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We consider generalized linear models and study the asymptotic properties of the
posterior distribution where the dimension of the parameter is allowed to grow to innit y
with the sample size. Under certain growth restrictions on the dimension, we show that
the posterior distribution is consistert and admits a normal approximation. This result
can be usedto construct procedureswith asymptotic Bayesian validit y.
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1. Intro duction

In many situations that arise in practice, we encourter independen outcomes
X1;:::;Xy of a variable of interest where the data (possibly after a suitable trans-
formatlon) comesfrom an m-dimensional (standard) exponertial family, i.e., X; has
a density (with respect to a ¥ nite measureon R™)

(1.1) f(xism) = explx! i i AW, 1= Lo

(1.2) Wi = zip q+ ¢C¢+ zip_p; =10

Haberman [7] terms the above a Dempster model. One constructs estimates of
Hi's through the estimatesof ;'s. Thus the estimate of ; \b orrows strength”
from all the obsenations, a situation similar to small area estimation. Logistic
regressionmodel for binomial probability, Poissonregressionmodel and normal re-
gressionmodel with homoscedasticerrors are simple examplesof Dempster models.
Dempster models are, however, special casesof GeneralizedLinear Models (GLMs)
intro duced by Nelder and Wedderburn [12] which are de ned by the relation

(1.3) Mi = g(zin o+ 60C+ zp ) 0= L

where the link function g: R™ ! R™ is a one-to-one, cortinuously di®ereriable
function with a non-zero Jacobian everywhere (i.e., a di®eomorphism). Dempster



models are thus GLMs with the canonical link and enjoy the property of having

[11], page 32. Among the familiar examplessatisfying (1.3) are probit regression
model and overdispersedmodels, seeMcCullagh and Nelder [11] and Fahrmeir and
Tutz [4] for description of these models and further examples.

When a Bayesiananalysisis intended, onelooks at the posterior distribution. It
is therefore important to know whether the minimal requirement of posterior con-
sistency holds or not. Further, the posterior distribution is often very complicated
and it is desirableto have simpler approximations. The aim of the presen paper is
to establish consistencyand a normal approximation of the posterior distribution
in GLMs, where it is also allowed that the dimensionp = p, increasesto in nit y
with the samplesize.

When p remains xed, theseresults are relatively easyto derive from the general
results obtained in Ghosal et al. [6] (Proposition 1, Theorem 1 and Example 1).
Normal approximation to the posterior distribution, usually called the Bernstein-
von Mises theorem, is well known in somesimpler situations and there have been
a number of cortributors in this area. To name a few, we cite Le Cam [10], Bickel
and Yahav [2] and Johnson[9]. Evenif oneis reluctant to useasymptotic approxi-
mations if the samplesizeis not very large, the normal approximation may be used
for other purposessud asthe approximating density in importance sampling from
the posterior, see,e.q., Tanner [13] (page 117). Finally, sincea rst order approx-
imation is always free from the particular choice of the prior, it may be thought
of asa sort of \non-informativ e posterior* which may be appealing to an objective
Bayesian,or even a frequertist.

>Hom practical considerations, it is desirable to have limit theoremswhen p
is relatively large, i.e., p! 1 asn ! 1, subject to somegrowth restrictions.
The reasonis twofold. Since a data analyst usually usesa relatively more com-
plicated model (i.e., with a higher dimension) if the sample size is larger, on one
hand, limit theoremswith dimension tending to in nit y justify the use of various
asymptotic approximations. On the other hand, for a given model, such results
give an idea about the sample sizerequired for the safeapplications of asymptotic
theory. Howeer, the situation where the dimensiontends to in nit y is technically
much more involved and a very careful consideration of the various error terms is
necessary The frequertist version of this problem, viz., consistencyand asymp-
totic normality of the maximum likelihood estimate (MLE) in Dempster models
was solved by Haberman [7] as a special caseof the treatment of his more general
exponertial responsemodels. Haberman [7] obtained his results essetially under
the growth conditions p®=n! 0 (the condition p?=n! 0 suxces for consistency).
To the best of our knowledge, similar results for GLMs are not available in the
literature. In this paper, we show that the posterior distribution in GLMs admits
a normal approximation, even if the dimensionp ! 1 . It is worth mentioning
here that the posterior distribution in a GLM is extremely complicated and can
only be computed with the help of highly computationally intensive Markov chain
Monte-Carlo methods. This is becauseof the lack of existenceof a conjugate prior
and the inapplicabilit y of numerical integration in dimensionhigher than 2. On the
other hand, the normal approximation to the posterior distribution of — is easyto



