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Abstract

The Bayesian approach to analyzing semi-parametric models are gaining pop-
ularity in practice. For the Cox proportional hazard model, it has been
shown recently that the posterior is consistent and leads to asymptotically
accurate confidence intervals under a Lévy process prior on the cumulative
hazard rate. The explicit expression of the posterior distribution together
with independent increment structure of Lévy process play a key role in the
development. However, except for one-dimensional linear regression with an
unknown error distribution and binary response regression with unknown
link function, even consistency of Bayesian procedures has not been studied
for a general prior distribution. We consider consistency of Bayesian infer-
ence for several semi-parametric models including multiple linear regression
with an unknown error distribution, exponential frailty model, generalized
linear model with unknown link function, Cox proportional hazard model
where the baseline hazard function is unknown, accelerated failure time mod-
els and partial linear regression model. We give sufficient conditions under
which the posterior distribution of the parametric part is consistent in the
Euclidean distance while the non-parametric part is consistent with respect
to some topology such as the weak topology. Our results are obtained by ver-
ifying the conditions of an appropriate modification of a celebrated result of
Schwartz. Our general consistency result applies also to the case of indepen-
dent, non-identically distributed observations. Application of our theorem
requires showing the existence of exponentially consistent tests for the com-
plements of the neighborhoods of the “true” value of the parameter and
the prior positivity of a Kullback-Leibler type of neighborhood of the true
distribution of the observations. We construct the required tests and give
sufficient conditions for positivity of prior probabilities of Kullback-Leibler
neighborhoods in all the examples we consider in this paper.
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62F03, 62H15.
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1 Introduction

Semiparametric models such as the linear regression model with unknown
error distribution or Cox proportional hazard model, where the distribution
of the data is governed by a finite dimensional parameter as well as an in-
finite dimensional parameter, are widely used in practice because of their
flexibility and interpretability of parameters. In such models, typically the
finite dimensional part is of interest, while the infinite dimensional part is
treated as nuisance. Consistent and efficient methods of estimation of the
parameters, especially estimation of the finite dimensional part at the \/n
rate, have been developed in the literature; see Bickel et al. (1988) and van
der Vaart and Wellner (1996) for details. The Bayesian approach has also
gained recent popularity, although its asymptotic properties have not been
understood well, partly because even the posterior of the parametric part
is hard to analyze without analyzing the whole posterior, unless one can
obtain closed form expressions for the posterior distribution. For the Cox
proportional hazard model, recently Kim (2006) showed that the posterior
is consistent and the posterior distribution of the parametric part 8 satis-
fies a Bernstein-von Mises theorem in the sense that the Bayesian and the
frequentist distribution of y/n (ﬁ B) are approximately the same, where 5
is some suitable classical estimator of # and the cumulative hazard function
is given a Lévy process prior. This implies that the credible intervals for
[ obtained from the posterior distribution of it has asymptotically correct
frequentist coverage. In the analysis, the posterior distribution can be ex-
plicitly expressed in terms of a new Lévy process, which has a new Lévy
measure depending on the data. The nice structural property of a Lévy pro-
cess, namely its independent increments, makes it possible to represnt the
posterior distribution in a manageable form. Shen (2002) obtained similar
results for general semiparametric models, but it appears that the condi-
tions are harder to verify; see also Castillo (2008) for some recent results.
For many other semiparametric problems, especially if the prior only satisfies
some general conditions, much less is known about the asymptotic properties
of the posterior distribution. Except for one-dimensional linear regression
with an unknown error distribution (which is assumed to be symmetric for
identifiability reasons) and binary response regression with unknown link
function, even consistency of semi-parametric Bayesian procedures has not
been studied.
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In this paper, we fill up this gap by studying posterior consistency for var-
ious semi-parametric models including multiple linear regression with an un-
known error distribution, exponential frailty model, generalized linear model
(GLM) with unknown link function, Cox proportional hazard model, accel-
erated failure time (AFT) models and partial linear regression model. We
begin with a general posterior consistency theorem for semiparametric mod-
els much in line of results of a celebrated result of Schwartz (1965) involving
conditions on existence of certain exponentially consistent tests for the com-
plement of the neighborhoods of the “true” value of the parameter and the
prior positivity of a Kullback-Leibler type of neighborhood of the true distri-
bution of the observations. Our result applies also to the case of independent,
non-identically distributed observations. In the examples, we then verify the
existence of exponentially consistent tests and the prior positivity condition.

Consistency implies that one’s knowledge about the parameters con-
verges to the perfect knowledge, in the sense that a degenerate distribu-
tion for a parameter stands for the perfect knowledge about it. Some early
results on posterior consistency are obtained by Doob (1948), Freedman
(1963, 1965), Schwartz (1965), Diaconis and Freedman (1986) and Doss
(1985). More recently, important techniques of proving posterior consistency
have been developed in Barron et al. (1999), Ghosal et al. (1999a, 1999b),
Amewou-Atisso et al. (2003), Walker (2004), Choudhuri et al. (2004), Tok-
dar (2006), Wu and Ghosal (2008) and many other contemporary papers.
To review the literature, the reader may consult Ghosh and Ramamoorthi
(2003), Choudhuri et al. (2005) and Ghosal (2009).

As in Amewou-Atisso et al. (2003), we use a variant of Schwartz’s (1965)
theorem for independent, non-identically distributed variables. Indeed, our
result, which addresses a general semiparametric problem and allows the
use of sieves, is an easy generalization of Theorem 2.1 of Amewou-Atisso et
al. (2003). This general result is discussed in Section 2. Subsequently in
Sections in 3-8, we give verifiable sufficient conditions under which the con-
sistency holds for the multiple regression model, exponential frailty model,
GLM with unknown link function, Cox proportional hazard model respec-
tively, AFT model and partial linear regression model, respectively. In each
of the examples, the main task is to show the existence of the exponentially
consistent tests for the true value of the parameter against the complement
of a neighborhood intersected with a sieve. Proofs of auxiliary lemmas are
deferred to the appendix. We conclude the paper with a discussion section.
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2 Consistency of Posterior

Let (a(+),0) denote the unknown parameters of the semi-parametric model,
where a(-) denotes the infinite dimensional parameter of the model and 6
denotes the finite dimensional parameter of the model. Let = = &/ x O be
the parameter space, where &7 denotes the space of a(-) and © denotes the
space of . Assume that © is a subset of R%. We give prior II on &7 and u
on ©. Let II stand for II x .

Let Y;, 7 =1,2,... denote the observations of the random variable of pri-
mary interest. Let X;’s or x;’s denote the corresponding covariates, which are
respectively independent and identically distributed (i.i.d.) with cumulative
distribution function (c.d.f.) Q(x), or given as fixed non-random constants.
Throughout this paper, Y is always one-dimensional variable, while X and
x are d-dimensional, with d > 1. For the cases with random covariates, the
density of (Y|X) is denoted by f, g, corresponding to the parameters a(-)
and 0. For the cases with fixed covariates, the density of Y;’s are denoted by
fa.0,i» corresponding to the parameters a(-), 6 and the given covariate x;’s.
Let ap(-) and 6y denote the true values of the parameters, and put fo = fo,.0,

and fo; = fag,00,i-

The sequence of posterior distribution IT(-|Y7, ..., Y,) or II(-|(X1, Y1), ...,
(Xn,Yy)) for (a(-), 8), corresponding to non-stochastic covariates and stochas-
tic covariates cases respectively, is said to be consistent at (ao(-),6p) if
(A |Y1,...,Y,) or IN(A|(X1,Y1),...,(Xn,Ys)) respectively, converges to
1 almost surely (a.s.) as n — oo for any neighborhood .4 of (ag(-), o), when
the distribution governing Y7, Ya,... or (X1, Y1), (X2,Y2),... has the “true”
parameter (ag(-),6p). With the weak topology on &7 and the Euclidean dis-
tance on O, let %, be a weak neighborhood of ag, we only need to consider
every .4 of the form %,, x {0 : |0 — 0o|| < r}, for any r > 0.

Now, we give the definition of exponentially consistent tests.

DEFINITION 2.1. Let # C =. A sequence of tests ®,,(-), for testing Hy :
(a(-),0) = (ao(-),00) against H; : (a(-),0) € #, is said to be exponentially
consistent if for non-stochastic covariates x;’s, there exist constants C1, Cs,
C > 0, such that EH? fol(q)”) < Cleinc, and il’lf(a(,)ﬂ)ey/ EH? fan((I)n) >
1 — Cee™C or for ii.d. X;’s, there exist constants Cj, Cy, C' > 0, such
that f[Efgz((I)n)]Qn(dx) < Clefnc, and inf(a(_)ﬁ)ey// f[Ef;le((I)n)]Qn(dx) >
1-— Cge_nc.
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For any two densities f and g, let K(f,g9) = [ flog 5, Vi(f,9) =
fflog+(§)2, where log, * = max(0,logx). Put K;(a,0) = K(foi, fa,6.,)
K(CL7 ‘9) = K(an faﬂ) and ‘/i(a’a 9) = V+(f0i7 fa,@,i)'

For stochastic covariates, we restrict our attention to the case where the
covariate X;’s are i.i.d.

