ T
n ) = I p, the identit y matrix of order p,

where, as in Theorem 2.1, ¢ n =
P n

i =1 (x i ¡ Ã0(g(zT
i ¯ 0))) g0(zT

i ¯ 0)B ¡ 1=2
n zi . As a

consequencek¢ n k = Op(p1=2) by Chebyshev's inequality.

The proof of Theorem 2.1 is a little lengthy. For the sake of a better presen-
tation, we start with a seriesof technical lemmas; the proofs of the lemmas will
be postponed till Section 3. Lemma 2.1 gives the local expansionof the likelihood
ratio. Lemma 2.2 will be used to estimate the contribution of the central portion
to the L 1-distance in (2.5). Contribution of the tail of the actual posterior density
is estimated in Lemma 2.5 using a technique due to Ibragimov and Has'minskii [8]
(Lemma I.5.2). Lemmas 2.3 and 2.4 are preparatory lemmas for Lemma 2.5. We
will bound the integral of the actual posterior over an intermediate region with
the aid of Lemma 2.6. Finally, Lemma 2.7 gives the estimates of the tail of the
approximating normal density.

Lemma 2.1. For any C > 0, we have the following:

(a) With probability approaching unity, uniformly in kuk · Cp(log p)1=2,

(2.14)

¯
¯
¯
¯logZn (u) ¡

µ
uT ¢ n ¡

1
2

kuk2
¶ ¯

¯
¯
¯ · ¸ n kuk2

and

(2.15) logZn (u) · uT ¢ n ¡
1
2

kuk2(1 ¡ 2¸ n );

where ¸ n = O(p(log p)1=2´ ¤
n ).

(b) With probability approaching unity, uniformly in kuk · C(p logp)1=2,

(2.16)

¯
¯
¯
¯logZn (u) ¡

µ
uT ¢ n ¡

1
2

kuk2
¶ ¯

¯
¯
¯ · ¸ ¤

n kuk2

and

(2.17) logZn (u) · uT ¢ n ¡
1
2

kuk2(1 ¡ 2¸ ¤
n );

where ¸ ¤
n = O((p logp)1=2´ ¤

n ).

Let ~Zn (u) = exp[uT ¢ n ¡ kuk2=2].

Lemma 2.2. For any C > 0, there exist B 0 > 0 such that for all su±ciently
large n, with any pre-assigned large probability

(2.18)
µ Z

~Zn (u)du
¶ ¡ 1 Z

ku k· C (p log p) 1= 2
jZn (u) ¡ ~Zn (u)jdu · B 0p¸ ¤

n :
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Lemma 2.3. There exist B0; "1 > 0 such that

(2.19) E jZ 1=2
n (u1) ¡ Z 1=2

n (u2)j2 · B0ku1 ¡ u2k2; u1; u2 2 B 1=2
n (£ n ¡ ¯ 0);

and

(2.20) EZ 1=2
n (u) · exp[¡ "1kuk2]; u 2 B 1=2

n (£ n ¡ ¯ 0):

Lemma 2.4. For any 0 < ± < 1, we have

(2.21) P
½Z

Zn (u)¼(¯ 0 + B ¡ 1=2
n u)du < ¼(¯ 0)±p=4

¾
· 4B 1=2

0 ±;

where B0 is the constant obtained in Lemma 2:3.

Lemma 2.5. For any m ¸ 0, there are constants B1; C > 0 such that

(2.22) E

ÃZ

ku k>C p(log p) 1= 2
¼¤

n (u)du

!

· B1p¡ m :

Lemma 2.6. For any C2; c > 0, we can ¯nd B2; C1 > 0 such that with proba-
bility approaching one,

(2.23)
Z

C1 (p log p)1= 2 ·k u k· C2 p(log p)1= 2
Zn (u)du · B2 exp[¡ cplogp]:

Lemma 2.7. For any c > 0, there existsC > 0 suchthat with any pre-assigned
probability,

(2.24)
Z

ku k>C p1= 2
Áp(u; ¢ n ; I p)du · exp[¡ cp]:

We now prove Theorem 2.1. Now onwards, B will stand for a positive generic
constant which neednot have the samevalue in each appearance.