compute and also readily yields an approximation to the posterior distribution of
a Hi, which is sometimesof more direct interest. We assumea little more stringent
growth restrictions (p*logp)=n! 0on pthan that assumedn the frequertist coun-
terpart. Although the growth conditions required hereis stronger, in our view it is
not totally unexpected. The main reasonis the presenceof a vast tail region which
substartially cortribute to the posterior probabilities although the likelihood may
be very small in that region. Moreover, we prove our results in terms of a strong
distance measure, viz., the L!-distance and consider the ertire parameter simul-
taneously while the frequertist cournterpart concernsweak corvergenceof linear
functionals of the MLE. It will, howewver, be of considerableinterest if asymptotic
normality of the posterior distribution of linear functionals can be establishedunder
weaker growth conditions.

Asymptotic normality of posterior distributions with a growing number of pa-
rameters has not beenestablishedbeforein the literature exceptin the recert work
of the author (Ghosal [5]), where similar results have beenproved for linear models.
The two problemsare, however, largely non-overlapping with the normal regression
model being the only common example.

In our results, we restrict ourselvesto univariate GLMs, i.e., m = 1. The gen-
eral caseis notationally much more complicated while the univariate casealready
includes many models usedin practice. However, we believe that the treatment of
the multiv ariate casem > 1is essetially the same. We shall switch to the non-bold
scalar notations and write X1;:::;Xn, H1;::i5 e, 1;:0:; p €tc. Moreover, we set
Zi = (zi1;:1:2Zp) T, U= (Wit be)T @and — = (Tq5000; 7). We shall also make
another simpli cation. Although we are in a situation involving a triangular array,
the extra suxx denoting the stagewill often be suppressed.

The organization of the paper is asfollows. In Section2, we state and prove our
main result (Theorem 2.1) on the asymptotic normality of the posterior distribution.
The proof is somewhatlengthy and for the sake of a better preseration, we split
it into sewral auxiliary lemmas. Proofs of the lemmas are given in Section 3.
Consistency and other related questions are answered from simple corollaries to
the main theorem and its lemmas. In Section 4, we discussapplications of the
results and ched the numerical accuracy of the approximations by means of a
simulation study.

2. Setup and main results

Let x1;:::; Xy beindependert obsenations with x; having a density f; (¢ (with
respect to a ¥+ nite measure®) de ned by
(2.1) fi(xi) = f(xi;1) = explxip i AW, 0= L
where; = g(z{ ~) and g(9 is the link function. For a given prior ¥{9, the posterior
distribution of — given the obsenations xi;:::;Xn is de ned by
(2.2) " "

— - ¥ T— - X T— A T—
VaC )l Y0)  faig(z ) =Y )exp  fxig(zy )i Ald(zi )9
i=1 i=1

We "x a (sequenceof) parameter point(s) ~ , and will agreeto the convertion



of dropping ~ in the probability statemerts. We transform the parameter ~ to
u=Ba(Ti o) whereBn= ", ARg(@lo)(d¥z o)2ziz] and BiC is its
positive de nite squareroot. Then the likelihood ratio, asa function of u, is given
by

X T— Tpi l=2 T—
(2.3)Zn(u) = exp fxi(9(zi o+ 2z By U)i 9z o)

i=1 .

i
i A9z "o+ 2] B PU)) i A(g(z] NDIg s U2BRE(Eni o)

WesetZ,(u) = 0ifu 628%22(5,1 i o). The posterior distribution of u is then
given by
Yo+ BhTPU)Zn (u)

2. Y3 (u) = R _ :
@4 w(w) V(o + Bh W) Za(W)dw

The following is the main result of this paper.

Theorem 2.1. Under Conditions (AO){(A3) descriled below,
z

(2.5) Wa) i Ay(us¢ q;lp)jdu! o O;

Py AO(q(7T o,T— i 1=2 A
where ¢ , = 2, (Xi i AN9(z{ o)) 9Xzi ¢)Bn "z, Ay(4*;8) standsfor the
density of Np(* ;8) and I, is the identity matrix of order p.

To prove Theorem 2.1, we shall assumethat the following regularity conditions
(A0){(A3) hold.

