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SUMMARY

For a stationary time series,Whittle constructed a likelihood for the spectral density
basedon the approximate independenceof the discreteFourier transforms of the data at
certain frequencies.Whittle’s likelihood has beenwidely usedin the literature for con-
structing estimators.In this paper, we show that, for a Gaussiantime series,the Whittle
measureis mutually contiguouswith the actual distribution of the data. As a consequence,
most asymptotic properties of estimators and test statistics derived under the Whittle
measurecan be carried over to the actual distribution.

Somekey words Consistency;Contiguity; Discrete Fourier transform; Periodogram; Spectraldensity; Whittle
likelihood.

1. INTRODUCTION

Let X= (X.,..., X) bethe vector of n observationsfrom a zero-meanstationary time
serieswith autocovariance function y(.) and the spectral density f. Whittle (1957,1962)
observedthat the discrete Fourier transform of the data at certain selectedfrequencies
can be approximated by uncorrelated zero-mean Gaussian random variables whose
variancesare easilyexpressiblan terms of the spectraldensity,and hencean approximate
likelihood can be written down. Let

C 0= ()3t " x &St Gr< i ) (1)

t=1
be the discreteFourier transform of the data at frequency/ and let J (1)=| { (1)|2be the
periodogram. Then, for a xed A that is different from 0 or =, J (1) has a limiting
exponential distribution with meanf (1); seeTheorem 10.3.20f Brockwell & Davis (1991).
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Moreover, ((.) evaluated at two different frequencies,that are at least 2z/n apart, are
asymptotically independent.To be more speci ¢, let

Fn: {),J.= 2nj/n: S 1< /lj 7} (2)
be the ‘Fourier frequencies’lf Wﬁ:éz [y(h)]h[*< 2 and E(Xfl)< 2 ,then

cov{£, (). ()= O (3)

for all A.N ;”I; seeBrockwell & Davis (1991, p. 348). Hence,{J (4.): 1.> 0} are approxi-
mately ihdependentexponential random variableswith means trt),.]), ahd an approximate

likelihood of f may be written as J

2 (fX)= exp[é t”/2{|og AT ()“')H (4)
" S )
Here and below tys denotes the greatestinteger lessthan or equal to y. Negative
frequenciesare not included because( (S /) is the complex conjugate of { (1) and thus
IGN=30). : :

"The Whiltle likelihood is useful becauseit involves f directly, in contrast to the exact
likelihood, which involves f indirectly through the autocovariances.Taniguchi (1987) and
Taniguchi & Kakizawa (2000) provided results and referenceson higher-order efficiency
of maximum likelihood estimators using (4) in autoregressivemoving average models.
Similar results for long memory time serieswere establishedby Fox & Tagqu (1986),
Dahlhaus (1989) and Giraitis & Surgailis (1990) in parametric models and by Robinson
(1994, 1995 in semiparametric models. In a nonparametric set-up, Whittle likelihood
has also been usedfor automatic spline smoothing of the periodogram (Wahba, 1980),
sieve maximum likelihood estimation (Chow & Grenander, 1985), penalised maximum
likelihood estimation (Pawitan & O’Sullivan, 1994), polynomial spline tting (Kooperberg
et al., 1995), local-likelihood-based estimation (Fan & Kreutzberger, 1998) and Bayesian
estimation of the spectral density (Carter & Kohn, 1997; Gangopadhyay et al., 1999),
which is also discussedoy N. Choudhuri, S.Ghosal and A. Roy in the unpublishedreport
‘Bayesianestimation of the spectral density of a time series’.

Although one can usethis simpler product likelihood for estimation, the properties of
suchestimatorsmust be studied under the true distribution of the data. Unlessa statistic
has a fairly closedform, the study of its asymptotic properties is usually difficult. The
product nature of the Whittle likelihood makesit relatively easyto study the asymptotic
properties of a statistic under the distribution governing the Whittle likelihood, to be
called the Whittle measurein the following. The goal of this paper is to show that the
actual joint distribution of {J n(/1.):j: 1, ... ,tn/2s} for a Gaussiantime seriesis mutually
contiguous with the corresponclingWhittIe measureand thus asymptotic resultsobtained
under the Whittle measurecan be translated into those under the true distribution of
the data.

