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Abstract

Recen tly , W alk er (2004) dev elop ed a martingale based tec hnique for p osterior

consistency giving a useful alternativ e to the classical tec hnique based on

h yp othesis testing for i.i.d. data. In this article, w e extend some of his

results to ergo dic Mark o v pro cesses.
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1 In tro duction

Let f X

n

; n = 0 ; 1 ; 2 ; : : : g b e an ergo dic Mark o v pro cess on a state space

S with transition densit y f ( y j x ) and stationary densit y � ( x ) with resp ect to

some � -�nite measure � . The pro cess f X

n

g need not b e stationary . Let f

b elong to a class F of transition densities, whic h need not b e a parametric

family . Let � b e a prior distribution for f . Let �( �j X

0

; : : : ; X

n

) stand for

the p osterior distribution of f giv en X

0

; : : : ; X

n

. In our set up, w e assume

that either X

0

is �xed or it has a kno wn initial distribution. By the Ba y es

theorem, the p osterior is giv en b y the relation

�( B j X

0

; : : : ; X

n

) =

R

B

Q

n

i =1

f ( X

i

j X

i � 1

) d �( f )

R

F

Q

n

i =1

f ( X

i

j X

i � 1

) d �( f )

: (1.1)

Note that the predictiv e densit y of X

n +1

at y giv en X

0

; : : : ; X

n

is obtained

as E( f ( y j X

n

) j X

0

; : : : ; X

n

), and hence accurate estimation of f is imp ortan t.

Let f

0

stand for the true transition densit y and �

0

the true stationary den-

sit y . All the probabilit y statemen ts are giv en relativ e to the true distribution.
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Supp ose that a top ology on F has b een sp eci�ed. Then p osterior distribu-

tion is said to b e consisten t at f

0

if for ev ery neigh b orho o d U of f

0

, w e ha v e

that �( U

c

j X

0

; : : : ; X

n

) ! 0 a.s. F or i.i.d. observ ations, a classical theory of

p osterior consistency has b een dev elop ed b y Sc h w artz (1965), Barron et al.

(1999) and Ghosal et al. (1999) based on the assumptions that the prior as-

signs p ositiv e probabilities to eac h negh b orho o d of the true densit y de�ned

b y the Kullbac k-Leibler div ergence n um b er and there exists a sequence of

uniformly consisten t test for testing f = f

0

against f 2 U

c

\ F

n

, where

F

n

� F are siev es with �( F

c

n

) exp onen tially small. The theory of consis-

tency has b een recen tly extended to indep enden t non-iden tically distributed

case b y Amew ou-A tisso et al. (2003) and Choudh uri et al. (2004), and to

Mark o v pro cess b y T ang and Ghosal (2007). Rates of con v ergence for gen-

eral dep enden t cases ha v e b een in v estigated b y Ghosal and v an der V aart

(2007). Ho w ev er, the construction of appropriate siev es and uniformly con-

sisten t tests on them is often di�cult. It is therefore of in terest to explore

alternativ e su�cien t conditions for consistency . W alk er (2003, 2004) recen tly

form ulated a martingale based approac h for the study of consistency for i.i.d.

observ ations. In this article, w e extend some of his results to ergo dic Mark o v

pro cesses.

It ma y b e observ ed that consistency results easily generalize to higher

order pro cesses, where the conditional distribution giv en history dep ends

only on the k most recen t v alues. All (non-linear) autoregressiv e time series

satisfy the condition. If X

n

is a pro cess satisfying the condition, then it is

w ell kno wn that Y

n

= ( X

n

; : : : ; X

n � k +1

) is a Mark o v pro cess with state space

S

k

, where S is the state space of X

n

. Marginalizing to the �rst comp onen t,

conclusions can b e obtained ab out the conditional distribution of X

n

giv en

( X

n � 1

; : : : ; X

n � k +1

).