(AO) The link function g(¢ is a one-to-one thrice cortiqyously di®ereriable
function on R. The matrix A, de ned by the relation A, = i":l Zi ziT is positive
de nite.

(A1) As n varies, maxy. i. n jloij remains bounded, where L stand for z[ ~,
the ith componert of the true value of 1.

This would seemto be a reasonablehypothesisparticularly if the data is cleaned
from extreme outliers.

With the above in mind, we can restrict the parameter spaceaccordingto our
corvenience. The allowable valuesof = are assumedto satisfy

(2.6) max izl Tj - K (say);
Sien

i.e., the sequencemax;. i. n jlij is bounded. We denote the set of all = satisfying
(2:6) by £,. The actual speci cation of K is, however, not necessaryfor calculating
the normal approximation. To a frequertist, our results apply if the prior has
support in £,. To a Bayesian, (2.6) meanssimply a belief in (Al).

Set = maxy. i. n KALzik and 4, = kAL ™2k where AL 12 (respectively,
A ,11:2) is the positive de nite squareroot of Al 1 (respectively, A ) and k ¢k stands
for the Euclidean norm for vectors and operator norm for matrices.



(A2) The prior density ¥{@ of = is proper and satis es
(2.7) Y o) > 8 forsome o> 0
and the condition of Lipschitz cortinuity
(2.8)  jlog¥(")i log¥{ o)j - KnkK i Toki K i “ok- Cp(logp)tTiy:

The Lipschitz constart K,, = K, (C) will be required to satisfy some growth re-
striction to be described in Assumption (A3) below.

The conditions (2.7) and (2.8) described above are satis ed with K,, = M p'™?
in the common situation where the componerts of ~ are a priori independertly

distributed with the jth componert —; following a density % (9, j = 1;:::;p, and
for someM;+ o> Oandforall j = 1;:::;p, % ( oj) > "0 and
(2.9) jlog% ()i 10g%4( o)i- Miji ol Tii oj- %

provided p(log p)*=?+, ! 0.
(A3) The dimensionp can grow to in nit y subject to the following constraints:

(2.10) Kot plogp)*™2! 0 and p*2(ogp)*2,! O
where K, is asde ned in (2.8). Further, the designsatis es

XX
(2.11) tr(An) = z; = O(np):
i=1 j=1

To explain condition (A3), we remark that a condition on the smallnessof "
is an uniform asymptotic negligibility condition while smallnessof +, is a basic
requiremert on the normalizer for any kind of asymptotics. The factors involving
p are redundant in the "xed dimension case, but are crucial for asymptotics in
increasingdimension. The last condition on the trace of A, is a mild requiremert.
When z;'s behave like a random samplefrom a nonsingular distribution on RP, and
K, = O(p*?), the condition (p*logp)=n! 0 is sucient to imply (2.10).

We also assumethat somepower of p grows faster than n, i.e., logp and logn
are of the sameorder. If this fails, then the situation is very closeto the classical
caseof xed dimension. Theorem 2.1is still valid in this casebut a little changein
the proof is required. It can be treated using similar (in fact, simpler) argumerts,
but one hasto usea di®eren break-up of certral and tail regionsin (2.25) below.
For example, the argumerts go through if we split into the regionskuk - n%=* and
kuk > n%=4,

P ~ _ _
Recallour notation B, = |_; A%a(z] ~o))(9%z ~o))?ziz] . By the strict con-
vexity of A(¢), the assumptionon the link function g(¢ [vide (A0)] and boundedness
of zT ~ [vide (AL)], it follows that there are Ko > ko > 0 sud that

(2.12) kOAn " Bn " KOAn,



hereA - B meansthat B j A is nonnegative de nite. If we denote kB i %k by £,

and maxy. i. n kB l:2zik by "7, then it follows from (2.12) that 4, and %, are of

the sameorder. For the samereason”, and " are also of the sameorder. Hence
(213)  Knxplogp)=? 1 0; p*~?(logp)™ 5! Oand tr(B,)= O(np):

Also obsene that E¢ , = 0 and E(¢ ,¢ [) = I, the identity matrix of order p,
where, asin Theorem 2.1, ¢ , = ™ (xi i AXg(Z] o)Az o)Bh ' 7z. As a
consequence&¢ nk = Op(p*=2) by Chebyshev'sinequality.