THEOREM 2.1. Let # C &/ x © and let X;’s be i.i.d. with distribution
function Q. If for some sequences <, C &/ and my, < M,,

(i) there is an exponentially consistent sequence of tests for Hy : (a(-),0) =
(ao(+),6p) against Hy : (a(:),0) € # N (»‘an X [mn,Mn]d> ;

(i) for all § >0, H{( fKaedQ<5}>o
(iii) [(e%, x [my, M]?)¢] < cre72 for some constants c1, ¢y > 0;

then with (P77)-probability 1,

H(W!(XlaYl) - (Xn, Ya)) (2.1)
f%/ i=1 fa9 XuY)/fO(Xiayi))dH(ave) R
f,;z{xg Hz:l fa,@( ) z)/fO(Xiam))dH(av 0)

This is a plain extension of the original Schwartz Theorem. The following
is a straightforward but useful generalization of Theorem 2.1 in Amewou-
Atisso et al.(2003).

THEOREM 2.2. Let # C o/ x © and x;’s be non-stochastic. If for some
sequences <y, C of and my, < M,,

(i) there is an exponentially consistent sequence of tests for Hy : (a(-),0) =
(ao(-), 80) against Hy : (a(-),8) € # N (% X [fmn,Mn]d) ;

(i) for all 6 > 0,

H{(a(.),e) K;(a,0) < 6 for all i, and Z (a, 9) oo} > 0;

=1

(iii) T[(e%, X [y, M]?)¢] < cre7 ™2 for some constants c1, ca > 0;
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then with (IIS° Py, )-probability 1,

Ly T (fa,i(Yi)/ foi(Yi))dII(a, 0)

(#|\Y,...,Y,) = [yo 11 (fa.i(Y2)/ foi (Y))dI(a, 0)

—0.  (22)

Note that in the above two theorems, to allow more flexibility, the expo-
nentially consistent tests are assumed to exist on the sieve o7, X [my,, Mn]d
only. For many semi-parametric applications, the use of a sieve is not neces-
sary. For example, for all the semi-parametric models discussed later, sieves
are used only for the exponential frailty model and generalized linear models
with unknown link functions.

3 Multiple Regression

Now we generalize the result about consistency for the semi-parametric
regression model to higher dimensions with stochastic or non-stochastic re-
gressors. Consider a multiple regression model Y; = a + XiT B+e&, 1=
1,2,..., where X;’s and 3 are d-dimensional, ¢;’s are i.i.d. f, with f having
the same value of some fixed quantile. The unknown parameters are f, «
and 3, so the parameter space can be taken as = = .#% x R x R?, where, for
identifiability, we work with .# = {f : ff)oo f(z)dz = a} for some 0 < a <1
in this section. The choice a = 1/2 is common but not mandatory. Assume
that Xi,..., X, are i.i.d. with probability measure ). Also, assume that
X; and ¢; are independent. We start with a prior II for f on .# and inde-
pendent of f, a prior pu for (a, 3). Let II stand for I x p. For this model,
let fop=f(y—a—aTB). Let fo = fo.ao,6- For a density g and 0 € R, let
go stand for the density go = g(y — 6). Let v € {—1,1}%, we define quad-
rant [, = {z € R% : z;v; > 0 for all j = 1,...,d}. Through this paper, let
T; denote the d-dimensional vector with all the components being 0 except
the i-th component being 1. The following theorem is a generalization of
Theorem 4.1 in Amewou-Atisso et al. (2003).

THEOREM 3.1. Suppose that

(i) the covariate X is compactly supported, and for any v, QI \{X :
| XTY;| < ¢}) >0 for each i =1,...,d, and some > 0;

(ii) fo is continuous, fo(0) > 0, and for n > 0 sufficiently small, there
exists g, € F and constant Cy, > 0 such that for |n'| <n, foly—1n') <
Cugn(y)  for ally and C,) — 1 asn — 0;
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(iii) for all sufficiently small n and all £ > 0, ﬁ{K(gn,f) < &} >0 and
(a0, Bo) is in the support of .

Then for any weak neighborhood % of fo,

M{(f.0.8) [ € %, la— o] < &8 = Boll < e[ (X1, Vi), (X V) } =1
a.s. Pp.

To prove this theorem, we use the following lemma to show the existence
of the exponentially consistent tests.

LeMMA 3.1. If Condition (i) of Theorem 3.1 holds, then there exist ex-
ponentially consistent tests for testing Hy : (f,a,8) = (fo, 0, o) against
Hl : {(f:aaﬁ) : f € %fm |a - a0| <€ Hﬂ - ﬂOH < 6}-

The proof of this lemma is given in the appendix.

PrOOF OF THEOREM 3.1. In view of Lemma 3.1, now we need only to
verify Condition (ii) of Theorem 1.

For this model, to verify Condition (ii) of Theorem 1 is to show

T{(f,a. ) : / K (fo, fag)d@Q < 8} > 0,

for all 6 > 0. By Condition (ii) and applying Lemma 4.1 of Amewou-Atisso
et al. (2003), we have that for any f € .7 and |0] < 7,

K (fo, fo) < (Cy + 1)log Cy + Cy[K gy, f) + 1/ K (gn, )]

Hence
—ap —aT
[ o= a0~ oy 1o =0 =8 By
B o fo(y) .
=[] sotios g o) — 2T — o)) W@

S (Cn+1)1OgCU+CU[K(g777f)+ \/ K(gnaf)L
for any f € % and all (a,3) such that |(a — ap) + (8 — Bo)x| < n for all

possible x.

Now, by Condition (iii), we have that II{(f, &, f) : [ K(fo, fap)dQ <
0} > 0. An application of Theorem 2.1 completes the proof. O
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REMARK 3.1. Condition (i) is automatically satisfied if X has a com-
pactly supported positive density. A Polya tree prior with appropriate pa-
rameters satisfies Conditions (ii) and (iii) required by this theorem; see Sec-
tion 5 of Amewou-Atisso et al. (2003) for details.

REMARK 3.2. If the covariate is non-stochastic, then the above theorem
need some modifications. We need to change Condition (i) to the following:
(i) for some L > 0, ||z;|| < L for all 4, and there exits ey > 0 such that the
covariate X/s satisfy

liminf n =4 : 2y € (T, \{z; : [=] ;] < ¢}) >0,
for some ¢ > 0 and each j =1,...,d, and 7.

Also, we need to add the requirement that V'(g,, f) < oo in the definition
of the set appearing in Condition (iii).

Now, consider the case that the random density f is given the Dirichlet
mixture of normal prior. For any probability P on R, let f;, p stand for the
density

fup®) =5 [ nly=0aPO) + 5 [ ontu-+ 0P

where ¢, is the normal density with mean 0 and standard deviation h. Let
v denote the prior for h and D, denote a Dirichlet process prior for the
mixing distribution P with 7 as its base measure. Let II = D, x v denote
the prior for f. Note that f p is a symmetric density. For the case with
i.i.d. covariate X;, we have the following result:

THEOREM 3.2. Suppose II is a normal mizture prior for f as described
above. If

(i) the covariate X is compactly supported, and for any v, Q(I',\{X :
| XTY;| < ¢}) >0 for each i =1,...,d, and some ¢ > 0;
(i) T{f : [ K(fo, f)dQ < 6} >0 for all § > 0;
(iii) [32fo(y)dy < oo, Epy|log fo| < oo;
(iv) [t2dP(t) < 0o a.s. Dy;
then the posterior distribution I1(-|(X1,Y1),. .., (Xn, Ya)) for (f, a, B) is weakly

consistent at (fo, g, Bo) provided (o, o) is in the support of the prior for
(a, B).
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To prove this Theorem, we need the following Lemma.

LEMMA 3.2. Let fy be a density such that Condition (iii) of Theorem 3.2
holds. If f(y) = [ én(y — t)dP(t) and Condition (iv) of Theorem 3.2 holds,
then

lim K (fo, fo) = K (fo, f)-
PROOF. Obviously, f(y) is positive and continuous, and

llog fo(y)] < |log(vVZTh)| + [log / ¢~ =0-02/20%) gp(p)|

Applying Jensen’s inequality to — log z, the above expression is bounded by
(y —0—t)
|log(v2mh)| —I—/TdP(t).
The dominated convergence theorem (DCT) now applies. O

PrROOF OF THEOREM 3.2. The existence of exponentially consistent
tests is shown by Lemma 3.1. We only need to verify the Condition (ii) of
Theorem 2.1. The verification in the following is very similar to the proof
of Theorem 6.1 in Amewou-Atisso it et al. (2003). By (iv), [#2dP(t) < oo
a.s. D;. So we may assume that

{#} >0,
where % = {f : f = fp, (ii) holds, [t*dP(t) < co}.
For every f € %, using Lemma 3.2, choose d; such that, for ||| > dy,

K(fo, [) <é.

Now choose €7 such that |(a — ag) + 27 (3 — Bo)| < ¢, when |a — ag| < €5
and [|8 — Bol| < e;-

Therefore, if f € %, |a — | < €; and ||3 — Byl < €y, we have
K(f.0.8) < 25

Since f[{(f,a,ﬁ) cf €U, Joa— gl < e and || — Bol| < ef} > 0, the proof
is completed. O

REMARK 3.3. In the above theorem, we gave conditions under which
posterior consistency holds with the prior modeled by symmetrized normal
mixture. Other kernels also give similar results; see Section 6 for AFT
models, where a Weibull mixture is used to construct the prior.
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REMARK 3.4. If the covariate is non-stochastic, then the above theorem
need some modifications. First, Condition (i) need to be changed to (i') as
in Remark 3.2. Second, we need to add the requirement that V (g, f) < oo
in the definition of the set appearing in Condition (ii). Finally, Condition
(i) needs to be changed to (iii’) [ y*fo(y)dy < oo, Ey,(log fo)? < occ.

REMARK 3.5. If the base measure 7 of the Dirichlet process prior D, for

the mixing distribution has full weak support and the support of v is RT,
then Condition (i) holds. Condition (iv) holds if [ #?dn(t) < oco.