2 Main Results

Let

R

n

( f ) =

n

Y

i =1

f ( X

i

j X

i � 1

)

f

0

( X

i

j X

i � 1

)

; n � 1 ; (2.1)

stand for the lik eliho o d ratio and

I

n

=

Z

F

R

n

( f ) d �( f ) (2.2)
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stand for the in tegrated lik eliho o d ratio. Set R

0

( f ) = 1 = I

0

. Let

K ( f

0

; � ) =

�

f :

Z Z

�

0

( x ) f

0

( y j x ) log ( f ( y j x ) =f

0

( y j x )) d� ( y ) d� ( x ) < �

�

(2.3)

stand for the Kullbac k-Leibler neigh b orho o d of f

0

. W e sa y that f

0

is in the

Kul lb ack-L eibler supp ort of � or the Kul lb ack-L eibler pr op erty holds at f

0

if

�( K ( f

0

; � )) > 0 for all � > 0.

Note that

�( U

c

j X

0

; : : : ; X

n

) = I

� 1

n

Z

U

c

R

n

( f ) d �( f ) : (2.4)

Assume that the Kullbac k-Leibler prop ert y holds at f

0

. Similar to the i.i.d.

case, it follo ws from the strong la w of large n um b ers for ergo dic Mark o v

pro cesses and F atou's lemma that

for all � > 0 ; e

n�

I

n

! 1 a.s. ; (2.5)

see (2.1) of T ang and Ghosal (2007). In other w ords,

for all c > 0 ; I

n

> e

� nc

for all su�cien tly large n a.s. ; (2.6)

or

lim inf

n !1

n

� 1

log I

n

� 0 a.s. (2.7)

In order to sho w that �( A j X

0

; : : : ; X

n

) ! 0 a.s. for some subset A of F , it

therefore su�ces to sho w that

L

n

= L

n;A

=

Z

A

R

n

( f ) d �( f ) � e

� nc

(2.8)

for all su�cien tly large n a.s. for some c > 0. F ollo wing W alk er's (2004)

approac h, w e giv e a su�cien t condition for (2.8).

F or a giv en set A , let

f

n;A

( y j x ) =

R

A

f ( y j x )

Q

n

i =1

f ( X

i

j X

i � 1

) d �( f )

R

A

Q

n

i =1

f ( X

i

j X

i � 1

) d �( f )

=

R

A

f ( y j x ) R

n

( f ) d �( f )

R

A

R

n

( f ) d �( f )

:

(2.9)

Note that, f

n;A

is also the p osterior exp ectation of f giv en that f b elongs to

A , that is, the p osterior exp ectation of f when the prior is �

A

| the prior
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� restricted to A . In particular, if A is closed and con v ex, f

n;A

2 A . Let A

n

stand for the � -�eld generated b y the observ ations X

0

; : : : ; X

n

.

Similar to W alk er (2004), consistency results are obtained from the basic

iden tit y

L

n +1

L

n

=

R

A

f ( X

n +1

j X

n

)

f

0

( X

n +1

j X

n

)

R

n

( f ) d �( f )

R

A

R

n

( f ) d �( f )

=

f

n;A

( X

n +1

j X

n

)

f

0

( X

n +1

j X

n

)

; (2.10)

for n = 0 ; 1 ; : : : .

The follo wing theorem generalizes the conclusions of Lemma 1 and The-

orems 1, 2 and 2

�

of W alk er (2004) from i.i.d. observ ations to Mark o v pro-

cesses.

Theorem 2.1 . L et T : [0 ; 1 ) ! R b e a strictly incr e asing function such

that T ( x ) � b log x for some c onstant b > 0 and

E( T ( f ( X

n +1

j X

n

) =f

0

( X

n +1

j X

n

)) jA

n

) = � d ( f

0

( �j X

n

) ; f ( �j X

n

) j X

n

) ; (2.11)

wher e d ( f

1

( �j x ) ; f

2

( �j x ) j x ) is a distanc e-like me asur e on the c onditional den-

sities given x . Assume that the Kul lb ack-L eibler pr op erty holds at f

0

and

1

X

n =1

n

� 2

v ar( T ( L

n +1

=L

n

)) < 1 : (2.12)

Then

N

� 1

N � 1

X

n =0

f T ( L

n +1

=L

n

) + d ( f

0

( �j X

n

) ; f

n;A

( �j X

n

) j X

n

) g ! 0 a.s. (2.13)

Conse quently,

lim sup

N !1

N

� 1

N � 1

X

n =0

T ( L

n +1

=L

n

) < 0 a.s. (2.14)

if and only if

lim inf

N !1

N

� 1

N � 1

X

n =0

d ( f

0

( �j X

n

) ; f

n;A

( �j X

n

) j X

n

) > 0 a.s. (2.15)