The proof of Theorem 2.1 is a little lengthy. For the sake of a better presen-
tation, we start with a seriesof technical lemmas; the proofs of the lemmas will
be postponedtill Section3. Lemma 2.1 givesthe local expansionof the likelihood
ratio. Lemma 2.2 will be usedto estimate the contribution of the certral portion
to the L1-distancein (2.5). Contribution of the tail of the actual posterior density
is estimated in Lemma 2.5 using a technique due to Ibragimov and Has'minskii [8]
(Lemma 1.5.2). Lemmas 2.3 and 2.4 are preparatory lemmasfor Lemma 2.5. We
will bound the integral of the actual posterior over an intermediate region with
the aid of Lemma 2.6. Finally, Lemma 2.7 gives the estimates of the tail of the
approximating normal density.

Lemma 2.1. For any C > 0, we havethe following:

(a) With prokability approaching unity, uniformly in kuk - Cp(log p)12,
— 11 1-

(2.14) dogZn(u)i uT¢ i %kuk2 —  nkuk?
and

1
(2.15) logZ,(u) - u'¢ Ekukz(li 2.n);

wher , , = O(p(log p)*=*'7).
(b) With prokability approaching unity, uniformly in kuk - C(plogp)*2,

U _
(2.16) dogZna(u)i u'¢ . %kukz -, "kuk?
and
1
(2.17) logZn(u) - u'¢ ékukz(li 2,0);

where , 7 = O((plogp)*™*" 7).
Let Z,(u) = explu™ ¢ ,, i kuk?=2].

Lemma 2.2. For any C > 0, there exist B®> 0 suchthat for all suzciently
large n, with any pre-assigne large probability

(2.18) Z.(u)du jZn(u)i Zn(u)jdu - B%, 7
kuk- C(plog p)t=2



Lemma 2.3. There exist Bg;"1 > 0 suchthat

(219)  EjZ}?(u1)i ZF2(u2)j? - Bokuii Uk?; uguz 2 BER(E. i o)

and
(2.20) EZ%ZZ(U) - expli "1kuk2]; u?2 B%22(£ i _0):
Lemma 2.4. For any 0< =< 1, we have
vz Y,
(221) P Zn (U)]/‘(_O + B}] 1=2u)du < ]/(_O)ip:4 . 483:2"_',

wherr B is the constant obtained in Lemma 2:3.

Lemma 2.5. For any m , O, there are constants B;; C > 0 suchthat
A5 !
(2.22) E Ya(u)du - Byp' ™M:
kuk>C p(log p)t=2

Lemma 2.6. For any Cy;c> 0, wecan nd By;C; > 0 suchthat with proba-

bility approaching one,
Z
(2.23) Zy(u)du - Boexp[j cplogp]:
Ci(plog p)*=2-k uk- Czp(log p)*=2

Lemma 2.7. For any c> 0, there existsC > 0 suchthat with any pre-assigne

probability,
z

(2.24) Ag(u; ¢ n;1p)du - expli cpl:
kuk>C pl=2

We now prove Theorem 2.1. Now onwards, B will stand for a positive generic
constart which neednot have the samevalue in eat appearance.

Proof of Theorem 2.1. Let C > O and setF = fu : kuk - Cp(log p)**?g. Then
Z

(225) ()i A(ui€ n;lp)jdu
z =

_ Za(WYA o+ BATPW) L U )Zn (W)
= Zn<w>l/<‘ogBin1:2w)dw' Y 0)Zn(w)dw

+ Ya(u)du + Ag(u; ¢ n;1p)du;
FC FC

where Z,, (u) = expu™ ¢ , i kuk?=2].
By applications of Lemmas 2.5 and 2.7 respectively, the last two terms can be
made as small as desiredwith probability arbitrarily closeto unity by choosing C



suzciently large. Now the “rst term on the right hand side (RHS) of (2.25) is at
most_
Z — _ H = —_ i = :

= Za(WW o+ BhTPU)  ZaW) o+ Bhlzu):d

E L Za(W)( o+ BhF2w)dw | Zn (W)Y o)dw
+ Znh (W)¥{ o)dw IZa (U o+ ALYPU) i Za (W)Y g)idu;
F

which is further dominated by
z

(2.26) Ya(u)du + As(u; € n;lp)du
Fc —Fc —
:1/,(_ + BL ) R Z,(u)du
+ 3sup= 01_” i R
F 78 Zn(u)du
“Z ﬂi 1Z
+3  Zy(u)du jZn(u) i Zn(u)jdu:
E
Obserne that
HZ ﬂ] 1Z
(2.27) Z,(u)du JZn(u) i Zn(u)jdu
zF Z
- (2yy P2 Zy(u)du + Ay(u; ¢ n;lp)du
ESF Ec

+ (2% P72 . jZn(u) i Zn(u)jdu;

where E = fu : kuk - Ci(plogp)™g and C; is to be chosenshortly.