Proof of Theorem 2.1. Let C > 0 and set F = f u : kuk · Cp(log p)1=2g. Then
Z

j¼¤
n (u) ¡ Áp(u; ¢ n ; I p)jdu(2.25)

·
Z

F

¯
¯
¯
¯
¯

Zn (u)¼(¯ 0 + B ¡ 1=2
n u)

R
Zn (w)¼(¯ 0 + B ¡ 1=2

n w)dw
¡

¼(¯ 0) ~Zn (u)
R

¼(¯ 0) ~Zn (w)dw

¯
¯
¯
¯
¯
du

+
Z

F c
¼¤

n (u)du +
Z

F c
Áp(u; ¢ n ; I p)du;

where ~Zn (u) = exp[uT ¢ n ¡ kuk2=2].
By applications of Lemmas 2.5 and 2.7 respectively, the last two terms can be

made as small as desiredwith probabilit y arbitrarily closeto unit y by choosing C
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su±ciently large. Now the ¯rst term on the right hand side (RHS) of (2.25) is at
most

Z

F

¯
¯
¯
¯
¯

Zn (u)¼(¯ 0 + B ¡ 1=2
n u)

R
Zn (w)¼(¯ 0 + B ¡ 1=2

n w)dw
¡

Zn (u)¼(¯ 0 + B ¡ 1=2
n u)

R ~Zn (w)¼(¯ 0)dw

¯
¯
¯
¯
¯
du

+
µ Z

~Zn (w)¼(¯ 0)dw
¶ ¡ 1 Z

F
jZn (u)¼(¯ 0 + A ¡ 1=2

n u) ¡ ~Zn (u)¼(¯ 0)jdu;

which is further dominated by
Z

F c
¼¤

n (u)du +
Z

F c
Áp(u; ¢ n ; I p)du(2.26)

+ 3sup
F

¯
¯
¯
¯
¯
¼(¯ 0 + B ¡ 1=2

n u)
¼(¯ 0)

¡ 1

¯
¯
¯
¯
¯

R
F Zn (u)du
R ~Zn (u)du

+ 3
µ Z

~Zn (u)du
¶ ¡ 1 Z

F
jZn (u) ¡ ~Zn (u)jdu:

Observe that
µ Z

~Zn (u)du
¶ ¡ 1 Z

F
jZn (u) ¡ ~Zn (u)jdu(2.27)

· (2¼)¡ p=2
Z

E c \ F
Zn (u)du +

Z

E c
Áp(u; ¢ n ; I p)du

+ (2¼)¡ p=2
Z

E
jZn (u) ¡ ~Zn (u)jdu;

where E = f u : kuk · C1(p logp)1=2g and C1 is to be chosenshortly.
Lemma 2.6 implies that the ¯rst term on the RHS of (2.27) is small while, with

the aid of Lemma 2.7, it follows that the secondterm is small with probabilit y
arbitrarily closeto one, provided we chooseC1 large enough. Since p¸ ¤

n ! 0 (see
(2.13)), it follows by Lemma 2.2 that the last term on the RHS of (2.27) also goes
to zero in probabilit y.

It follows from (2.8) that for adequately large n,

(2.28) sup
u 2 F

¯
¯
¯
¯
¯
¼(¯ 0 + B ¡ 1=2

n u)
¼(¯ 0)

¡ 1

¯
¯
¯
¯
¯

! 0:

Since the last term on the RHS of (2.27) goes to zero,
R

F Zn (u)du=
R ~Zn (u)du

remains bounded in probabilit y. Hencethe expressionin (2.26) is small with prob-
abilit y approaching one and the proof is complete.

The following is a consequenceof Lemma 2.5.

Corollary 2.1. If Conditions (A0) , (A1) and (A2) hold, p(log p)1=2´ n ! 0
and K n ±n ! 0, then for any given ± > 0, with probability approaching unity, the
posterior distribution of ¯ concentrates in the ±-neighbourhood of ¯ 0. Further, the
assertion holds almost surely if the observationsyi 's of di®erent stagesshare the
samesamplespace.