In p articular, �( A j X

0

; : : : ; X

n

) ! 0 a.s. if (2 : 15) holds.
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Remark 2.1 . By a distance-lik e measure d on F , w e mean a non-negativ e

function on F � F suc h that d ( f

0

( �j x ) ; f ( �j x ) j x ) = 0 if and only if f ( �j x ) =

f

0

( �j x ). The common c hoice T ( x ) = 2(

p

x � 1) leads to

d ( f

0

( �j x ) ; f ( �j x ) j x ) =

Z

(

p

f

0

( y j x ) �

p

f ( y j x ))

2

d� ( y ) ; (2.16)

the squared Hellinger distance b et w een conditional densities, while T ( x ) =

log x leads to

d ( f

0

( �j x ) ; f ( �j x ) j x ) =

Z

f

0

( y j x ) log ( f

0

( y j x ) =f ( y j x )) d� ( y ) ; (2.17)

the Kullbac k-Leibler div ergence b et w een the conditional densities.

More generally , for T ( x ) = ( x

�

� 1) =� , w e ha v e d ( f

0

( �j x ) ; f ( �j x ) j x ) = (1 �

R

f

1 � �

0

( y j x ) f

�

( y j x ) d� ( y )) =� . The c hoice � = � 1 yields T ( x ) = 1 � 1 =x , and

the obtained distance is the c hi-squared distance

R

( f

2

0

( y j x ) =f ( y j x )) d� ( x ) � 1.

Ho w ev er, this T do es not dominate b log x for an y b > 0.

Remark 2.2 . If T ( x ) =

p

x � 1, the condition (2.12) is automatically

satis�ed b ecause b y (2.10), for n = 0 ; 1 ; : : : ,

v ar( T ( L

n +1

=L

n

)) � E( L

n +1

=L

n

) =

Z

f

n;A

( y j X

n

) d� ( y ) = 1 :

Remark 2.3 . The Kullbac k-Leibler prop ert y is a classical condition ap-

p earing in Sc h w artz's (1965) theory of consistency for i.i.d. observ ations.

Priors suc h as Diric hlet mixtures or P oly a trees for densities satisfy the

Kullbac k-Leibler prop ert y under appropriate conditions in the i.i.d. case. In

the con text of Mark o v pro cesses, the condition has b een v eri�ed in T ang

and Ghosal (2007) for a sp eci�c t yp e of Diric hlet mixture of normal prior

for transition densities.

Pr oof of Theorem 2.1. By (2.10),

E[ T ( L

n +1

=L

n

) jA

n

] = E[ T ( f

n;A

( X

n +1

j X

n

) =f

0

( X

n +1

j X

n

)) jA

n

]

= � d ( f

0

( �j X

n

) ; f

n;A

( �j X

n

) j X

n

) (2.18)

and therefore

M

N

=

N � 1

X

n =0

[ T ( L

n +1

=L

n

) + d ( f

0

( �j X

n

) ; f

n;A

( �j X

n

) j X

n

)] (2.19)
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is an fA

N

g -martingale. Note that

1

X

n =1

E(( M

n +1

� M

n

)

2

jA

n

)

n

2

=

1

X

n =1

v ar( T ( L

n +1

=L

n

) jA

n

)

n

2

< 1 (2.20)

a.s., b ecause b y (2.12),

E

"

1

X

n =1

n

� 2

v ar( T ( L

n +1

=L

n

) jA

n

)

#

=

1

X

n =1

n

� 2

E[v ar( T ( L

n +1

=L

n

) jA

n

)]

�

1

X

n =1

n

� 2

v ar( T ( L

n +1

=L

n

)) < 1 :

Hence, b y a result on con v ergence of a martingale (see, for instance, Shiry a y ev,

1984, page 487), w e ha v e that M

N

= N ! 0 a.s., whic h is a re-statemen t of

(2.13). Clearly , the equiv alence of (2.14) and (2.15) is no w immediate.