Lemma 2.6 implies that the rst term on the RHS of (2.27) is small while, with
the aid of Lemma 2.7, it follows that the secondterm is small with probability
arbitrarily closeto one, provided we chooseC; large enough. Sincep,, ! 0 (see
(2.13)), it follows by Lemma 2.2 that the last term on the RHS of (2.27) also goes
to zeroin probability.

It follows from (2.8) that for adequately large n,

HRER

El/,(_0 + B, 2u)
2.28 sup———————
(2.28) Y e

R R
Since the last term on the RHS of (2.27) goesto zero, . Zn(u)du= Z,(u)du
remains boundedin probability. Hencethe expressionin (2.26) is small with prob-
ability approacing one and the proof is complete. il

0:

The following is a consequencef Lemma 2.5.

Corollary 2.1. If Conditions (AOQ), (Al) and (A2) hold, p(logp)*™"n ! 0
and K %, ! 0, then for any given £ > 0, with probability approaching unity, the
posterior distribution of = concentratesin the +-neighlourhood of — . Further, the
assertion holds almost surely if the observationsy;'s of di®erent stagesshare the
samesamplespace.



Remark 2.1. Arguments similar to those usedin Theorem 2.1 imply the fol-
lowing momert corvergence:
z

(2.29) kukj% (u) i Ap(u; ¢ n;lp)jdu! , 0;

provided (A0), (A1) and (A2) hold and (A3) is strengthenedto

Knt.p>?logp! 0 and p?(logp) ! O
This, in particular, implies that the posterior mean™ of — admits the linearization
(2.30) B2(Ti To)= ¢ n+ 0p():

Thus (2.30), (A3) and Lindeberg's certral limit theorem together imply that for
any unit vectore, €"Bs 2(Ti o) ! o N(0;1).

Theorem 2.1, although important for theoretical reasons,cannot itself be used
for the actual approximation of the posterior (unless one is simulating) since the
approximation involvesthe unknown value ;. We now obtain a variation of it by
plugging-in a good estimate of .

Theorem 2.2. Let™ be an estimate of ~ satisfying

(2.31) Bi2("i o) = ¢+ 0p(1):

Let 9% (v) stand for the posterior density of v = Bﬁzz( i A), where

X
Bo= A7) ")) %ziz]
i=1
Then under (A0){(A3) ,
Z
(2.32) Pa(v) i Ag(v;0;lp)jdv ! 0

If, moreover, ™ is the MLE, then (2.31) holds, provided ™ is consistent in the
sensethat

(2.33) max jzf (" i "ot p 0

Proof. Since L!-distance is an invariant of a change of variable, by Theorem
2.1, we obtain
Z

(2.34) Pa(v)i A(v;i;8)jdv! ,0;

wheret = Br2Bi'™¢ i (Mi o) and § = B 2B Bi2. Thus we have to
show that .

(2.35) Ao(vit;8)i Ag(v;0;lp)jdv ! 0



It suxcesto show that the Kullback-Leibler distance
z [V il
Ap(v;0;1p) ~ &

log ————+ v;0;1,)dv
is 0p(1). The twice Kullback-Leibler distance betweenthesetwo normal densities
is
(2.36) tr(8' 1 1)+ 17811 +logdet§:
First obsene that

(2.37) pmax jzl (" Tt pO:

Indeed, kB (" i “o)k = Op(p'™2) by (2.31) and the fact that k¢ ,k = Op(p=2).
Hence
izZl i o=z BB To)is et
which implies (2.37) in view of Condition (A3).
As in (2.12), it follows that B, , koA,, and soBj* - ki 'A% Below, let
th = maxy. i. njzi (A i " o)i- Using the smoothnessof A(9 and g(9, it follows that
for someconstart a> 0,

(811 1p)j (B i Bn)(Bn)' Y]

. <ogT— C e
max ARz ) (g2 i AR To)(dhZ o) 2 Bz
i=1
X1 .
at, z/Ailzy
i=1
= apty;

which is 0,(1) by (2.37). The secondterm in (2.36) equalskBn >("i ~o)i ¢ nk? =
op(1) by (2.31). Also | O(th)Bn - Bni Bn - O(tn)By, sodet§ = (1+ O(ty))P =
0p(1) by (2.37). This provesthe rst assertion.