The O(nS1) rate of the covariancesin equation (3) may lead one to concludethat the
distribution of the triangular series{{ (1.): 4.1 Fn} would be closeto that of a vector of
independent Gaussian random variabled with increasing n. However, this is not always
the case asillustrated by the following example.

Examplel. Let T = (T PR 'I;] ')]have distribution N(O, S ) and let Sn: S, ... Sn')f
have distribution I\rP(O, Ib, where I’n is the identity matrix of dimensionn, thé diagona
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elementsof S_areall oneand the off-diagonal elementsareall S (nS 1)S1 Clearly (S S )
convergesunﬂormly to the zero matrix at rate nS1 However, the distributions of T _and
Snare quite differentfor eachn; thasa full support on the entire Rnwhile Tnis con'ned
to the (nS 1)dimensional subspacelt= 0.

Thus, caution must be exercisedwhile comparing the joint distributions of random
vectors where the dimension increasesto in nity along with n. There has been some
investigation of the appropriatenessof the Whittle likelihood asan approximation of the
actual likelihood. Guyon (1982), Kunsch (1981) and Kent & Mohammadzadeh (1999
investigated the closenessof the two measuresin the context of estimating spectra of
Gaussianrandom elds, but the framework wasmostly parametric. Strong approximation
of the data ordinatesby independentrandom variablesthat make up the Whittle likelihood
was consideredin Davis & Mikosch (1999 and Turkman & Walker (1990). However,
theseapproximations say little about whether or not the asymptotic properties under the
Whittle measurecan be translated to those under the actual distribution and this is the
motivation of this work. In 82 we present our main result. Some applications are
consideredin 83 and the proofs are presentedin the Appendix.

2. MAIN RESULT

Forj=1,...,5 1, dener.= exp(i2rj/n) and v.= nS*(r., r2,...,n). For j= 1,... tn/2s,

de ne the cosineand sinevectbrsasc. = (v+ v v.5/ 2andst i(v.§ VrS')/ 2.Also de ne
an n-vector ¢y~ nS*(1,1,...,9, ah nxJn-orrt@ogonaI matrix ! )
Pn= {(CO, CpSpo oo Sfcn/%, Tf n ?s even, (5)
(co, CpSp e €y S‘nlz)’ if nis odd,
and an nx n diagonal matrix
o= {27z diag{ f(0), f(/ll), f(/ll), - ’f()”tnlz)’ f(itnlz)}, if nis odd,
n i ) ) 3 5 P
27 diag{ f (0), f(Al), f(Al), - ,f()h(rsz)/%, f(}'(rSZ)/%’ f(/lnlé}, if nis even.
(6)

Assumethat the time seriesis Gaussian.Then X ~ N(0, Cn), where (C = »(liS j]). Let
P_ _denote the true joint distribution of Z= P X, that is the joint” distribution of
{F&.): Al Fn}, after a rearrangementof the components.ThenP_- = N (0, P C P ), with
dehshy B

(2n)Sn/2et(C r)é% exp{S ZPCP r?élz}, (7)

where det(.) denotesthe determinant of a square matrix. De ne the Whittle measure
P, r%alsthe product measureof independentnormalsthat giveriseto the Whittle likelihood.
Then P, 5 N (O, Dr?,with density

W
(2n)Sn/Adet(D n)é% expS 1z D§1z). (8)

SinceZ is a one-to-onefunction of the data X, P, nand P may also be regardedasthe
exact distribution and the Whittle approximate distributioh of X. If the processhas a
nonzero meanthen the term for the zero frequencyis omitted. However, this makesonly
a minor changeto our result.
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Now we introduce the notion of contiguity for comparing the asymptotic behaviour of
two sequencef probability measuresthat are de ned on spacesthat change with n.
Contiguity playsvital rolesin Le Cam’stheory of efficiencyof estimatorsand convergence
of experiments.

DeriNiTION 1. L @ p_andv_be probability measure®n somemeasurablespace(V Q/rP
. . )
for n 1. We say that ¢_and v_are mutually contiguousif, for every sequenceof sets
A u(A)Oif and only inn(A ) o

We make the following assumptionsabout the time series.
Assumptionl. We require that \/\/rZFOh“|y(h)|< 2 for someo> 1.
Assumptior2. We require that f())N 0 for ip [S 7, .