8



Remark 2.1. Arguments similar to those used in Theorem 2.1 imply the fol-
lowing moment convergence:

(2.29)
Z

kuk j¼¤
n (u) ¡ Áp(u; ¢ n ; I p)jdu ! p 0;

provided (A0), (A1) and (A2) hold and (A3) is strengthenedto

K n ±n p3=2 logp ! 0 and p2(log p)´ n ! 0:

This, in particular, implies that the posterior mean ~̄ of ¯ admits the linearization

(2.30) B 1=2
n ( ~̄ ¡ ¯ 0) = ¢ n + op(1):

Thus (2.30), (A3) and Lindeberg's central limit theorem together imply that for
any unit vector e, eT B 1=2

n ( ~̄ ¡ ¯ 0) ! d N (0; 1).

Theorem 2.1, although important for theoretical reasons,cannot itself be used
for the actual approximation of the posterior (unless one is simulating) since the
approximation involvesthe unknown value ¯ 0. We now obtain a variation of it by
plugging-in a good estimate of ¯ 0.

Theorem 2.2. Let ^̄ be an estimate of ¯ satisfying

(2.31) B 1=2
n ( ^̄ ¡ ¯ 0) = ¢ n + op(1):

Let ¼̂n (v ) stand for the posterior density of v = B̂ 1=2
n (¯ ¡ ^̄ ), where

B̂ n =
nX

i =1

Ã00(zT
i

^̄ )(g0(zT
i

^̄ ))2zi zT
i :

Then under (A0){(A3) ,

(2.32)
Z

j¼̂n (v ) ¡ Áp(v ; 0; I p)jdv ! p 0:

If, moreover, ^̄ is the MLE, then (2.31) holds, provided ^̄ is consistent in the
sensethat

(2.33) max
1· i · n

jzT
i ( ^̄ ¡ ¯ 0)j ! p 0:

Proof. Since L 1-distance is an invariant of a change of variable, by Theorem
2.1, we obtain

(2.34)
Z

j¼̂n (v ) ¡ Áp(v ; ¹ ; § )jdv ! p 0;

where ¹ = B̂ 1=2
n (B ¡ 1=2

n ¢ n ¡ ( ^̄ ¡ ¯ 0)) and § = B̂ 1=2
n B ¡ 1

n B̂ 1=2
n . Thus we have to

show that

(2.35)
Z

jÁp(v ; ¹ ; § ) ¡ Áp(v ; 0; I p)jdv ! p 0:

9



It su±ces to show that the Kullback-Leibler distance
Z

log
µ

Áp(v ; 0; I p)
Áp(v ; ¹ ; § )

¶
Áp(v ; 0; I p)dv

is op(1). The twice Kullback-Leibler distance between these two normal densities
is

(2.36) tr( § ¡ 1 ¡ I p) + ¹ T § ¡ 1¹ + logdet § :

First observe that

(2.37) p max
1· i · n

jzT
i ( ^̄ ¡ ¯ 0)j ! p 0:

Indeed, kB 1=2
n ( ^̄ ¡ ¯ 0)k = Op(p1=2) by (2.31) and the fact that k¢ n k = Op(p1=2).

Hence
jzT

i ( ^̄ ¡ ¯ 0)j = jzT
i B ¡ 1=2

n B 1=2
n ( ^̄ ¡ ¯ 0)j · ´ ¤

n p1=2

which implies (2.37) in view of Condition (A3).
As in (2.12), it follows that B̂ n ¸ k0A n , and so B̂ ¡ 1

n · k¡ 1
0 A ¡ 1

n . Below, let
tn = max1· i · n jzT

i ( ^̄ ¡ ¯ 0)j. Using the smoothnessof Ã(¢) and g(¢), it follows that
for someconstant a > 0,

jtr( § ¡ 1 ¡ I p)j = jtr(( B n ¡ B̂ n )( B̂ n )¡ 1)j

· max
1· i · n

jÃ00(zT
i

^̄ )(g0(zT
i

^̄ ))2 ¡ Ã00(zT
i ¯ 0)(g0(zT

i ¯ 0))2j
nX

i =1

zT
i B̂ ¡ 1

n zi

· atn

nX

i =1

zT
i A ¡ 1

n zi

= aptn ;

which is op(1) by (2.37). The secondterm in (2.36) equalskB 1=2
n ( ^̄ ¡ ¯ 0) ¡ ¢ n k2 =

op(1) by (2.31). Also ¡ O(tn )B n · B̂ n ¡ B n · O(tn )B n , sodet § = (1+ O(tn ))p =
op(1) by (2.37). This provesthe ¯rst assertion.