It remainsto prove that under (2.33), the MLE satis es (2.31). To that end,

we obsene that the MLE ™ of ~ satises |, (xi i A%z *)a(zf *)BL 'z = 0
Set' (1) = A(g(W). Then by Taylor's expansion,it follows that

xo
(238) ¢, = (xg®Z o) i ' R )BL Pz (M o)
i=1
c 1 R | T B 2 (T (1 o)
2i=1 i i | i n i\4 | 0 ’

e}

here " is an intermediate point. The rest of the proof can be completed using
argumerts similar to those usedin the proof of Lemma 2.1 (seeSection 3). I
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Remark 2.2. Condition (2.33) is a consistency requiremert for the MLE ™
which meansthat if the sample size is large, all the ;'s are be estimated with
a given precision. The condition holds, if kBa (" i ~o)k? = Op(p®logp) [vide
Condition (A3)]. For the special caseof Dempster models, MLE satis es (2.33) in
view of Haberman's [7] results. The condition (2.31) meansthat the estimator ”
hasthe excient in°uence function.

3. Pro of of the lemmas
Throughout this section, we set’ (t) = A(g(t)).
Proof of Lemma 2.1. The proofs of (a) and (b) are almost identical and so we

prove part (a) only. Let kuk - Cp(log p)*=2 whereC > 0 is a given constart. Then
by Taylor's expansion,it follows that

(3.1) logZ,(u)=u'¢ %kuk2+ Rin(U) + Ron (U);
where

X < _ _ L
(3.2) Rin(u) = > xi i AYg(z{ ~o)gNZ " o)(2l B PU)%

i=1

X _ _ .
(3.3) Ran(u)= & g™z %) i ™z Mz B, *u)*

i=1

and ~® is an intermediate point. Thus, using boundednessof the parameter space
(see(2.6)),

(3.4) jRan(u)j
- Bp(logp)' ™" 7[ tS_UFKJ(J'gOO?t)i +] OO?I)J)][]_t}DfK (ARgO) (g1 *
IR

X
£ (xi+ DARYZ o)z o) (! B F?u)?
i=1

X0
= Bplogp)* 25 EwARg(2 ~o)(a%z] 0)2(z B 2u)?
i=1

X
+Bpllogp)*™ 5 (wi i Ew)ANa(z  o))(gXz o) ?(uT B Pz
i=1
herew; is a short hand for (jx;j + 1).

Sincethe parameter spaceis bounded, the sequencamax;. ;. , Ew; is alsoboun-
ded implying the rst term on the RHS of (3.4) is at most B p(log p) 72" Skuk?. We
claim that givenany ~ > 0, there exists a constart B > 0 such that probability of
the following event is greaterthan 1j “: For all u 2 RP,

_)(ﬂ —
(B5) = (wii Ew)ARQ(Z To)(9AZ To)*(uT B Z)*T Bp'TH fkuk®:
i=1

11



To prove that (3.5) holds with large probability, it is enoughto look at the unit

inequality it follows that for any unit vector u,

ﬂsll
ENY

(wi i Ew)ANg(z| ~o)(g%2| o) (2 B *u)?
=1 .
XX AX‘

(3.6)

(wi i Ew )Ao?g(ZiT ) go(ZiT o)

2

j=1 k=1 =1
£ (z/ B} ej)(z] B, ) *:

The proof of the above claim now follows from Chebyshev's inequality and some
algebraicmanipulations. This provesthat with high probability, simultaneously for
kuk - Cp(logp)t=?" 7, we have Ry, (u) - Bp(log p)*=2" 5 (1 + p*=2" )kuk?:

>Fom similar argumerts, we can show that with high probability, simultane-
ously for kuk - C(plogp)'™2" 3, we have R, (u) - Bp'™2" Tkuk?: This completes
the proof of the “rst part of (a). The secondpart is a trivial consequenceof the
st one. 1