4 Exponential Frailty Model

To study a paired-data for lifetime distribution, Cantor et al. (1985)
proposed a joint distribution to model paired survival times where the de-
pendence within the pair was modeled by an unobserved random variable
W, the frailty, which follows an unknown distribution and varies from pair
to pair. Such a model has the advantage of preserving the loss-of-memory
property and the continuity of the model at the same time compared to
other alternatives; see Owen et al. (2000) for more details.

Let (X1,Y1),(X2,Y32),... be paired observations. We assume that X;
and Y; follow independent exponential distributions with parameters W; and
AW;, where W,’s are also random variables with unknown common distri-
bution F. We start with a prior II for F and independently put a prior I
for \. For given W = w, X and Y are conditionally independent. The re-
sulting semi-parametric model for n independently distributed observations
(Xl, Yl), (XQ, Yg), ey (Xn, Yn) is

X|W =w ~ Exp(w), YW =w~Exp(hw), A~p, W~F F~TI,

where Exp(w) is the exponential distribution with parameter w, that is, it
has the density function is we™"?.

Let fo(z,y) = [ Aow?e v@+2ov)dFy(w) denote the probability density
function (p.d.f.) of (X,Y’) corresponding to the frailty distribution Fj and
parameter \g, and f(z,y) = [Aw?e ?@+W)dF(w) be the density corre-
sponding to F' and .

THEOREM 4.1. Suppose that log(fo(x,y)), © andy are fo-integrable, Fy is
in the weak support of I1, \g is in the support of u and wg = fw2dFo(w) <
o0o. Let W = {(F,\) : |A\=Xo| < ¢, F € %}°, where % is a weak neighborhood
of Fy. If for any § > 0 and B > 0 there exists a sequence r,, and a constant
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Bo such that r2 < nf and I{F : F(ry) — F(r;') < 1—6} < e ™%, then

n

I{#|(X1, Y1), (X2, Y2), ..., (Xn, Y)} = 0 as. PfS.

To prove this theorem, we first show the existence of the exponentially
consistent tests by the following lemma.

LEMMA 4.1. Under the conditions of Theorem 4.1, Condition (i) of The-
orem 2.1 holds.

The proof of this lemma is given in the appendix.

PROOF OF THEOREM 4.1. The existence of the exponentially consistent
tests is shown by Lemma 4.1. In the proof of Lemma 4.1, we construct the
tests on the sieve .7, x [my, M,|¢ = {F : F(r,) — F(r;') > 1 -6} x RT.
Under the condition of Theorem 4.1, Condition (iii) of Theorem 2.1 obviously
holds.

To verify Condition (ii) of Theorem 2.1, we split the expression for the
Kullback Leibler divergence in three parts,

J[ fata.utog J;?((f,’j))dmdy = [ o foé“"’yidxdy

+ [ st lngm(( ))d W

//fo 2,y logfrz‘( 3)/) Y, (4.1)

where

fr(zy) = /)\owQew(‘H)‘()y)dFr(w), fralz,y) = /)\wQew(H)‘y)dFr(w),

F.(w) = t, f(;u fo(v)ll(v € [r_l,r])dv, t, = [Fo(r) —Fo(r_l)]_1 and 1(-) is
the indicator function. Now, by Lemma 10.2, 10.3 and 10.4 in the appendix,
Condition (ii) of Theorem 2.1 holds. O

REMARK 4.1. Dirichlet process prior with a base measure that has light
tail satisfies the condition required for this theorem.

5 Generalized Linear Models with Unknown Link Functions

Traditionally, in a generalized linear model (GLM), a known function of
the expectation of the observations, called the link function, is modeled to
be linear in the predictors. Recently, for more flexible modeling, the link
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function is treated as unknown or the linearity assumption is removed. In
the Bayesian context, the former is studied by Gelfand and Kuo (1991),
Newton et al. (1996), Mallick and Gelfand (1994), Basu and Mukhopadhyay
(2000) and others. In this section we give some sufficient conditions, under
which posterior consistency holds in a GLM with an unknown link function.

Consider a random response Y; measured along with a vector valued
predictors X;, where X;’s are i.i.d. with cumulative probability distribution
function Q(z). Assume that X is compactly supported, say, || X| < L.
Assume that Y; follows a distribution belonging to an exponential family as
Y; ~ explf;y — b(0;)]a(y). By the property of the exponential family, we have
that p; = E(Y;) = b/(0;) and var(Y;) = b”(6;). We model the relationship
between the expectation of the observations and the predictors as p; =
g(XI'B3), where ||3]| = 1 and g(-) is differentiable and strictly increasing.
Let ¢ stand for the space of all possible link functions, and .#Z = {u: p =
g2 B),||z|| < L,||8]| = 1}. Note that .# is compact and connected, so
a closed interval. Given a(-) and b(-), let T' be a chosen strictly increasing
differentiable function from .# to [0,1] and let F(X]3) = T(g9(XIB)).
Thus, modeling link ¢g(-) is equivalent to modeling F'(-), where F(-) is a
cd.f. on [-L,L]. Let Z([-L,L]) = {Tog:g € %}. In the Bayesian
approach, we assign a prior II for F(-) and a prior 7 for 3. Assume that
F(-) and f3 are independently distributed. We define n; = X1'3. Let B, =
BBl =130{B: I8 = Boll < rypor [|B+Boll <rn} where r, >0, n> 1.
Let IT =1I x 7.

Note that the GLM with unknown link function as described above is
identifiable. To see this, we show that

exp[t/ ™ (12 )y — (b (12)]aly) = exp[b™ (naz)y — b (k2z))]aly),
(5.1)
where pi, = g;(x73;), i = 1,2, for all x and y, if and only if 3; = B2 and
g1 = g2. The “if” part is obvious, so we now show that the “only-if” part.

If 8y # B2 and g1 = gg = g, then there exist x such that 273, #

xT By. For such z, if y # b;}, 11(gg((5fﬁlzg§ b,(b/l(;((g(f;%))), then (5.1) does not

hold. If B; = B2 = 3 but g; # go, then if z is such that v'~1(g (27 3)) #

/ 1 iET /—1 iET
bV g2(2"B)) and y # b(bb/ 1‘?;1(($7@ﬁ)§; Z/(bl(ggg(g( ﬁ)’?))), then (5.1) does not

hold for such (z,y). If 1 # P2 and g1 # g2, without loss of generality,
there exists 7 such that g1(n) > g2(n), and hence g1(n*) > ga(n) for n* > n.
Choosing x such that 27 3; = n* and 273y = 7, then for such = and y #
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bt (g1 (1)) =b(b"* (g2(n))
b= g1 (n*)) =" (g2(n))
x, we can let n < 0 and n* = —n.

, (5.1) does not hold. Note that for one dimensional

THEOREM b5.1. Suppose that the covariate X is compactly supported on
{z : ||z|| < L} for some constant L, and for any v, QL \{X : |[XTY;| <
¢}) >0 foreachi=1,...,d, and some { > 0. Assume that the weak support
of I contains Z([—L, L]). If 7(BS) < c1e™ " for some constants c1,cy > 0,
then with Pfs—probabilz'ty 1, the posterior probability

H(W‘(Xl,yl), RN (Xn,Yn)) — O’

where W is of the form (% x {8 : |8 — Poll < 6})¢ and % is a weak neigh-
borhood of Fy.

To prove this Theorem, we use the following two lemmas to construct
the required exponentially consistent tests.

LEMMA 5.1. For any § > 0, there exists a weak neighborhood % of Fy,
such that, for W = U x {B : ||B — Bol| > 9}, there exists an exponentially

consistent sequence of tests for testing Hy : (F,3) = (Fy, o) against Hy :
(F.B)eW.

LEMMA 5.2. Suppose that the covariate X is compactly supported on {x :
||| < L} for some constant L, and for any v, Q(T,\{X : |XTY;| <¢}) >0
for each i =1,...,d, and some { > 0. For any weak neighborhood % of Fy

there exists an exponentially consistent sequence of tests for testing Hy : F =
Fy,8=00 against Hy:F ¢ %, € By,.

The proofs of these lemmas are given in the appendix.

PROOF OF THEOREM 5.1. By Lemmas 5.1 and 5.2, Condition (i) of The-
orem 2.1 is satisfied, since # N (4 (R) x B,,) is the union of sets considered
in these two lemmas, and hence the required exponentially consistent tests
exist.

Condition (iii) of Theorem 2.1 is obviously satisfied under the conditions
of this theorem.

We shall show that the Kullback-Leibler property described by Condition
(ii) of Theorem 2.1 is satisfied to complete the proof. Write

I(y) = explt " (g(z" B))y — bt (g(z" 3)))]aly),

and
Io(y) = exp[b’" (go(z" Bo))y — b(b"" (g0 (2" Bo)))]a(y)-
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In this model

K@) = [ B p P ayaote)

— [ 1) [p (o0l o))y~ ¥ ol D)y
— (b (90" 50))) — b~ (9(a B)))) | dydQ(a)
< /Io(y)(ﬁwy — €26)dydQ(z) < 615/90(77i)dQ(x) + €2,

where

eig = sup |0 (go(a"Bo)) — b (g(aT )|
el <L

and

cac = sup. b0/ (goa” 50) = B0 (0" )

Now for any ¢ > 0, if

€1¢ < and €2¢ < 5/2, (5.2)

0
2g0(L)
then K (a,f) < 6 holds. We shall show that there exist weak neighborhood
 of Fy and neighborhood V' of Gy such that for any F' € % and § € V,
(5.2) holds.