It remains to prove that under (2.33), the MLE satis¯es (2.31). To that end,
we observe that the MLE ^̄ of ¯ satis¯es

P n
i =1 (x i ¡ Ã0(zT

i
^̄ ))g(zT

i
^̄ )B ¡ 1=2

n zi = 0:
Set ' (µ) = Ã(g(µ)). Then by Taylor's expansion,it follows that

¢ n =
nX

i =1

(x i g00(zT
i ¯ 0) ¡ ' 00(zT

i ¯ 0))B ¡ 1=2
n zi zT

i ( ^̄ ¡ ¯ 0)(2.38)

+
1
2

nX

i =1

(x i g000(zT
i ¯ ¤) ¡ ' 000(zT

i ¯ ¤))B ¡ 1=2
n zi (zT

i ( ^̄ ¡ ¯ 0))2;

here ¯ ¤ is an intermediate point. The rest of the proof can be completed using
arguments similar to those usedin the proof of Lemma 2.1 (seeSection 3).
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Remark 2.2. Condition (2.33) is a consistency requirement for the MLE ^̄

which means that if the sample size is large, all the µi 's are be estimated with
a given precision. The condition holds, if kB 1=2

n ( ^̄ ¡ ¯ 0)k2 = Op(p3 logp) [vide
Condition (A3)]. For the special caseof Dempster models, MLE satis¯es (2.33) in
view of Haberman's [7] results. The condition (2.31) meansthat the estimator ^̄

has the e±cient in°uence function.

3. Pro of of the lemmas

Throughout this section, we set ' (t) = Ã(g(t)).

Proof of Lemma 2.1. The proofs of (a) and (b) are almost identical and so we
prove part (a) only. Let kuk · Cp(log p)1=2 whereC > 0 is a given constant. Then
by Taylor's expansion,it follows that

(3.1) logZn (u) = uT ¢ n ¡
1
2

kuk2 + R1n (u) + R2n (u);

where

(3.2) R1n (u) =
1
2

nX

i =1

[x i ¡ Ã0(g(zT
i ¯ 0))]g00(zT

i ¯ 0)(zT
i B ¡ 1=2

n u)2;

(3.3) R2n (u) =
1
6

nX

i =1

[x i g000(zT
i ¯ ¤) ¡ ' 000(zT

i ¯ ¤)](zT
i B ¡ 1=2

n u)3;

and ¯ ¤ is an intermediate point. Thus, using boundednessof the parameter space
(see(2.6)),

jR2n (u)j(3.4)

· B p(log p)1=2´ ¤
n [ sup

j t j· K
(jg000(t)j + j' 000(t)j)][ inf

j t j· K
(Ã00(g(t))( g0(t))2)]¡ 1

£
nX

i =1

(jx i j + 1)Ã00(g(zT
i ¯ 0))( g0(zT

i ¯ 0))2(zT
i B ¡ 1=2

n u)2

= B p(log p)1=2´ ¤
n

nX

i =1

Ewi Ã00(g(zT
i ¯ 0))( g0(zT

i ¯ 0))2(zT
i B ¡ 1=2

n u)2

+ B p(log p)1=2´ ¤
n

nX

i =1

(wi ¡ Ewi )Ã00(g(zT
i ¯ 0))( g0(zT

i ¯ 0))2(uT B ¡ 1=2
n zi )2;

here wi is a short hand for (jx i j + 1).
Sincethe parameter spaceis bounded, the sequencemax1· i · n Ewi is alsoboun-

ded implying the ¯rst term on the RHS of (3.4) is at most B p(log p)1=2´ ¤
n kuk2. We

claim that given any ´ > 0, there exists a constant B > 0 such that probabilit y of
the following event is greater than 1 ¡ ´ : For all u 2 Rp,

(3.5)

¯
¯
¯
¯
¯

nX

i =1

(wi ¡ Ewi )Ã00(g(zT
i ¯ 0))( g0(zT

i ¯ 0))2(uT B ¡ 1=2
n zi )2

¯
¯
¯
¯
¯

· B p1=2´ ¤
n kuk2:

11



To prove that (3.5) holds with large probabilit y, it is enough to look at the unit
vectors. Let e1; : : : ; ep stand for the standard basis in Rp. From Cauchy-Schwarz
inequality it follows that for any unit vector u,

¯
¯
¯
¯
¯

nX

i =1

(wi ¡ Ewi )Ã00(g(zT
i ¯ 0))( g0(zT

i ¯ 0))2(zT
i B ¡ 1=2

n u)2

¯
¯
¯
¯
¯

2

(3.6)

·
pX

j =1

pX

k=1

Ã
nX

i =1

(wi ¡ Ewi )Ã00(g(zT
i ¯ 0))( g0(zT

i ¯ 0)

! 2

£ (zT
i B ¡ 1=2

n ej )(zT
i B ¡ 1=2

n ek ))2:

The proof of the above claim now follows from Chebyshev's inequality and some
algebraicmanipulations. This provesthat with high probabilit y, simultaneously for
kuk · Cp(log p)1=2´ ¤

n , we have R2n (u) · B p(log p)1=2´ ¤
n (1 + p1=2´ ¤

n )kuk2:
>From similar arguments, we can show that with high probabilit y, simultane-

ously for kuk · C(p logp)1=2´ ¤
n , we have R1n (u) · B p1=2´ ¤

n kuk2: This completes
the proof of the ¯rst part of (a). The secondpart is a trivial consequenceof the
¯rst one.

Proof of Lemma 2.2. Fix C > 0 and consider the set E = f u : kuk ·
C(p logp)1=2g. Thus for large n, with probabilit y close to unit y, we have simul-
taneously for all u 2 E ,

jZn (u) ¡ ~Zn (u)j · B ¸ ¤
n kuk2 ~Zn (u) exp[¸ ¤

n kuk2];

where ¸ ¤
n is as de¯ned in Lemma 2.1. Thus

Z

E
jZn (u) ¡ ~Zn (u)jdu(3.7)

· B ¸ ¤
n

Z

E
kuk2 exp[uT ¢ n ¡ (1 ¡ 2¸ ¤

n )kuk2=2]du

· B ¸ ¤
n (1 ¡ 2¸ ¤

n )¡ (1+ p=2) exp[k¢ n k2(1 ¡ 2¸ ¤
n )¡ 1=2]

£
Z

ku + (1 ¡ 2¸ ¤
n )¡ 1=2¢ n k2 exp[¡k uk2=2]du

· 2B ¸ ¤
n (1 ¡ 2¸ ¤

n )¡ (1+ p=2) exp[k¢ n k2(1 ¡ 2¸ ¤
n )¡ 1=2]

£ (p + (1 ¡ 2¸ ¤
n )¡ 1k¢ n k2)(2¼)p=2:

The result now follows from the facts that
R ~Zn (u)du = exp[k¢ n k2=2](2¼)p=2,

k¢ n k2 = Op(p) and p¸ ¤
n ! 0.

Proof of Lemma 2.3. Since any exponential family satis¯es the condition of
di®erentiabilit y in quadratic mean at any µ0, so as µ ! µ0,

(3.8)
Z ¯

¯
¯
¯f

1=2(x; µ) ¡ f 1=2(x; µ0) ¡ (µ ¡ µ0)
@
@µ

f 1=2(x; µ0)

¯
¯
¯
¯

2

º (dx) = o(jµ ¡ µ0j2):
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Thus if zT
i B ¡ 1=2

n u is su±ciently small,
Z ¯

¯
¯f 1=2(x; g(zT

i ¯ 0 + zT
i B ¡ 1=2

n u)) ¡ f 1=2(x; g(zT
i ¯ 0))(3.9)

¡ zT
i B ¡ 1=2

n u
µ

@
@µ

f 1=2(x; g(zT
i ¯ 0))g0(zT

i ¯ 0)
¶ ¯

¯
¯
¯

2

º (dx)

= o((g(zT
i ¯ 0 + zT

i B ¡ 1=2
n u) ¡ g(zT

i ¯ 0))2) = o((zT
i B ¡ 1=2

n u)2):