The following is the main result of this paper, followed by an obvious corollary that is
usedin most applications.

THreorEM 1. L @ {X } beastationay Gaussiartime seriessatisfying Assumptiond and?2.

Then PE’nand PW'nare mutually contiguous.

CoroLLARY 1. Underthe assumption®f the theorem,the actual joint distribution of the
periodogramordinates{J (1.):j= 1, ... ,tn/2s} and the joint distribution of independent
exponentialrandomvariabqeéwith meansf (/lj), forj= 1,...,tn/2s, are mutually contiguous

3. APPLICATIONS

The main usefulnessof our result is that, regardlessof the form of an estimator, if one
can prove consistencyor nd the rate of convergenceunder the Whittle measureP,
then the estimator is also consistentor, respectively,has the samerate of convergence,
under the original GaussianmeasureP_ . For instance,let & be an estimator of 0(f), a
functional of the spectral density f, sugrﬂhat @S o(f)= O (5 under PW where o_is
any sequencetending to zero as n tends to in nity. Suppoget at, for any IOI 2 ,the
PW probability of the event{ll@né o> Mnén} goesto Oasn 2. Thgn, by the
mutual contiguity of P,,, and P_ , the P rProbabllity of{||@n8 o()|> Mnén} also goes
to zero, and hence@é’ve?f): §(3n) ungér P_ . A similar argument holds for posterior
consistency or post(re]rior rate dt convergencein a Bayesian set-up. Also, by similar
arguments,an in-probability asymptotic expansion,such as an Edgeworth expansion of
a statistic or an asymptotic expansionof a posterior distribution asin Johnson (1970),
obtained under the Whittle measuretranslatesinto a valid expansionunder the actual
distribution.

As a speci ¢ exampleof suchapplications of the contiguity result, we presenta simpler
derivation of the asymptotic results for the local-likelihood-based estimator of the log
spectraldensityin Fan & Kreutzberger(1998). The problem canbe written asa regression
model,

Yj: log .Jn()v].): m(/lj)+ Sj (j= 1,...,tn/2s), (9)

wherethe errors ¢. under P, are distributed as the logarithms of independentstandard
exponential randdm variabYe\zlS with density exp(S ex+ X) and m¢)= log f(7). Using the
linear approximation m¢.)j m@)+ m(4)(2.S A)andlocalisingthe Whittle likelihood with

a weight function Kh(.i Fan & Kreutzderger (19998 estimated m(l) by &), where
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(@), §0.)) are obtained by minimising

n/

2[S exp{Yjé a()s b(i)()ujé N+ Yjé a()S b(i)()ujé )L)]Kh()bjé 2) (10)
=1

for each /. In order to derive the properties of the estimator, one needsto considerthe

complicatedjoint distribution of the ¢.’'sunder P_ , However,the asymptotic resultsunder
. : N ) .

P. . are immediate from the results hbout loca polynomial kernel regressionunder the

in\é/é?)endentexponential model of Fan et al. (1995). Then the derivation of the properties

under P nis immediate if we apply our contiguity result.

Our resultis particularly usefulin the context of nonparametric Bayesiananalysiswhere
the posterior is obtained by updating the prior with the Whittle likelihood. The posterior
distribution is analytically intractable, which rendersany direct derivation of its asymptotic
propertiesinfeasible.Consistencyand the ratesof convergenceof the posterior distribution
havebeenwell studiedfor independentand identically distributed observations Extensions
to independent nonidentically distributed observations have been recently addressed
by Amewou-Atisso et al. (2003) and in the unpublished manuscript by N. Choudhuri,
S.Ghosaland A. Roy ‘Bayesiannonparametric binary regression’However, similar results
under dependencere not yet available and appearto be hard to obtain. Choudhuri et al.,
in the unpublishedreport mentionedin 81, proposeda prior basedon Dirichlet mixtures
for the estimation of the spectral density. Under the measureP, ,, , they derived the con-
sistencyof the posterior distribution using an abstract theorem on posterior consistency
for independent,nonidentically distributed observations.Using Theorem 1, they wereable
to show consistencyunder P_ . Indeed, one of the primary motivations of the present
paper was to derive the posterior consistencyof the nonparametric Bayesianprocedure
proposedin the report.