No w, if (2.15) holds, w e ha v e that

0 > lim sup

N !1

N

� 1

N � 1

X

n =0

T ( L

n +1

=L

n

) � b lim sup

N !1

N

� 1

N � 1

X

n =0

log ( L

n +1

=L

n

)

� b lim sup

N !1

N

� 1

log L

N

;

whic h implies that, for some c > 0, w e ha v e L

n

=

R

A

R

n

( f ) d �( f ) < e

� nc

for

all su�cien tly large n a.s. As discussed in the b eginning of this section, this

implies �( A j X

0

; : : : ; X

n

) ! 0 a.s. 2

Cor ollar y 2.1 (Predictive consistency). L et

f

n

( y j X

n

) = E ( f ( y j X

n

) j X

0

; : : : ; X

n

) (2.21)

stand for the pr e dictive density of X

n +1

at y given X

0

; : : : ; X

n

. Under the

c onditions of The or em 2 : 1 , f

n

c onver ges to the true tr ansition density f

0

in

the sense that

N

� 1

N � 1

X

n =0

d ( f

0

( �j X

n

) ; f

n

( �j X

n

) j X

n

) ! 0 a.s. (2.22)

In p articular, when d is the squar e d Hel linger distanc e, c onsistency of the

pr e dictive density in this sense holds only under the Kul lb ack-L eibler pr op-

erty.
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Pr oof. Note that f

n

= f

n;A

for A = F , and L

n

= I

n

=

R

F

R

n

( f ) d �( f ).

By (2.13) and non-negativit y of d , w e ha v e

lim sup

N !1

N

� 1

N � 1

X

n =0

T ( I

n +1

=I

n

) = � lim inf

N !1

N

� 1

N � 1

X

n =0

d ( f

0

( �j X

n

) ; f

n

( �j X

n

) j X

n

)

� 0 a.s.

Ho w ev er, as T ( x ) � b log x ,

lim inf

N !1

N

� 1

N � 1

X

n =0

T ( I

n +1

=I

n

) � b lim inf

N !1

N

� 1

N � 1

X

n =0

log ( I

n +1

=I

n

) (2.23)

= b lim inf

N !1

N

� 1

log I

N

� 0 (2.24)

b y (2.7). Th us N

� 1

P

N � 1

n =0

T ( I

n +1

=I

n

) ! 0 a.s., and hence (2.22) follo ws

from (2.13). 2

In some situtaions, it ma y b e reasonable to consider consistency relativ e

to a system of neigh b orho o ds whic h dep ends on the observ ations. Note

that the sense of con v ergence implied b y (2.22) is also based on a sample

dep enden t neigh b orho o d system. In the follo wing result, w e allo w the set A

in Theorem 2.1 to dep end on n as w ell as on the sample X

0

; : : : ; X

n

. The

result is new ev en in the con text of i.i.d. data.

Let h

2

( f

1

( �j x ) ; f

2

( �j x ) j x ) =

R

(

p

f

1

( y j x ) �

p

f

2

( y j x ) )

2

d� ( y ) stand for the

conditional squared Hellinger distance b et w een transition densities.

Theorem 2.2 . L et the Kul lb ack-L eibler pr op erty hold at f

0

. Assume that

A

n

� A

n +1

and I f f 2 A

n

g is an A

n

-me asur able r andom variable for al l n .

If

lim inf

N !1

N

� 1

N � 1

X

n =0

h

2

( f

0

( �j X

n

) ; f

n;A

n

( �j X

n

) j X

n

) > 0 a.s., (2.25)

then �( A

n

j X

0

; : : : ; X

n

) ! 0 a.s.

Pr oof. Put L

0

= 1 and L

n

=

R

A

n

R

n

( f ) d �( f ), n � 1. As A

n +1

� A

n

,

it follo ws that

L

n +1

L

n

�

R

A

n

R

n +1

( f ) d �( f )

R

A

n

R

n

( f ) d �( f )

=

f

n;A

n

( X

n +1

j X

n

)

f

0

( X

n +1

j X

n

)

: (2.26)
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Hence, with T ( x ) = 2(

p

x � 1), w e ha v e

E[ T ( L

n +1

=L

n

) jA

n

] � � h

2

( f

0

( �j X

n

) ; f

n;A

n

( �j X

n

) j X

n

) (2.27)

and that

M

N

=

N � 1

X

n =0

�

T

�

f

n;A

n

( X

n +1

j X

n

)

f

0

( X

n +1

j X

n

)

�

+ h

2

( f

0

( �j X

n

) ; f

n;A

n

( �j X

n

) j X

n

)