Since '~ and bob'~! are continuous on ., they are uniformly continuous
on [go(—L),go(L)]. Hence, there exists £ > 0 such that for all the (3, F') such
that supj, <z, |F(2TB) — Fo(zT Bo)| < &, (5.2) holds.

Since gg is uniformly continuous on [L, L], there exists ¢; > 0 such that
for any x and 8 with |75y — 27 8] < (1,

l90(x" Bo) — go(z" B)| < &/2. (5:3)

Let V.=A{0: |- 0ol < (1/L}, then for any 8 € V and ||z|| < L, expression
(5.3) holds.

Since T~ ! is clearly continuous and bounded, there exists (5 > 0 such
that for each F' that satisfies sup,|<f, lg(xTB) — go(zT B)| < (a2, we have

S lg(z" B) — go(a” B)| = S T~ (F (2" B)) — T~ (Fo(27B))| < €/2
- - (5.4)
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for all ||B]| = 1. Let %’ = {F : sup, |F (2T 3) — Fy (27 8)| < ¢/2}. By Polya’s
Theorem, there exists a weak neighborhood % of Fy, contained in %’.

Note that |g(a”8) — go(z"Bo)| < lgo(z" Bo) — go(z" B)| + lgo(a™B) —
g(x"3)|. Combining (5.3) and (5.4), we have that for ' € % and 3 € V,
(5.2) holds, and hence Condition (ii) of Theorem 2.1 is satisfied. O

REMARK 5.1. A Dirichlet process prior with a base measure whose sup-
port contains [—L, L] satisfies the requirement of this theorem.

REMARK 5.2. If the covariates x;’s are fixed constants, we need to assume
conditions to ensure I{(a(-),0) : K;(a,0) < 0 for all ¢, and ) 7, Vi ‘;9) <
oo} > 0. The K; part is almost the same as K for the stochastic case. For
the V; part, in this model, the relation is guaranteed by 6%5 < 38/(3g3(L)),
€1e€2e < 6/(6g0(L)), and egg < 0/3, which automatically hold for sufficiently
small §. Hence, we only need to modify the conditions on X. Under the
conditions as in Remark 3.2, the theorem applies to non-stochastic cases.

6 Cox Proportional Hazard Model

For survival data with covariates, the proportional hazards model, in-
troduced by Cox (1972), is the most popular model. Let Y3,Ys,... be
survival times with covariates X, Xo,..., where X; € R? are i.i.d. with
compactly supported probability measure @Q(x). Assume that for any =,
QI \{X : |XTY;| <¢}) > 0foreach i =1,...,d, and some ¢ > 0, and the
random hazard rate of Y; is of the form

h(t) exp(X] B), (6.1)

where 8 € R? is the unknown regression coefficient and h(t) is the unknown
baseline hazard function. We give priors p for 3 and II for h(-). Assume
that h(-) and 3 are a prior independent and define II := I x p. Let ho(+)
and [y denote the true value of the unknown parameters.

The cumulative baseline hazard is given by H (¢ fo s)ds, and pro-
vided that H(t) — oo as t — oo a.s., we can define a basehne random density
function for life time Y by

f(t) = h(t) exp(—H(t)) = h(t)F(?), (6.2)

where F(t) = 1 — F(t) := exp(—H(t)) is the survival function, and F(t)
is the baseline c.d.f. of life time Y. Note that the p.d.f. of Y; with the
corresponding covariate X; is given by

X8 p(e)[F (1) X0~ (6.3)
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Let fo, Fy and Fj denote the probability density, cumulative distribution
and survival functions corresponding to hg respectively. Throughout this
section we assume that

E[H(t)] < o0 for any t > 0. (6.4)

In the presence of right censoring, the life time Y cannot be observed
every time. We only observe (Z,A), where Z =Y AC, A = (Y < C) for
C a censoring time with distribution F,. and for simplicity, assume that it
has density f. with respect to Lebesgue measure. Also, let F.(t) = 1 — F.(¢t).
Clearly, this leads us to consider a prior of the space .# x % and the corre-
sponding prior IT* induced on the space of the distribution of the observations
(Z;, A;)’s. Assume that the support of F. is given by supp(F.) = RT.

THEOREM 6.1. Let the p.d.f. of life time Y; be defined by (6.1), (6.2) and
(6.3). Suppose the distribution of censoring times F, is absolutely continuous
and supp(F.) = R*. Moreover, assume that for any q¢ > 1, the following
conditions hold:

(1) fo(t) is strictly positive on (0,00) and [p, max{E[H (t)?],t} fo(t)dt <
00;
(ii) there exists r > 0 such that liminf, o h(t)/t" = oo, a.s.;

(it)) TH{h : supgyp [() — ho()] < 0, [ [H(E) — Ho()|fo(t)dt < 5} > 0
for some finite T and positive §;

(iv) fooo(log fo()2fo(t)dt < oo.

Then, for # = {(h,B) : |B—Po| < e,h:1—exp(—H(t)) € U, }°, where %,
is a weak neighborhood of Fy, we have that

(7 |(X1, Y1), (X2, Y2), ..., (Xn, Y5)) — 0 a.s. [Pgp,]-

To prove this theorem, we first use the following two lemmas to show the
existence of the exponentially consistent test.

LEMMA 6.1. Under the conditions of Theorem 6.1, there is an exponen-
tially consistent sequence of tests for

Hp : (hw@) = (h()aﬁ())v
Hy:1— ¢ H0 ¢ Ury(t), where Up, is a weak neighborhood of Fy(-).
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LEMMA 6.2. Under the conditions of Theorem 6.1, there is an exponen-
tially consistent sequence of tests for

HO : (h7ﬁ) - (h(]uﬂ())a ~ ~
H,y :sup |exp(—H (1)) — Fo(t)] < A, [|B = ol > Vd .

teR

The proofs of this two lemmas are given in the appendix.

PrROOF OF THEOREM 6.1. First, we see that Condition (i) of Theorem
2.1 is satisfied by Lemmas 6.1 and 6.2, since # is the union of sets considered
in these two lemmas.

Now, showing that the Kullback-Leibler property described by Condition
(ii) of Theorem 2.1 holds will complete the proof.

For this model, K (h, 3) equals to

/ /O°° exp(a” 5o) [Fo (0] P71 fo (1) F. (1)

1 00) N (100
e PR (E)]TI f (1)

o0 [FO (t) exp(zT Bo) _ exp (=7 Bo)
+ [ o R e ORI Vb 69

dtdQ(z)

x log

Define the set

V(5,T) = {h csup |h(t) — ho(t)] < 6 A /TOO \H — Holfo < 5} (6.6)

t<T

We have II(7') > 0 under the Condition (iii).

Now, we are going to show that for any § > 0, there exists 7" such that,
for any T > T', TI(¥') > 0 is a sufficient condition for

nf / /0 B[Ry ()] 1 (1) F (1)

e P Fy(()] P 0 fo(t)

ABE @A f(p) Cd@@)

x log

t ]exp(a:T,@o

> o [F n exp(zT Bo) " 6
+ [ o e ORI () < > o0

(=)
—~
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for any e > 0. It is sufficient to show that for any h € ¥'(§,T), the following
two inequalities hold,

//Too e P [Fy ()P M0 fy (1) Fo(t)

Tﬁo[@( S 1100
BIF (1) GTA)-1 £ (1)
xp(zT Bo)

+ / / log [[Eﬁm £ (0)[Fo ()75 dtdQ(z) < €/2 (6.7)

x log dtdQ(z)

and

T
//o e P Fy (1)]= @ )1 £ (1) o (t)

e o [Fy ()] P )1 £y (1)
e B[R (t)] =T A-1 f(1)

T [FRp)) @) e
- / /O log O fe(t)[Fo(t)] Bo)dtdQ(z) < /2. (6.8)

x log dtdQ(zx)

The left hand side (L.h.s.) of (6.7) is equal to

// B By ()P B (1) Fu(t) (o7 (o — 9))dtd Q)

T

*//Tmeﬂ%[ﬁo(tnexﬂ 071 fo (£) Fu(t) loglho (1) /h(1)) dtdQ(x)
‘// e Py ()] P P71 fo (1) F(t)e® P Ho(t))dtdQ ()

T

" // T Ry (0] TR f (1) F (1) O H (1)) ded Q)

T

* // " L OEIPE 0 I E (1) — " ()] dedQ () (6.9)
T

The sum of the last three integrals in (6.9) are equal to
/ {e"" P [Fp ()P 7 fo(6) Fo(t) + fult) [Fo(1)] 7P 7071}
T
x[e” PH(t) — e*" P Hy(t)]dt. (6.10)

Let z be fixed. It is easy to see that the first term in (6.9) is less than €/6 for
0 close enough to [y enough, since () is compactly supported, and all such
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B’s form a set of positive probability under the assumption on the prior for
g.
For the second term in (6.9), note that by Holder’s inequality, one has

1/p

/T e Oy (]P0 fo(1) Fo(t) oo (1) /(1))
< {/Too exTﬁo[FO(t)]exp(xTﬁo)*l‘p fo(t)dt}
SIS

Since X is compactly supported, assume Prg(||X|| < L) =1 and || 5| < La.
The first term on the right hand side (r.h.s.) of (6.11) is bounded when
p < (1 — e 2)~1 which corresponding to that ¢ > ef*2. We choose
q to be a sufficiently large even integer for the rest of the paper. It is
sufficient to show that (6.11) is less than €/6 by showing that for any & >
0 there exists T, such that [, (log[ho(t)])?fo(t)dt < & and limp_,ec II{A :
Jr (log h(t))? fo(t)dt < &} = 1. The latter is satisfied by Condition (iii).
Note that log[ho(t)] = Ho(t) + log[fo(t)], so the former is satisfied under the
Conditions (i) and (iv).

q 1/q
fo(t)dt} . (6.11)

Note that the expression in (6.10) is [ E[e*’ PH(Z) — e*" % Hy(2)]dQ(x).
As Y is stochastically larger than Z =Y A C, and as argued in Blasi et al.
(2009),

Ele” PH(Z) — ¢ P Hy(2)] < Ble” PH(Y) = ¢ P Hy(Y)|.  (6.12)

Under the situation that || — fp|| small, the r.h.s. of (6.12) is less than €/6,
for any h € #7(9,T) with sufficient small 6 and sufficient large T'.