While the approach is elegant, abstract and powerful, one shortcoming is that the
contiguity result appliesonly to a Gaussiantime series.For the non-Gaussiancase,Fay
& Soulier (2001) proved a strong approximation result for independentand identically
distributed observations.It will be of interestto extend the main result of this paper to
generalnon-Gaussianprocesses.

ACKNOWLEDGEMENT

We would like to thank the refereesand the editor for their helpful commentsand
suggestions.

APPENDIX
Proof of Theoreml

To prove Theorem 1, note that contiguity can be equivalently characterisedby Le Cam’s rst
lemma; seeTheorem 1 of Le Cam & Yang (1990, p. 36) and Lemma 6.4 of van der Vaart (1998).
If ©_andv_are mutually absolutely continuous for all n, then mutual contiguity of I and v_is
equivalent to the tightnessof L = log(dn /d“rP’ the log likelihood ratio, under both u_and'v .
SinceP_ and P,,, are mutually absolutely continuous for everyn, it is enoughto show that their

. n n

log I|ke|T:hood ra\{\llo,

Ilog det(C n)é log det(®)}+ 3z (P.CP n?élzé Z D§1Z}, (A1)
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is a tight, or stochastically bounded, sequenceunder both PE and P,,, . This will be done by
showing that the expectationsand the variancesof the log likelhood ratids in (A1) under both
P nand PW are bounded sequences.

EIiet tr(.) denotethe trace of a squarematrix. Then, for a random vector Z~ N(O, S), we have

E(@Z AZ)= tr(AS), var(Z AZ)= 2tr(ASAS). (A2)

Let Q= Z {(PnCnPrPSB D%%}Z .:I'hen, under PE,nZ~ N (O, P[‘C”Pf) and
E(Q)= tr(l nS D%anCnPr?, var(Q)= 2tr{(|nS D§1Pncnpr22}' (A3)

Under PW,hZ~ N(O’DrP and ) ) ) )
E(Q)= tr (PnC§1PnDnS Ir?’ var(Q)= 2tr{(PnC§1PnDnS IrPZ}' (A4)

The theorem follows from the following two lemmasin view of (A1), (A3) and (A4).
LemmA Al. We havethat log det(Cr?é log det(D )= O(1)

Proof. Note that, by Assumption 1, the rst derivative of the spectral density is Lipschitz of
order oS 1> 0; seeEdwards (1982,p. 165). Applying the re nement of the distribution theorem
in 85.50f Grenander & Szego(1984) with the function log, we have

K

on+ 1
log det(C,)$ nTn J log f(;b)d;v‘: o(1)

S
Now the lemmais proved by observing that

n+ 1 (" e n+ 1 (" .
f log f(1)diS log det(Dr): J log f(A)diS log f(4.)
2n Jsn 2 Js, 5 J
S S j“Fn
is bounded as the Riemann sum convergesat the rate nS1 %

Lemma A2. The following sequenceare boundedasn 2 :

(i) tr¢ S DSIP C P ),

i) tr{(1 & Bs1B & B )2,

i) tr(P 518 0 & 1 5!

(iv) tr{(Bn8§1lganS )2

Proof. (i) Note that Dn: P CnPn+ Hn‘ where the entries oﬁ H are uniformly Q(nél) by
Proposition 4.5.2 of Brockwell '&" Davis (1991). Now tr(l S D81P CP )= tr (DS1H ). By
Assumption 2 and the continuity of f, thereexistpositive constantsmand M' slidhthat m? f(o)< M
for S# 1 7 Thus UM< 1/f< 1/m and the elementsof D§1 are bounded by 1/m, so that
(i) follows.