Let H i (u; ¯ ¤) stand for the Hellinger distancebetweenthe densitiesf (x i ; zT
i ¯ ¤+

zT
i B ¡ 1=2

n u) and f (x i ; zT
i ¯ ¤), i.e.,

(3.10) H 2
i (u; ¯ ¤) =

Z
jf 1=2(x i ; zT

i ¯ ¤ + zT
i B ¡ 1=2

n u) ¡ f 1=2(x i ; zT
i ¯ ¤)j2º (dxi ):

Relation (3.9) yield that there exist constants " 0 and B0 such that

(3.11)
"0(zT

i B ¡ 1=2
n u)2

1 + (zT
i B ¡ 1=2

n u)2
· H 2

i (u; ¯ ¤) · B0(zT
i B ¡ 1=2

n u)2;

herewe have usedconvexity of Ã(¢) and boundednessof the parameter spaceof µi 's
to concludethat

inf
j t j>"

Z
jf 1=2(x; µ + t) ¡ f 1=2(x; µ)j2dz > 0; " > 0:

Sinceby (2.6), zT
i ¯ 's are uniformly bounded, the denominator on the left hand side

of (3.11) is bounded above. The rest of the argument is standard, seeIbragimov
and Has'minskii [8] (p. 53{54).

Proof of Lemma 2.4. The proof is almost identical with that of Lemma I.5.1 of
Ibragimov and Has'minskii [8] and henceis omitted.

Proof of Lemma 2.5. Except for the fact that the dimension p cannot be ab-
sorbed into the constants, the proof goesalongthe linesof LemmaI.5.2 of Ibragimov
and Has'minskii [8]. A formal proof may be found in Ghosal [6] (Lemma 2.5).

Proof of Lemma 2.6. Fix C2; c > 0. Note that by (2.15) and the fact that
k¢ n k = Op(p1=2), we have with high probabilit y,

Z

C1 (p log p)1= 2 ·k u k· C2 p(log p)1= 2
Zn (u)du(3.12)

·
Z

C1 (p log p)1= 2 ·k u k· C2 p(log p)1= 2
exp[uT ¢ n ¡ kuk2(1 ¡ 2¸ n )=2]

·
Z

C1 (p log p)1= 2 =2·k u k· C2 p(log p)1= 2
exp[¡k uk2(1 ¡ 2¸ n )=2]

· (2C2p(log p)1=2)p exp[¡
1
16

C2
1 plogp]:
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The result now follows if we chooseC1 su±ciently large.

Proof of Lemma 2.7. As k¢ n k = Op(p1=2), the result is a consequenceof the
large deviation estimatesassociated with the chi-square distribution, seeBahadur
[1].

4. Applications and illustration by a sim ulation study

The asymptotic normalit y of the posterior distribution of ¯ may be usedto test
approximately whether a particular component of the parameter is zero. Note that
the j th component ¯ j of ¯ is zeroif and only if there is no e®ectof the j th covariate.
Needfor such testing arisesin the context of model selection,testing whether there
is a variation betweendi®erent groups, testing the relative e®ectivenessof onedrug
over its competitor (when many other factors are also present) and so on. By
Theorem 2.2, the posterior distribution of ¯ is approximately Np( ^̄ ; B̂ ¡ 1

n ), where
B̂ n =

P n
i =1 Ã00(zT

i
^̄ )zi zT

i and ^̄ is a good estimate like the MLE. Marginalizing to
the j th component, we obtain that the posterior distribution of ¯ j is approximately
N ( ^̄

j ; ¾j j ), where((¾j j )) = B̂ ¡ 1
n . Hencethe approximate regionof Highest Posterior

Density of having posterior probabilit y content about (1 ¡ ®) is the interval ( ^̄
j ¡

¿®=2

p
¾j j ; ^̄

j + ¿®=2

p
¾j j ), where¿® is the (1¡ ®)th quantile of the standard normal

variable. Thus the hypothesis¯ j = 0 may be acceptedif this interval contains zero
and rejected otherwise. The procedureis essentially a frequentist test. Our results
give its asymptotic Bayesianjusti¯cation even when the number of regressorsgrows
to in¯nit y.