It remains to show that (6.8) holds. We now consider the expressions

T
// e B Fy ()] R fy (1) F(t) (27 (Bo — B8))dtdQ (=), (6.13)

0
T
/ /0 e 00 [ Fy ()] P B)=L fy (1) . (1) log ho (1) /R (1)) dtdQ(x)  (6.14)
and
T
/ /0 {700 [ By ()] P01 fo (1) Fo(t) + folt) [Fo(1)] P #0) 1)

x[e® PH(t) — e* P Hy(t)|dtdQ(x). (6.15)
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Obviously, the expression in (6.13) will be small enough by choosing an
appropriate (.

Assume first that ho(0) > 0, and let ¢ := infi<7 ho(t) > 0. For § < ¢ and
h e ¥ (5,T), the expression in (6.14) is less than

I
< 2 [ et e =

and the expression in (6.15) is less than

1| e B [Fo (]P0 fo (£)dtdQ ()

/ / [sup |h(s) — ho(s)[] - ¢ - [¢* PH(t) — ™ P Hy(¢)]dtdQ(z) + €

s<T

< 5// B (1) — e Hy(1)]dtdQ(x) + € < 5y + €,

where £ is a small positive number and is dependent on 3, and

Eoi= [ / te™" PO [ Ry (B P i (1)dtd (),

which is finite by the Condition (i).

Now consider the case that h(0) = 0. We need a different bound for
(6.14) in this case. Split the expression in (6.14) into two parts:

C T — T _
Lthim / / & 00 By (0] 01 fo (1) Fu(t) Toglo (£) /()] dtdQ ()
0
T
+//< & 00 By (H] 7P 501 fo (4) Fu () Toglo () /()] dEdQ(z).

The analysis is essentially the same as before. We can find that for any
€ > 0, there are § and 7 such that for any h € #(§,T) implies the sum of I
and the expressions in (6.15) and (6.13) is less than €/4 for any (.

Now consider I;, we shall show that for the same ¢, there exists a small
enough ¢ > 0, such that

C T — T _
/ /0 ¢ B0 7 (1))@ £ ) B (1) loglho (£) /()] dtdQ(x) < ¢/4, as. [TI).
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If h(0) # 0, the above inequality holds. Hence, it is enough to show that
(loglho(t)/h(t)])? fo(t) is Lebesgue integrable in O for Il-almost all A such
that h(0) = 0. Note that ho(t) — fo(0) as t — 0. Hence, under Condition
(iv), we only need to show that (logh(t))? is fo-integrable, which is true
under Condition (ii). O

REMARK 6.1. Blasi et al. (2009) showed that Condition (iii) holds, when
the hazard function is of the form h(t) = [ k(t,z)i(dx), where i is a com-
pletely random measure on some Polish space, and k(+) is the Dykstra—Laud
kernel, the rectangular kernel, the Ornstein—Uhlenbeck kernel or the expo-
nential kernel.

REMARK 6.2. If the covariates X;’s are fixed constants, we need a suf-
ficient condition about V; as mentioned in Remark 5.2. For this model, we
split the V; as

/#%@@PW%“ﬁwmwﬁ%—@Wt

+ [ TR fo(0)Fo(e) oglhol6)/(6) e

T

+ [ TRE@ T o) o) PH() - T Ho(t) P

T

" / Felt)[Fo ()] @ POV [l B H (1) — e P Hy (1)t

The first term will be made arbitrarily small by choosing & close enough
to (o enough. The second term can be made small by Condition (i), for
q > elL2/2 which also implies a bound for the “K” part. For the last two
terms, by similar argument as above, the additional requirement on “V;”
part can be satisfied under the following condition:

(v) TL{h & supocyr (h(t) — ho(8)? < 6, [(H(t) — Ho(t)2fo(t)dt < 6} > 0
for some finite 1" and positive ¢.

7 Accelerated failure time model

To analyze survival data with covariates, the accelerated failure time
models are quite popular, too. For each subject ¢ = 1,...,n, let Y; denote
the failure time and C; denote the censoring time. The observed survival data
are Z; = min(Y;, C;) and A; = 1(Y; < C;). Let X; denote a d-dimensional
vector of covariates associated with subject i.

We assume that Y/eX "8 ~ f(y), where 3 and f are unknown parameters.
Let By and fp denote the true value of 3 and f respectively. Observe that
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=1logY — XT3 ~ f, where f(t) := €' f(e!). Note that the correspondence
e f is one to one. Let F,. be the distribution of C', and for simplicity,
assume that it has density f. with respect to Lebesgue measure, and let
fC and F, be the density and distribution of log C' respectively. Let fo be
the corresponding true value for f . Also, we assume that the covariate X is
random and with probability measure Q(z). To make this model identifiable,
we further assume that [ 2dQ(z) =

Assume that the Dirichlet mixture prior assigned to f using the Weibull
density function as the kernel. The Weibull kernel is given by

w(x;0,¢) = ¢~ '0(x/p)" " exp[—(2/0)°).

Let P ~ II, and given P, let log ¢; be i.i.d. P. Let the model consist a prior
v for §. Then, v x II induces a prior on the survival function F(t) of the
random variable logY — XT3 via the map

(P,0) > / exp(— (=150 g p

and induces another prior on the density function f of the random variable
logY — XT3 via the map

(P,6) — / 0 exp(—et189)0 4 (1 —log ¢)0)dP.

Assign a prior p for 8, and let IT stand for IT x v X p.

THEOREM 7.1. Assign a Dirichlet mizture prior with Weibull density
kernel to f as described above. Suppose that

(i) the covariate X is compactly supported, and for any v, Q(I',\{X :
| XTY;| < ¢}) >0 for eachi=1,...,d, and some { > 0;

(ii) for some 0 < M < o0, 0 < fo(t) < M for all t;

(iii) ffo )| log fo(t)|dt < oo andffc(t—i—f)ﬂogﬁ’o(tﬂdt < oo forall € € R;

(iv) for somed > 0, ffo ) log py ((t)) dt < 0o, where ¢5(t) := inf|j;_y|<s fo(s);

(v) there exists n > 0 such that | [ e2180I" f3()dt| < oo, and
logt—a)/b .
0 ) )
[ ellost=a)/b f()dt < oo for any a € R and b € (0, 00)

(vi) [(e " +t/h)dP(t) < oo for any given h > 0, a.s. II;
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(vil) the weak support of I is the space of all probability measures on R;

viii) for some § > 0 and any £ € R, fc t+ &) log FO’BO(t)dt < o0, where
Ps(t)

5(t) := infs_yy<s fols);

(ix) there exists n > 0 such that | [ fe(t 20080 g4 < 00 and
I fe(t) 1Ogt“/bdt<ooforallaERandbe(Ooo)

Then for any weak neighborhood % of Fy,
M ({(F.8): Few 18- Bl < e} (21, X1, A1), (Zn, Xy An)) = 1

a.s. {PJ?OO} .
To prove this theorem, we first use the following two lemmas to show the
existence of the exponentially consistent test.

LEMMA 7.1. Under the conditions of Theorem 7.1, there is an exponen-
tially consistent sequence of tests for testing Hy : (F,3) = (Fy,Bo) against
H, : F ¢ Ur,, where Ur, is a weak neighborhood of Fy(-).

LEMMA 7.2. Under the conditions of Theorem 7.1, there is an erponen-
tially consistent sequence of tests for testing Hy : (F, 3) = (Fo, Bo) against

Hy: sullé) |[F(t) — Fo(t)] < A, [|B— Boll > 0.
te

The proofs of these two lemmas are given in the appendix.

PROOF OF THEOREM 7.1. Since {(f,3) : f € %,||8 — Bol| < €} is
the union of sets considered in the Lemmas 7.1 and 7.2, Condition (i) of
Theorem 2.1 is satisfied.

Note that there is no sieve used in the tests we constructed in the above
lemmas. We only need to verify Condition (ii) of Theorem 2.1 to complete
the proof.

For this model, the Kullback-Leibler support condition on IT at (fo, o)
—:vTﬂof -z By
T LT _ e e Yy
8 [[ e gyt ) Rty o I g
e B f(e= Py)

e—mTﬁo
= [[ ey ()10g%dyd¢g<> }>o

(7.1)
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for any € > 0. By transformation, the expression (7.1) is equivalent to

{//fo t — 2T Bo) Fu(t) log folt = TﬂO)dtdQ(:c)

fe=aTp)
_xT ( -z 50) T ¢
//Fot o) (0o 2 — 2 R < }>0
(7.2)

for any € > 0.

By Condition (iii), (v), (vi) and (ix), applying Lemma 10.6 in the ap-
pendix, we have

JEL log -

By Condition (iii), (iv) and (v), an application of Theorem 3 of Wu and
Ghosal (2008), gives us

= 7 fo(t)
(v x II) {/fo(t) log ) < 6} >0 (7.4)

for every € > 0. Combining (7.3) and (7.4), we have that

{/ Folt — 2T Bo) Eu(t) 1o %dtd@(@ < e} >0 (7.5)

for every e > 0. Note that Conditions (iii), (iv) and (v) correspond to Condi-
tions B5-B7 of Theorem 3 of Wu and Ghosal (2008), while other conditions
of that theorem obviously satisfied.

dt — /f ; (7.3)

as v — 0.