�

(2.28)

is an A

N

-martingale. Also, M

N

= N ! 0 a.s. b y the argumen ts giv en in

Theorem 2.1 and Remark 2.2. As in Theorem 2.1, this implies that

lim sup

N !1

N

� 1

N � 1

X

n =0

T ( L

n +1

=L

n

) � lim sup

N !1

N

� 1

N � 1

X

n =0

T

�

f

n;A

n

( X

n +1

j X

n

)

f

0

( X

n +1

j X

n

)

�

< 0

whenev er (2.25) holds. 2

In applications to consistency , where A is t ypically the complemen t of

a neigh b orho o d, it is often di�cult to satisfy (2.15) b ecause of the lac k of

con v exit y in A . The result can b e mo di�ed easily to the case when A is the

union of �nitely man y con v ex sets. Ho w ev er, unless compactness holds, the

complemen t of a neigh b orho o d ma y not b e expressible as a �nite union of

small balls.

W alk er (2004) considered a coun table co v ering with an additional restric-

tion on the prior probabilities of the sets in the co v er. The follo wing result

giv es an analog of Theorem 4 of W alk er (2004) for Mark o v pro cesses. In

the i.i.d. case, if A is the complemen t of the Hellinger � -neigh b orho o d of f

0

and A

j

's are Hellinger � -balls cen tered in A with � < � , then (2.29) b elo w

holds with 
 = � � � . Th us our result is a generalization of W alk er's (2004)

Theorem 4.

Theorem 2.3 . L et the Kul lb ack-L eibler pr op erty hold. L et A b e a set of

tr ansition densities such that A � [

1

j =1

A

j

, wher e

P

1

j =1

p

�( A

j

) < 1 and

for some 
 > 0 ,

inf

x

inf

j

h

2

( f

0

( �j x ) ; f

n;A

j

( �j x ) j x ) � 
 : (2.29)

Then �( A j X

0

; : : : ; X

n

) ! 0 a.s.

Remark 2.4 . When x ranges o v er a compact set, inf

x

h

2

( f

0

( �j x ) ; f ( �j x ) j x )

� 
 ma y often follo w b y con tin uit y in x . If the transition densities are ob-

tained b y non-linear autoregressiv e mo del f ( y j x ) = g ( y �  ( x )) and f

0

( y j x ) =

g

0

( y �  

0

( x )), then h

2

( f

0

( �j x ) ; f ( �j x ) j x ) = h

2

( g

0

( � ) ; g ( � �  ( x ) +  

0

( x ))) whic h

remains b ounded a w a y from zero if g

0

is not a lo cation shift of g .
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Pr oof of Theorem 2.3.

As in the pro of of Theorem 4 of W alk er (2004), w e ha v e

�( A j X

0

; : : : ; X

n

) �

1

X

j =1

q

�( A

j

j X

0

; : : : ; X

n

)

= I

� 1 = 2

n

1

X

j =1

q

�( A

j

)

 

Z

A

j

R

n

( f ) d �

A

j

( f )

!

1 = 2

= I

� 1 = 2

n

1

X

j =1

q

�( A

j

) L

1 = 2

n;A

j

;

so it su�ces to sho w that

P

1

j =1

p

�( A

j

) L

1 = 2

n;A

j

tends to 0 exp onen tially fast

a.s. T o this end, note that b y an application of (2.18) with T ( x ) =

p

x , w e

ha v e

E

2

4

1

X

j =1

q

�( A

j

) L

1 = 2

n;A

j

3

5

=

1

X

j =1

q

�( A

j

) E[E( L

1 = 2

n;A

j

jA

n � 1

)]

�

1

X

j =1

q

�( A

j

) E[(1 � h

2

( f

0

( �j X

n � 1

) ; f

n � 1 ;A

j

( �j X

n � 1

) j X

n � 1

)) L

1 = 2

n � 1 ;A

j

]

�

1

X

j =1

q

�( A

j

) E[(1 � 
 ) L

1 = 2

n � 1 ;A

j

] �

1

X

j =1

q

�( A

j

) (1 � 
 )

n

;

whic h concludes the pro of. 2

3 Applications

Example 3.1 . Let the �

0

-in tegrated w eak top ology b e de�ned b y the

basic op en sets whic h are �nite in tersections of sets of the form

�

f :