(i) with H _asin (i), the expressionin (ii) is tr (D§1H n)2 mS2tr (HQ. Clearly, the elementsof
H2 are uniformly O(nS1), and so (ii) follows.

iii ) Consider the variance covariancematrix ® of 0B,, . . ., B), where B, is a Gaussiantime
serieswith spectraldensity 1/f. Since f is a continuous nonzero function on the compactinterval
[S #, 7], o is ¥f. Thus, Assumptions 1 and 2 are clearly satis ed for the processwith spectral
density 1/f. Also, de ne the nx n matrix

2n diag ii ql , «l , if nis odd,
o f(0) f(;‘l) f(AtanJ f(Atnlz)
B =
2pdiag{l : ! , ! L T L , = , if nis even.
f(0) f(ﬂvl) f(/ll) W“(réZ)/% f(A(réz)/% f().n/

Then, by Proposition 4.5.20f Brockwell & Davis (1991),
=PBP + I,
n nnn n
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where the elementsof the matrix rEBn are also uniformly O(nS1). Now the expressionin (i ) can be
written as

tr (PnC§1PnH r?: tr (PanPnHr)+ tr{Pn(C§1S Br?PnH n} (A5)
The rst term on the right-hand side of (A5) is
tr (Pn(BnPnH n?: tr (nH rPS tr (I-EBnHrP.

Since UM < 1/f< 1/m, the elementsof B_are bounded. Since the elementsof H _are uniformly
onSy), it follows that tr(BH ) is bounded. Furthermore, since the elements of FEBn are also
uniformly O(nS1), we seethat tr (H Hr? is also bounded.

Now we shall bound the secondtelm on the right-hand side of (A5). For a nx n matrix A
de ne the /2 norm |An| by the equation :

A J= {tr (A A2 ( nn

" g)
=1j=1

and the operator norm ”An” as||An||: sup{ ||Anx||: [IX]|= 1}, wherex is an n-dimensional column
vector. Thesetwo norms are related by ||An|| | Aé n||A || and, for arbitrary square matrices
Anand Bn‘ tr(AnBr? [ An| |Bn| and |Aan| | |An”| nl' Then,ri)y (Al1.1) in Dzhaparidze (1985),

|tr{Pn(C§1S (Br)Pan}l | Pn(Cgls (Br’)Pnl H nl'
Sincethe elementsof H _are uniformly O(nS1), |H n|: O(1). It is therefore enough to show that
|Pn(C§1§ ®)P Jis bounded. From (A1.2) in Dzhaparidze (1985),
|Pn(C§1S (BrPPnIZ [tr{Pn(C§ls (BrPPnPn(C§18 ‘BrPPn}] 2

= [tr{C%lS (B»r,)(C%lS (BrP}]tl c§1s (Bn|

=| C%l(l nS Cn(BrN | |C§1|||Ins Can|. (AB)
Now ||C§1|| is bounded by part (2) of Lemma Al.2 in Dzhaparidze (1985) and |In§ C 8] is the
squareroot of tr{(l né Cn(BrPZ}’ which is bounded by Lemma A1.4 of Dzhaparidze (1@8 . Thus

(iii ) follows.
(iv) The expressionin (iv) can be written as

tr{(P.CS1P D S 1 )P .CS1P D S 1)}
= wr{CS1(P D P)CSLP D PI}S 2tr{CS1P D PI}+ tr ()
r{CSUC+ P H PICSUC+ P H P)}S 2tr{CSUC+ P H PI}+ tr (1)
tr (P CS1P H)+ 2tr(P CS1P H P CS1P H ).
nn n nn nnnn n

The rst term hasbeenshown to be boundedin part (iii ). Now
{tr(P CS1IP H P CS1P Hrg}i:| P CS1P H |.
nNA~nnnnn nn-nn
However,
|PnC§1PnH n| | Pn(BnPan|+| Pn(Cﬁls (Br?PnH n|

Since |P (c§1s ®)PHJ P (c§1§ (B")Pn| HJ. IH ] is bounded and |Pn(c§1S ®)P | has been
shown t& be boundedin partn(iii), it follows that |PnC§1S (BrPPanI is bounded. Also,

|PanPnH n|=| (IBnS HBFPHnl | an|+| HBnH nl'
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Since n is diagonal with entries uniformly bounded, the entries of an are also uniformly
bounded. By (A1.2) in Dzhaparidze (1985),

BH 1 IBJIH | HB]H
Thus both factors are bounded and (iv) follows. %
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