Now, we show that

I1 {/ Fo(t — 27 Bo) ful(t) log %dtd@(@ < e} >0  (7.6)

To this end, by Lemma 10.7, we have

(v x II) {/fct—i—f F((;)dt<e} > 0, (7.7)
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holds for any £ € R.
By Condition (iii), (v), (vi) and (ix), applying Lemma 10.6, we have that
o(t)
/fC )log ———— dt /fC t)lo g —~dt (7.8)
F t—

as v — 0. By (7.7) and (7.8), expression (7.6) holds true.

Note that the intersection of the sets in the expressions (7.4) and (7.7)
containing a common weak neighborhood of P,,, and hence (7.2) holds. O

8 Partial linear regression model

Consider a partial linear model
Y; = X! B+ f(Z) + e, (8.1)

where Y; is the dependent variable, X; is a vector of d-dimensional explana-
tory variable, Z; is a scalar explanatory variable, ¢;’s are i.i.d. Norm(0,o?)
fori=1,...,n, and f is an odd function. Assume that X and Z are random
variables having probability distribution Qx(x) and p.d.f. gz(2) repectively.
Let gy z denote the p.d.f. of f(Z) and the convolution gy 7 * ¢(0, 2) is the
p.d.f. of f(Z)+e. We assign a prior y on 3 and a prior II on g,z * ¢(0, 0?).

Let IT stand for I x p. We have the following result:

THEOREM 8.1. Suppose that

(i) the distribution of covariates X and Z are compactly supported, and
for any v, QU \{X : | XTY;| < ¢}) > 0 for each i = 1,...,d, and
some ¢ > 0;

(ii) there exists a sufficiently small n > 0, C, and a density g,, such that
for 'l <, ag0,2 % 9(0,08)(y —1') < Cygy(y);

(iii) for all sufficiently small n and for all 6 > 0, IZI{K(gn, f)<d}>0.

Then for any weak neighborhood % of fo,

I{(f.8): fe|B—Boll <d|(X1,Y1,Z1),...,(Xp, Y, Zn)} — 1

as. [P;;} .
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PRrROOF. Note that by considering f(Z) + € as the error part in multiple
regression model, we can treat this model as a multiple regression model.
Note that in Theorem 3.1, Condition (ii) is about the p.d.f. of the error term
in the linear regression model, while in this theorem the same condition is
given to gy, 7z * #(0,08)(y — n'), which is the probability density function of
the error term in the partial linear regression model. Also, the other two
conditions are the same as the rest of the other two conditions in Theorem
3.1. Applying the same argument proves this theorem. O

REMARK 8.1. Due to the similarity to the multiple regression model dis-
cussed in previous section, the prior applies for that model will apply here.

REMARK 8.2. If the covariates are fixed constants x;’s and z;’s, Condition
(i) and (iii) will need to be changed accordingly as mentioned in Remark 3.2
to ensure consistency.

9 Discussion

In this paper, we studied posterior consistency for some semi-parametric
models, which was initiated by Amewou-Atisso et al. (2003). In that pa-
per, the authors studied the univariate regression model, with Polya tree
or Dirichlet mixture of normals priors being given, and the binary response
regression with unknown link. Both stochastic and non-stochastic covariate
cases were studied. The basic idea is to consider a sufficiently weak topology
on the non-parametric part so that uniformly exponentially consistent tests
can be constructed for testing the true value against the complement of a
neighborhood. In this paper, we used the same idea to study some more
models, which are commonly used in practice.

By doing this, we provide a ready catalog of conditions required to ensure
sensible Bayesian inference in large samples for most commonly encountered
semi-parametric models. This may help practitioners to select useful prior
distributions. The technical difficulty lies in the proof of Kullback-Leibler
property or constructing the exponentially consistent tests. For example, for
proportional hazard model, it is more difficult to prove the Kullback-Leibler
property of the model, while for exponential frailty model, it is harder to
construct the tests.

Of course, there are many other Bayesian semi-parametric models used in
practice. For example, the proportional hazard model with frailty structure
and with censoring data is a commonly encountered model in survival anal-
ysis. Other examples include biased sampling model and projection pursuit
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model. In this paper, we have initiated the process of cataloging, which, we
hope will get richer in the future.

10 Appendix

The following lemma, due to Amewou-Atisso et al. (2003) Lemma 3.1,
will be used many times in our proofs of the existence of the exponentially
consistent tests for the models.

LEMMA 10.1. For i = 1,2,..., let go; and g; be densities on R. If for
each i there exists a function ®;, 0 < ®; < 1, such that

EQOi((I)i) =o; <y = Egi(¢i)7

and if
1 n
lim inf — > (i) >0
i=1
then there exist a constant C, sets B, C R", n = 1,2,..., and ng, all

depending only on (v, ), such that for n > ny,

n
117
=1

n

1"
=1

(Bn) < e*"C,

(B,) >1—e"C,

Proor or LEMMA 3.1. Let %y, be a weak neighborhood of fy, A > 0,
v =1{7,...,7} € {~1,1}? and ¢« = 1. Consider the following three groups
of hypotheses,

HO : (faavﬁ) = (f(),Oé(),/B()) against Hl : (faavﬁ) € Wla
HO : (qu[a/B) = (f07a07ﬁ0) againSt Hl : (qu[a/B) € %,L,’y,jp
for each ¢, v and j =1,...,d, and
HO : (fvav/B) = (f(),Oé(),ﬁ()) against Hl : (fvav/B) € %,L,’y,ja

for all © and v, where #1 = %f x {|la — ao| < A, [|B = foll < A}, Wauy, =

F x{(a,B) : tla—ag) > 0,(8—00) € I'y,7j(B5—Boj) > A}, B=(B1,---,08a)
and #3,, = F x {tla —ag) > A, (8- o) € '}
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For the first group of hypotheses, we take

%—{ﬂ/@@ﬂ@—/@@ﬁ@<o}

where 0 < ® < 1 is uniformly continuous. Since ® is uniformly continuous,
given € > 0, there exists § > 0 such that |y; —y2| < ¢ implies |®(y1)—P(y2)| <
€/2. Let A be such that |(a — ag) + (8 — Fo)Xi| < ¢ for all ||X;|| < L and
o, € #1. Now for any f € % ¢, we have that

// —ag— 2" Bo)f(y — o — 2" B)dyQ(dw)
> [owrwi-

[/@ ~ (o= ag) — 27(5 — )

X f(y — (o — o) — 2" (8 — Bo))dyQ(dx)
/ﬂb(y)f(y)dy —€/2
2 Efoq) + 6/2.

Y

By Lemma 10.1, such tests are exponentially consistent.

For the second group of hypotheses, by Condition (i), there exist X’s
such that the j-the component of X, X;v; > € and X belongs to the proper
I, such that o + XT3 — ap — XT3y > Ae. Condition (i) also implies that
there exists L > 0 such that || X|| < L and liminf n = #{i : || X; ;|| > €0, Xi €
'y} > 0 as. for any I'y, where #{-} stands for the cardinality of the set.
Let Ky, = {i: || Xi | > €0, X; € 'y} > 0, for each i € K,, -, there exists a
set A; such that

Q1= Pfo«L(Ai) <a-— C(’n VAN AG)

and

= f P A;) >
W0 P4 2

where 7 is such that inf), ., fo(y) = C > 0. For i ¢ K, set A; = R, then
a; = v; = 1. Note that

lim inf ( -1 Z — o ) > C(n A A¢) liminf #K,/n > 0

n—oo

Lemma 10.1 now applies. Hence we have exponentially consistent test for
the second group of hypotheses.
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The construction of the exponentially consistent test for the third group
of hypotheses is similar.

Note that by choosing A sufficiently small, the union of the sets in the
alternative hypotheses contains {(f,, 3) : f € %, |a — | < €,]|3— Bol| <
€}¢. The required exponentially consistent tests therefore exist. O

LEMMA 10.2. If |log fo(z,y)|, © and y are fo-integrable, then for any
€ > 0, there exists r such that [[ fo(z,y)log %dmdy < €.

PROOF. Since \gw?e %@ +20) < \jw? and fr(w) < 2fo(w), one has that
/ Aow?e” @AV IR (1) < 2X0/3. (10.1)

By the dominated convergence theorem (DCT), we have that log % — 0

as r — 00 point-wise.

Note that f,(z,y) = W - Mow?e~w@EHAov) dFy (w) and fo(z, y)
= [ar Aow?e W@V dF (w). Thus we have f,(z,y) < 2fo(z,y) for suffi-

ciently large r.

Observe that for given (z,y), Aw?e~*(#+2¥) is increasing on (0,2(z +
Aoy)~1) and decreasing on [2(x + Agy) ™!, 00) as a function of w. Now let
wy, we and ws be such that Fy(w;) =i/4, i = 1,2,3. Choose r sufficiently
large such that r—' < w; and r > ws. For = + \gy > 2w51, one has
fr(x,y) > Nwie ws@HAov) /4 For o + Ny < 2wy ', one has f.(z,y) >
Now?e 1@+ o) /4 Therefore, for r large, we have

)\owQe*w3(x+)‘Oy)/4 if x4+ Ay > 2w, !
2 3 ’ = 2
fo@,y) > fr(@,y) > { Mwde wr@Hrov) /4 if g 4 Aoy < 2wy L.