Proof of Lemma 2.2. Fix C > 0 and considerthe set E = fu : kuk -
C(plogp)*¥2g. Thus for large n, with probability closeto unity, we have simul-
taneously for all u 2 E,

jZo(u) i Za(u)j- B, Skuk?Z,(u)exp, L kuk?];

where | ; is asde ned in Lemma2.1. Thus
Z
(3.7) jZn(u) i Zn(u)jdu
E z
- B,.  kukPexplu"¢ ,i (1i 2 2)kuk®=2]du
E

n
© BLa(i 20) PP explke o K31 2,7) =2
£ ku+ (1i 2,0) ¥¥2¢ ,k?explik uk®=2]du

©2B,0(10 2,7)" PP explke ok(1i 2,7) =2
£ (p+ (1i 2 70) ke ,k?)(21P=2:

R
The result now follows from the facts that  Z,(u)du = expk¢ ,k?>=2](2)P=2,
k¢ nk? = Op(p) andp,i ! 0.1

Proof of Lemma 2.3. Since any exponertial family satis es the condition of
di®ereriabilit y in quadratic meanat any o, soaspu! o,
z- o >
@8 AECGW i FIEOGH) i (i bo) g f O o)~ °(d) = oljui bol):
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Thusif z' B, *™?u is suxciently small,

Z —
B9  T¥(xoz o+ 2z BLTu) i fE(x0(z] o))
H @ -
i z/Bju @f 220,027 ~o)) 9%z To) — °(dx)
= o((9(zf "o+ Z'Bi2u) i g(z] o)?) = o((z] B, ¥2u)?):

ol

Let H; (u; ™ %) stand for the Hellinger distancebetweenthe densitiesf (x;;z] ~ “+
zZTBL'Pu) and f (xi;z7 ), ie.,
Z

(810) HZ(u;™ %)= jEP(xiszl T+ 2T BLPU) i FRR (x5 20T T)jPO (dx):
Relation (3.9) yield that there exist constarts "o and B such that

"o(z] BAU)®
1+ (27 BL?u)?

(3.11) H2(u;” %) - Bo(zf B, ¥™?u)?%;

here we have usedcorvexity of A(§ and boundednesf the parameter spaceof 's

to concludethat
Z

inf o P0G U+ ) fIP(GWjRdz> 0 > 0
iti>"
Sinceby (2.6), z! ~'s are uniformly bounded,the denominator on the left hand side

of (3.11) is bounded above. The rest of the argumernt is standard, seelbragimov
and Has'minskii [8] (p. 53{54). 1

Proof of Lemma 2.4. The proof is almost identical with that of Lemmal.5.1 of
Ibragimov and Has'minskii [8] and henceis omitted. |

Proof of Lemma 2.5. Except for the fact that the dimension p cannot be ab-
sorbedinto the constarts, the proof goesalongthe lines of Lemmal.5.2 of Ibragimov
and Has'minskii [8]. A formal proof may be found in Ghosal [6] (Lemma 2.5). 1

Proof of Lemma 2.6. Fix Cy;c > 0. Note that by (2.15) and the fact that
k¢ nk = Op(p'?), we have with high probability,
Z
(3.12) Zy(u)du
Cl(plogzp)1=2-k uk- Czp(log p)t=2
explu™¢ i kuk?®(1i 2, 1)=2]
7C1(plog p)t=2k uk- Czp(log p)*=2

explik uk*(1i 2, n)=2]
Ci(plog p)1=2=2:k uk- Czp(log p)*=2

] 1
(2C2p(log p)*2)P expli 1—6Cfp log pl:
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The result now follows if we chooseC; suxciently large. I

Proof of Lemma 2.7. As k¢ 1k = Op(p'=2), the result is a consequenceof the
large deviation estimatesassaiated with the chi-square distribution, seeBahadur
(1. 1

4. Applications and illustration by a simulation study

The asymptotic normality of the posterior distribution of — may be usedto test
approximately whether a particular componert of the parameter is zero. Note that
the jth componert ~; of  is zeroif and only if there is no e®ectof the j th covariate.
Needfor sud testing arisesin the context of model selection,testing whether there
is a variation betweendi®erert groups,testing the relative e®ectivenessof onedrug
over its competitor (when many other factors are also presert) and so on. By
Theorgm 2.2, the posterior distribution of — is approximately Np(A; Bg b, where
B,= |, A%z ™)ziz] and ™ is a good estimate like the MLE. Marginalizing to
the j th componert, we obtain that the posterior distribution of ; is approximately
N (%j;9%1), where((341)) = Bi,1. Hencethe approximate region of Highest Posterior
Denﬁlty of havmg pbostenor probability cortent about (1i ®) is the interval (™ i

W7+ e W), Where¢® isthe (1 ®)th quantile of the standard normal
vanable. Th us the hypothesis ; = 0 may be acceptedif this interval cortains zero
and rejected otherwise. The procedureis essetially a frequertist test. Our results
give its asymptotic Bayesianjusti cation evenwhenthe number of regressorgrows
to in nit y.