�

�

�

�

Z Z

 ( y ) f ( y j x ) d� ( y ) �

0

( x ) d� ( x )

�

Z Z

 ( y ) f

0

( y j x ) d� ( y ) �

0

( x ) d� ( x )

�

�

�

�

< �

�

;
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where  is a b ounded con tin uous function and � > 0. Let F b e compact

with resp ect to the sup-Hellinger metric de�ned b y

d

s;H

( f

1

; f

2

) = sup

x 2 R

�

Z

(

p

f

1

( y j x ) �

p

f

2

( y j x ) )

2

d� ( y )

�

1 = 2

; (3.1)

and let the Kullbac k-Leibler prop ert y hold at f

0

. Then the p osterior is

consisten t with resp ect to the �

0

-in tegrated w eak top ology .

T o sho w consistency , clearly it is enough to sho w that �( A j X

0

; : : : ; X

n

) !

0 a.s., where

A =

�

f :

Z Z

 ( y ) f ( y j x ) d� ( y ) �

0

( x ) d� ( x )

�

Z Z

 ( y ) f

0

( y j x ) d� ( y ) �

0

( x ) d� ( x ) + �

�

:

As A is closed and con v ex, w e only need to c hec k that

lim inf

N !1

N

� 1

N � 1

X

n =0

h

2

( f

0

( �j X

n

) ; f ( �j X

n

) j X

n

) > 0 a.s. (3.2)

uniformly for all f 2 A .

F or a �xed f 2 A , let Z ( f ; x ) = h ( f

0

( �j x ) ; f ( �j x ) j x ). W e ha v e

n

� 1

n

X

i =1

Z ( f ; X

i

) !

Z Z

(

p

f ( y j x ) �

p

f

0

( y j x ) )

2

d� ( y ) �

0

( x ) d� ( x ) a.s. (3.3)

b y the strong la w of large n um b ers for ergo dic Mark o v pro cesses. No w

Z

�

�

�

�

Z

 ( y ) f ( y j x ) d� ( y ) �

Z

 ( y ) f

0

( y j x ) d� ( y )

�

�

�

�

�

0

( x ) d� ( x )

� k  k

1

Z Z

j f ( y j x ) � f

0

( y j x ) j d� ( y ) �

0

( x ) d� ( x )

� k  k

1

�

Z Z

j

p

f ( y j x ) �

p

f

0

( y j x ) j

2

d� ( y ) �

0

( x ) d� ( x )

�

1 = 2

;

so that for ev ery f 2 A , the righ t hand side of (3.3) is b ounded a w a y from

0. T o conclude (3.2), it th us only remains to sho w that the con v ergence in

(3.3) is uniform.
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W e shall apply the uniform strong la w of large n um b ers under brac k eting

giv en b y Theorem 2.4.1 of v an der V aart and W ellner (1996). Note that

the argumen t of the theorem is applicable ev en though the v ariables are not

i.i.d., b ecause the mec hanism only helps to uniformize a function-wise strong

la w. As F is compact under the sup-Hellinger metric d

s;H

de�ned b y (3.1),

giv en an y � > 0, there exist �nitely man y transition densities f

1

; : : : ; f

k

2 F

suc h that for an y f 2 F , there is l , l = 1 ; : : : ; k , with the prop ert y that

h ( f ( �j x ) ; f

l

( �j x ) j x ) � d

s;H

( f ; f

l

) < � for all x . Therefore, as Z ( f ; x ) � 2 for

all f ,

j Z ( f ; x ) � Z ( f

l

; x ) j = j Z

1 = 2

( f ; x ) � Z

1 = 2

( f

l

; x ) jj Z

1 = 2

( f ; x ) + Z

1 = 2

( f

l

; x ) j

� 2

p

2 j h ( f ( �j x ) ; f

0

( �j x ) j x ) � h ( f

l

( �j x ) ; f

0

( �j x ) j x ) j

� 2

p

2 �

for all x b y the traingle inequalit y . This giv es that f Z ( f

l

; x ) � 2

p

2 � : l =

1 ; : : : ; k g is a L

1

( �

0

)-brac k eting of size 4

p

2 � for f Z ( f ; � ) : f 2 F g . Th us

f Z ( f ; � ) : f 2 F g is a Gliv enk o-Can telli class of functions, and hence the

required uniform con v ergence in (3.3) holds.