Hence

fo(z,y)

‘bg fr(@,y)

< llogfe)l+
max{log 2 + [log fo(z, y)],|log Aows /4| + |ws(@ + Aoy)|}.
Since |log fo(z,y)| and x + y are fy-integrable, by the DCT, we have

fo(z,y)
fr(x7 y)

dxdy — 0 as r — o0.

[ soayton
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LEMMA 10.3. If z and y are fy-integrable and wg = [ w?dFp(w) < oo,
then for any € > 0, there exists a neighborhood ¥ of Ao such that for A € ¥
and r sufficiently large,

J dow?e @00 dF, (w)
1
/ Jo(z,y)log [ Aw2e=w@E+M)dF, (w)

dxdy < e.

PROOF. By arguments similar to those used in the derivation of (10.1)

2~ w(z+Agy)
and the DCT, one has that log ff’\f\zgz_w(xﬂﬁd‘fzg‘)’)

— 0, point-wise.

Observe that

[ Aow?e —w(Etroy) g F, (w )‘
f)\wQe w(er)\y)dF( )

‘log {/)\ow2€w(‘”+)‘oy)dF } ‘ + ‘log {/)\wQew(‘H)‘y)dFr(w)} ‘

In order to show that

[ Aow?e= @AV GF, (w)
/ Jolw,y)log [ Mw2ew @A) dE, (w) dady = 0, (102)

‘lo

it now suffices to bound |log( [ Mw?e~ @+ W) GF, (w))| for any A € [Ao/2,2)0]
by an fo(z,y)-integrable function u(z,y). For given values of A and (z,y),
Mw?e= (@A) a5 a function of w, is increasing on (0, %)\y) and decreasing

on ( 00). Let wy, wy and w3 be defined as in the proof of Lemma 10.2.

2
TH+AY?
For 7~! < wy and r > w3, fr(w) > fo(w) on (wi,ws). For given A,

1 2
/ e V@GR (w) > g)\ow%e’wl(wﬂ)‘oy)’ if 2+ Ay > —,
w2

1 2
/)\w2e_w(x+>‘y)dFr( ) > 8)\0w2 e~ ws(@t2hoy) if 0 g Ay < 2
w2

Hence, we have

log {/)\wQe_w(x“‘y)dFT(w)}

> min {log(Awi/8) — w1 (z + 2Xoy), log(Aow3/8) — w3(x + 2Xoy) } -

Therefore, log( [ AMw?e @MW AF, (w)) > log(Aw?}/8) — 2ws(x + Aoy). Since
fr(w) < 2fo(w), we also have log( [ Mw?e™ @+ M) dF, (w)) < 4\gwp. Hence,
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‘ log(f )\wQe*w(H)‘y)dFo(w))‘

< max {4 wg, | log(Aowi/8)| + 2ws(z + Aoy) } -

By the condition that = and y are fy-integrable, (10.2) holds by the DCT.
O

ProoF OoF LEMMA 4.1. To show that there exist exponentially consistent
test for testing Ho : (A, F) = (Ao, Fp) against Hy : (F,\) € #, we show that
there exist exponentially consistent tests for testing

Hy : ()\,F) = ()\O,FO) against Hj : |)\ — )\0| > €, (103)
and

Hy : ()\,F) = ()\0,F0) against H; : F' € wenN oy, (104)
where o7, = {F : F(r,,) — F(r;') > 1 — §} for some given §. Note that

X

Xy Unif(0, 1), i 0 (10.5)

We use Kolmogorov-Smirnov test (KS test) to test Z ~ Unif(0, 1), which in
turn tests (10.3).

Let D,, denote the maximum difference between the empirical c.d.f. of
Z and the standard uniform c.d.f. U(z) = z, z € [0,1]. Let test ®,(:) be
1(D,, > §). We have that, for large samples,

Ey(®,) = Pr(D, >0) < 2e 20,

2(Axvntd) 2
Ba(®) 2 1- (02 [ e Tdt, A= ol >,
2(Axy/n—9)
where Ay = supp<,<; ‘P;(%/\OY < z) —z
In the above expression, P\ denotes the probability law for %AOY’ when
X|W =w ~ Exp(w) and Y|W = w ~ Exp(Aw).

; see Massey (1950) for details.

We show that A :=inf|\_;>c Ax > 0. Then it will follow that

49 Vi—6)? )
inf En(@p) > 1 e > 1 - 9y3 3%,
[A=Ao|>€ V2 NZ3

for n sufficiently large, leading to the desired test for (10.3).
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Note that

X 1 X o
MAX T AY ~ 2 MYy =79 7 N+

where P} denotes the probability law for X/Y when X|W = w ~ Exp(w)
and Y|W = w ~ Exp(Aw). Hence, Ay > |1 — %\ > Dogae > 0, for all
A such that |\ — A\g| > e. Thus, the sequence of tests ®,, are exponentially
consistent.

Now we show that there exist exponentially consistent tests for testing
(10.4). Let

go(z) = /we_wxdFo(w), gr(z) = /we_wxdF(w). (10.6)

Let 4 = {gp : gr(z) = [we ™" dF(w),F € .#(R")}. Note that the corre-
spondence F — gp is one to one by the unicity of the Laplace transform.
Let ||lgr — goll = [ |gr(z) — go(z)|dz be the Li-norm on ¢¥. We now show
that for any sequence g, € ¥,

gn 25 gy implies F, % Fp, (10.7)
where g, = [ we “*dF,(w) and Z, stands for weak convergence.

If g, I, go, which means [ we™"*dF, (w) 11, Jo~ wem"*dFy(w), then

// we_Wtan(w)dt—// we_U’tdFo(w)dt‘HO.
o Jo o Jo

Now, by Fubini’s theorem, we have

sup
zERT

sup
zeRt

/ e rdF, (w) —/ e_wxdFo(w)‘ — 0.
0 0

Hence, for any 2 > 0, [° e “*dF,(w) — [;° e “*dFy(w). Since [ e “*dF(w)
is the Laplace transform of F'; by Theorem 2 in Feller (1957, Vol. II XIII.1),
it follows that F,, = Fy.

Observe that there exists a sequence of exponentially consistent tests for
testing

Ho: g=go against H;: g€ %*Cﬂ{/wemdF(w) :F e ,an} (10.8)
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by Lemma 10.5 below, where % * is an Li-neighborhood of gy. The existence
of a sequence of exponentially consistent tests for (10.8) implies the existence
of a sequence of exponentially consistent tests ® for testing (10.4).

Now the test max{®,(-), P} (-)} satisfies Condition (i) of Theorem 2.1,
with the <7, x [my,, My|¢ = {F : F(r,) — F(r;}) > 1 - §} x R*. O

LEmMMA 10.4. If |log fo(x,y)| is fo(z,y)-integrable, then for any € > 0
there exists a weak open neighborhood % of F., such that

f )\w2€*W(I+)‘y)dFr(w)
1
/ fo(z,y)log [ Aw2e—w(@HA)dF (w)

drdy < €

for every F € % and X € ¥ C [Mo/2,2No).

Proor. We verify Conditions A7-A9 of Lemma 3 in Wu and Ghosal
(2008) to prove this lemma, that is,

AT7. for any ¢ € A, [log %ﬂ)(m)dm < 00;

A8. ¢:=inf,ccinfpep K(x;0,¢) > 0, for any compact C' C X;

A9. for any given ¢ € A and compact C' C X, such that the family of maps
{0 — K(z;0,¢),z € C} is uniformly equicontinuous on D C ©.

In this case, K(z,y;w,\) = Aw?e~ @+t ) where w plays the role of 6 in
the conditions, A for ¢ and P, is substituted by proper F,. Choose r and

¥, such that [[ fo(x,y)log ffoffxyy)) dxdy < € for every A € ¥. From Lemma

10.3, one has that [[ fo(z,y)log fr(z,y)dzdy < co. Let D = [r~1,r],

| log( imfj Mo?e V@ < (1 41 (2 4 20y) + 2log T + 1og(2)).
we

Now |log(inf e p Mw?e~ @+ )| is integrable. Hence Condition A7 is satis-
fied. Condition A8 obviously holds. For Condition A9, the uniform equicon-
tinuity condition holds for any compact E. By straightforward calculations,
we will see that Condition A9 holds. Thus Lemma 3 of Wu and Ghosal
(2008) concludes the proof. O

LEMMA 10.5. If for any 6 > 0 and 3 > 0 there exists a sequence r,, and a
constant By such that r2 < nB and I{F : F(r,) — F(r;') <1 -0} < e,
then there exists an exponentially consistent sequence of tests for test (10.8).
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PROOF. Let .Z denote the space of density functions on RT. For any

e >0, let % = {f 1 |If — foll < e}, where |If — foll = [ 1f(z) — folw)ldz.
Choose § < €/4, let %, = {[we “*dF(w) : F(r,) — F(r;') > 1 -6}
By the assumption of this lemma, we have that II(.#¢) < e ™%. Choose
g1,92---,9x € F be such that V,, C UleGi where V,, = %, N #*° and
Gi={f:If —gll <d}. Let fi € Vi, NG;. Let A; ={z: fo(x) < fi(x)} and
Bi = {(.11?1,21?2, e 7:[;71) : % Z?:l ﬂAi (xj) Z %(PfO(Al) + sz(Al))} COHSidGI‘
the test

¢n(X1,X2,. - 7Xn) = 1r2za§)39 HBZ-(XLXQ’ N ,Xn),

where X are the first components from the observations (X, Y;)’s.