Sometimesthe inference on the more direct parameters |'s are of more im-
portance. The normal approximation to the posterior distribution of — readily
producesan approximation to the posterior distribution of any particular 1, which
can be usedto make inferenceon . In fact, the posterior distribution of g (1) is
approximately N (z7 ;2T Bi,1z). By an application of the delta-method, the pos-
terior distribution of p; can also be approximated by N (g(z] ™); (g%z] Bi, 1z))?).

Below, we investigate the numerical accuracy of the normal approximation to
the posterior distributions by meansof a simulation study. Although many real
data of considerableimportance are available in the literature (see,McCullagh and
Nelder [11] and Fahrmeir and Tutz [4]), we prefer to work with simulated data to
avoid the e®ectof any possible model misspeci cauBn We consider the Poisson

regressionmodel: Xx; ind Poissor(’ ) W =log'i = -p_l zj j,i=1:::;n; here
the z; 's are the covariates and il p)is unknown Note that when
parametrized in terms |, the exponertlal family is standard. We generatethe z; 's
from N (0; 1) but x their values oncethese are obtained. Choosing  (the true
value of 7) as the vector having the rst 5 componerts equal to 1 and the rest
equalto 0, we then generatethe x;'s from the above model. We take n = 100 and
comparethe exact and approximate posterior for p= 5, 10 and 20.

To nd out the normal approximation, we rst compute the MLE of = by
Newton-Raphsonmethod starting WitB the initial estimate which is the leastsquare
solution of the systemlog(1l + x;) = jp:l zj j, 1= 1;:::;n. The motivation this

14



Table 1: Posterior characteristics of ~;

dim. post. post. MLE post. | SD of normal
mean | median SD approximation

p=5 | 0.9822| 0.9848 | 0.9817| 0.0396 0.0468
p= 10| 0.9546| 0.9555 | 0.9493| 0.0589 0.0581
p= 20| 0.9894| 0.9868 | 1.0188| 0.0728 0.0712
Table 2: Posterior characteristics of Ly
dim. post. post. MLE post. | SD of normal
mean median SD approximation
p=5 | 14143 | 14091 | j 1:4142 | 0.0859 0.0979
p= 10| j 1:2551 | j 1:2483| j 1:2294 | 0.1529 0.1595
p= 20| 1:1604| j 1:1675| j 1:2057 | 0.1836 0.1879

estimate is asfollows: We expect a reasonableestimate olt,_ if wereplace' ; by an
estimate solely basedon x;, in the exactrelation log' | = J-p:l zj j. The estimate
(1+ x;) is the Bayesestimate of ' ; basedon the improper uniform prior on"' ; and
data x;. The obvious estimate x; cannot be usedhere sinceit may vanish.

To compute the exact posterior, we have to rely on Markov chain Monte-Carlo
methods becausenumerical integration is inapplicable in high dimension. Since
“nding the constarts of normalization is the main ditcult y, we nd that the
Metropolis algorithm (see Tanner [13], page 176) is particularly suitable for our
purpose. The transition probability function is taken as the (centered) multiv ari-
ate normal density with dispersion matrix equal to the inverse of the information
matrix at the MLE. Starting with a randomly selectedvalue, we run the chain and
collect 100 valuesof = with a lag of 100, after discarding the “rst 5000 outcomes.
The whole procedureis repeated 10 times independertly to get 1000 samplesfrom
the posterior distribution of ~. Finally, the posterior density is obtained by the
kernel method of density estimation.

For the purpose of illustration, we display various posterior characteristics of
1 and i (which produced the obsenation x; = 0) in Table 1 and 2 respectively.
For p= 5 and p = 10, we plot the exact and approximate posterior densities of
~ in Figures 1 and 2 respectively. We thus obsene that, as expected, the normal
approximation to the posterior density of ; is pretty accurate for p = 5 while the
quality of the approximation deteriorates as p increases.A similar phenomenonis
obsened for the posterior density of | also, which is not shavn hereto save space.
Nevertheless,even with p = 20, the approximation is still moderately accurate.
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