Sometimesthe inference on the more direct parameters µi 's are of more im-
portance. The normal approximation to the posterior distribution of ¯ readily
producesan approximation to the posterior distribution of any particular µi , which
can be usedto make inferenceon µi . In fact, the posterior distribution of g¡ 1(µi ) is
approximately N (zT

i
^̄ ; zT

i B̂ ¡ 1
n zi ). By an application of the delta-method, the pos-

terior distribution of µi can also be approximated by N (g(zT
i

^̄ ); (g0(zT
i B̂ ¡ 1

n zi ))2).

Below, we investigate the numerical accuracy of the normal approximation to
the posterior distributions by means of a simulation study. Although many real
data of considerableimportance are available in the literature (see,McCullagh and
Nelder [11] and Fahrmeir and Tutz [4]), we prefer to work with simulated data to
avoid the e®ectof any possible model misspeci¯cation. We consider the Poisson

regressionmodel: x i
ind» Poisson(' i ), µi = log ' i =

P p
j =1 zij ¯ j , i = 1; : : : ; n; here

the zij 's are the covariates and ¯ = (¯ 1; : : : ; ¯ p) is unknown. Note that when
parametrized in terms µ, the exponential family is standard. We generatethe zij 's
from N (0; 1) but ¯x their values once these are obtained. Choosing ¯ 0 (the true
value of ¯ ) as the vector having the ¯rst 5 components equal to 1 and the rest
equal to 0, we then generatethe x i 's from the above model. We take n = 100 and
comparethe exact and approximate posterior for p = 5, 10 and 20.

To ¯nd out the normal approximation, we ¯rst compute the MLE of ¯ by
Newton-Raphsonmethod starting with the initial estimate which is the least square
solution of the system log(1 + x i ) =

P p
j =1 zij ¯ j , i = 1; : : : ; n. The motivation this
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Table 1: Posterior characteristics of ¯ 1

dim. post. post. MLE post. SD of normal
mean median SD approximation

p = 5 0.9822 0.9848 0.9817 0.0396 0.0468
p = 10 0.9546 0.9555 0.9493 0.0589 0.0581
p = 20 0.9894 0.9868 1.0188 0.0728 0.0712

Table 2: Posterior characteristics of µ1

dim. post. post. MLE post. SD of normal
mean median SD approximation

p = 5 ¡ 1:4143 ¡ 1:4091 ¡ 1:4142 0.0859 0.0979
p = 10 ¡ 1:2551 ¡ 1:2483 ¡ 1:2294 0.1529 0.1595
p = 20 ¡ 1:1604 ¡ 1:1675 ¡ 1:2057 0.1836 0.1879

estimate is as follows: We expect a reasonableestimate of ¯ if we replace' i by an
estimate solelybasedon x i , in the exact relation log ' i =

P p
j =1 zij ¯ j . The estimate

(1 + x i ) is the Bayesestimate of ' i basedon the improper uniform prior on ' i and
data x i . The obvious estimate x i cannot be usedhere since it may vanish.

To compute the exact posterior, we have to rely on Markov chain Monte-Carlo
methods becausenumerical integration is inapplicable in high dimension. Since
¯nding the constants of normalization is the main di±cult y, we ¯nd that the
Metropolis algorithm (see Tanner [13], page 176) is particularly suitable for our
purpose. The transition probabilit y function is taken as the (centered) multiv ari-
ate normal density with dispersion matrix equal to the inverseof the information
matrix at the MLE. Starting with a randomly selectedvalue, we run the chain and
collect 100 valuesof ¯ with a lag of 100, after discarding the ¯rst 5000outcomes.
The whole procedureis repeated 10 times independently to get 1000samplesfrom
the posterior distribution of ¯ . Finally, the posterior density is obtained by the
kernel method of density estimation.

For the purpose of illustration, we display various posterior characteristics of
¯ 1 and µ1 (which produced the observation x1 = 0) in Table 1 and 2 respectively.
For p = 5 and p = 10, we plot the exact and approximate posterior densities of
¯ 1 in Figures 1 and 2 respectively. We thus observe that, as expected, the normal
approximation to the posterior density of ¯ 1 is prett y accurate for p = 5 while the
quality of the approximation deteriorates as p increases.A similar phenomenonis
observed for the posterior density of µ1 also, which is not shown here to save space.
Nevertheless,even with p = 20, the approximation is still moderately accurate.
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