In fact, as F is compact with resp ect to d

s;H

and the top ology of d

s;H

is

stronger than the �

0

-in tegrated w eak top ology , it easily follo ws that the t w o

top ologies coincide on F . Th us the con v ergence actually holds under d

s;H

.

T ang and Ghosal (2007) sho w ed that the compactness conditions hold for

the Diric hlet mixture prior if its dynamic auto-regressiv e function is b ounded

and the random e�ect co e�cien ts lie in a compact set.

Example 3.2 . The compactness assumption with resp ect to d

s;H

in the

last example is arguably strong. It is therefore of in terest to kno w whether

the assumption could b e relaxed to giv e some similar conclusion. Belo w w e

consider a random sequence of neigh b orho o ds to de�ne a con v ergence.

Let m b e arbitrary but �xed. De�ne A

N

= \

N

n =1

B

n

, where

B

n

=

(

f : n

� 1

n

X

i =1

Z

 ( y ) f ( y j X

i

) � ( y ) dy

� n

� 1

n

X

i =1

Z

 ( y ) f

0

( y j X

i

) � ( y ) dy + �

)

for n > m and the whole space of transition densities for n � m . Clearly ,

A

N

's are decreasing, closed, con v ex random sets suc h that I ( f 2 A

N

) is
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A

N

-measurable. With P

n

( � ) the empirical distribution of X

1

; : : : ; X

n

, w e

ha v e

Z

�

�

�

�

Z

 ( y ) f ( y j x ) d� ( y ) �

Z

 ( y ) f

0

( y j x ) d� ( y )

�

�

�

�

d P

n

( x )

� k  k

1

Z Z

j f ( y j x ) � f

0

( y j x ) j d� ( y ) d P

n

( x )

� k  k

1

�

Z Z

j

p

f ( y j x ) �

p

f

0

( y j x ) j

2

d� ( y ) d P

n

( x )

�

1 = 2

:

Hence N

� 1

P

N � 1

n =0

h

2

( f ( �j X

n

) ; f

0

( �j X

n

) j X

n

) is b ounded a w a y from 0 for all

f 2 A

N

, N > m . As A

n

is con v ex, f

n;A

n

2 A

n

� B

n

for all n so that

(2.25) follo ws. In con trast, deriv ation of the analogous condition (2.15)

for a non-random neigh b orho o d required compactness in the last example.

Ho w ev er, the conclusion of Theorem 2.2 is w eak er in that it only concludes

�( A

n

j X

0

; : : : ; X

n

) ! 0 instead of the more desirable conclusion �( B

n

j X

0

;

: : : ; X

n

) ! 0.

Example 3.3 . Consider a Mark o v pro cess with transition densit y f ( y j x )

= g ( y � �x ), where g is a densit y function on [0 ; 1] and � 1 < � < 1 is kno wn.

Let g

0

b e the true v alue of g , assumed to b e con tin uous and b ounded a w a y

from 0. The corresp onding Mark o v pro cess is then ergo dic.

Let �

0

( u ) = 1 and �

j

( u ) =

p

2 cos ( j � x ), j � 1. Clearly , f �

j

g is an

orthonormal basis for L

2

[0 ; 1]. Consider a prior for g giv en b y the in�nite

dimensional exp onen tial family

g ( u ) = exp

8

<

:

1

X

j =0

�

j

�

j

( u ) � c ( � )

9

=

;

; (3.4)

where indep enden tly �

j

� N (0 ; j

� 2 � q

), q > 0, and c ( � ) is a normalizer. By

Barron et al. (1999) and W alk er (2004), and the fact that the Kullbac k-

Leibler and Hellinger distances are una�ected b y transformations, it follo ws

that

(i) f is a.s. a transition densit y ,

(ii) the Kullbac k-Leibler prop ert y holds at f

0

( y j x ) = g

0

( y � �x ),

(iii)

P

1

j =0

p

Pr( f 2 B

j

) < 1 for B

j

= f g ( y � �x ) : g 2 A

j

g , where A

j

's

are constructed as in pages 2037{2038 of W alk er (2004) for densities.
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Then b y Theorem 2.3, it follo ws that for an y giv en � > 0, the p osterior

probabilit y of the set f f ( y j x ) = g ( y � �x ) : h ( g

0

; g ) > � g go es to 0 a.s.
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