Let J(d,.%) stand for the Li-metric entropy, that is, the logarithm of the
smallest number k of functions fi,..., fx such that for any f € %, we have
IIf — fil| <0 for some i =1,... k.

Now, as shown in the proof of Theorem 2 in Ghosal et al. (1999), if
J(6,.F,) < nf3 for some 3 < €2/8, then the sequence of tests constructed
above is exponentially consistent. Hence showing that for any § > 0 and
B >0, J(0,F#,) < np for some suitable choice of r, is sufficient to complete
the proof.

w

For w; > wag, we have wie™ "% > wye™ 2% on [0, log % (w1 — we)) and

w

wie” 1T < wge” 2% on [log o (w1 —wz),00) and hence

log %/(’LUI*WQ)
”w16*w1x _ wge*wsz < 2/ (wlefwm _ w267w21)d$
0
< 2 Sup(wle*wlx _ w2€fw2x)
€A
= 2(logw; — logwsy),

w
log —1/(w1 — wy)
wo

where A = [0, log {1 /(w1 — w2)) in the above display.

2_
Given 0, let N be the smallest integer greater than ;{}Tll Divide (r,; !, 7,]
in to N intervals. Let

Ei:<1 (ra—ra D=1 1 (ra—ra Vi

—+ ,— +

,=1,2,..., N.
Tn N Tn N > ¢ L

Then for any w,w’ € E;, we have |[we™"* — w'e~"'*|| < §. Now, along the
same lines in the proof of Lemma 1 and Lemma 2 in Ghosal et al. (1999),
we have that J(6,.%,) < nB if r2 < ng. O
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ProOF OoF LEMMA 5.1. Consider X and @ are both d-dimensional. Let

B={p:[B| =1}, B*=B\{8: |8~ ol < e} and X = {2 : [z - B <
J, for some € B}.

For any (1 € B*, let Yy and Y; be random variables corresponding to
random variable X taking the value of By and X; taking the value of (;
respectively. Let

by = b~ 1<go<X§ﬂo>>:b’*1<go<1>),
0 = ¥ N(go(X{ Bo)) =" (g(B Bo)),
0 = - 1(g(X0Tﬁl)) v (9(85 Br)),
07 = bV (g(X{B) =b""(g(1)).

Now we have that

ffooo ftzo e a(tl)etoeoa(to)dtldto

R(69,01) :=Eg, . 1(Yy < Y7) = =2 — 10.9
(B0,61) = .00 1Yo < ¥1) [ ehbia(ty)dty [ etofoa(ty)dty (10.9)
and

> 1% a1 )eto% a(to)dt, dt
R5,0) 1= B g3y < 1i) = Loz Rt Rolloldndly -

ffooo tl@oa(tl)dtl foo t091a(t0)dt0

By the fact that 8y > 61 and tg6y + t1601 < tgf1 + t109 when ty < t1, we have
that R(90,91) < R(Ql,eo). Now, let

A= it {R(Y (0(5"B0). ¥ (90(1))) =R (6 (a0(1)). 6 (90(67 ) }.
(10.11)

By the continuity of R(:), we can find & > 0, such that
|R(02,05) — R(05,03)] < A/8 (10.12)
for all |6 — 05| < &1, |63 — 65| < & and
V' (go(—1 =€) — &1) < 02,03,05,05 < (go(1+€) + &)

By the continuity of F and T, there exists £ > 0, such that for all F with
”F - FO”sup <§,

sup  [T7' o F(t) — go(t)| < &1.
—1—e<t<l+e
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Now, we can find a weak neighborhood % of Fy such that for all the F' € % .
Also, by continuity, there exists § > 0 such that

| RO (90(XT )6 (90(XE B)) = RO (00(X378),5 " (90(X3757)

<A/8 (10.13)
for all for ||5*— || < 0, || X5 —X2| < d and || X5 —X3|| < 6, where 3, 3* € B*
and XQ,X3,X§,X§ e X.

Now, let X; and Y; denote the ith covariate and observation, K,y = {7 :
1 <i<n|X;—poll <d}and K,, ={i:1<i<n,|X;— 0] <d}. Let
k = min{#K,, #K,0}. We will construct a test using only those Y; for
which the corresponding ¢ is in K, or K,y. Take the first s i’s from K, and
K0, and setting them in pairs as (Xog, X1x),k = 1,2,... k. Now we have
(Yor, Yik), k = 1,2,..., K, which denote the observations corresponding to x
pairs of X’s. Note that all the Xq; are from {X; : i € K,0} and Xy; are
from {X; :i € Kp1}.

By (10.13), we have
B 1Yo < Vi) < RO (90(1), 6 (oo (5T 5o)) + A/S,  (10.14)
for each k. Let B(g, 5y = {[|8 — B1| < d}. By (10.12) and (10.13), we have
inf{Egll(Yor < Y1) : B € B, 5y N B*, F € %}

= inf {R(b'_l(go(X&ﬁ)), b (g0(X16))) — ROV (g0 (81 8)), b (90(1)))

+R(V ™ (9(X01,0)), b (9(XT,8)) — ROV (90(X8)), b (g0(XT,8)))
+R(V " (g0(B1 8)), 6" (90(1))) — ROV (9(B] B)), " (9(1)))
+R(Y ™ (g(B]8)), b (g(1))) = RV (go(1)), b (90(B] B)))

+R(6"(90(1)), " (90(B1 B))) : B € By, 5y N B*, F € %}

> R (g0(1)), b (90(B Bo))) + A/2. (10.15)

Therefore, by the Lemma 10.1, there exist exponentially consistant sequence
of tests ®1,, for testing

Ho: 8= 70 against Hy: B € B, 5N B"

nC

Hence, there exists C' > 0 such that infﬁ*eB(ﬁl,J)mB* Eg®Pi, >1—e " and

Eg,®1n < e~™C. Also note that C' depends only on A, and A depends on e.
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Choose G, 52, ...,0;, in B* such that B* C Uélej where B; = Bg, s)-
Now there exists exponentially consistent ®;,, for each 1 < j < 1. Set
én(}/l7 e 7YTL) - IS?%{l (E]’nn
then Eg ®, < le="C and infgeps Eg®, > 1 — e "C. The test ®,, is expo-
nentially consistent if logl < nc for some constant ¢ > 0. For given €, A

is fixed and hence so is 6. Now, by choosing | < [2d§'~9] 4 1, the proof is
completed. O

PrOOF OF LEMMA 5.2. By Proposition 2.5.2 of Ghosh and Ramamoor-
thi (2003), for any given weak neighborhood % of Fy, there exist —L <
ai,-.-,0m < L € Q and 6 > 0 such that,

YV = {P : |P[ai,ai+1) — P[ai,ai+1)| <dfor1<i< m} C .

Now for any F' ¢ %, there exists ¢, such that |F(a;+1) — F(a;) — Fo(ai+1) +

Fo(ai)] > 6. Hence |F(ajy1) — Fo(ait1)| + |F(a;) — Fo(a;)| > 0, and this
implies that |F(ai+1) — Fo(ai+1)| > (5/2 or |F(CLZ) — Fo(az)| > (5/2 or both.
Let
Vig ={F: F(a;) — Fo(a;) > 6/2}, (10.16)
Yie ={F : F(a;) — Fo(a;) < —0/2}, (10.17)
for 1 <i < m. We see that U" | (%1 U ¥%_) D %°.
Now, if the tests for
Hy: F=Fy, 8=0y against Hy: F e ¥,, € B, (10.18)
and
Hy: F=F,, =03y against H{:Fe¥_, € B, (10.19)
are both exponentially consistent for each ¢ = 1,2,...,m, then there exists

an exponentially consistent sequence of tests.

For any given i, we consider the test for (10.18) in the following. Let
Xio = {z : 2768y = a;} and X1 = {x : a; < 276y < a; + ;}, where
0 < §; < 3 is chosen such that T(Fy(a; + 6;)) — T(Fo(a;)) < 6/4.

For any 3 € B,,, we know that there exists xg € X;o such that
1+ 3a;

lzg — aifol| < for small r, (10.20)

n
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and xg =a; + 1. Now for any = € {z : ||z — 25| < 3} we have

1
21> 2t By + 3 (10.21)

Therefore, there exist x; € X;4, 7 = 1,...,l;, such that
Lin " K O Xig N {z @z satisfies (10.20)},
where K7, = {z: Hx —zj| < &} Let Kijq = K5 NXiy. Let Byjp = {B:
2T B > 2Ty for each = € Kiji}.

Since U oK D Xap N {x o satisfies (10.20)}, for any 3 € By, the
correspondmg x3 € KUJF for some j. For such j, ||z — x;]| < % and
SUPyer,,, lzg — || < 3, we see that (10.21) is satisfied for each = € Ky,

and hence 8 € B,,j;. Therefore, szanj+ D B,.
For testing
Ho: F=Fy, B3=00 against H;:F €%, B€ Byj4, (10.22)
consider observations Y}’s that corresponding to xy € K;j4 only. We have
g(z"8) — go(z" Bo)
> g o) — go(a™ o) = T(F (T Bo)) — T(Fo(z" o))

T(F (Tﬁo)) T(F(a;))] + [T(F(ai)) — T(Fo(a;))]
[T(Fo(as)) — T(Fo(z" Bo))]

>

ux‘loq—l— *

Let ¢ = infoex,, {0/ (go(z” Bo)+6/4)—b""*(g0(z" By))}. If the k-th observa-
tion is Yj, with corresponding z € Kjj+, then letting 6o, = b~ (go(z1 3p)),
and 6, = b’*l(g(xg )), we have that 6, > Op + ¢, for any F € ¥, and
0 € an+.

Let @, =1 — W(Yy < t), where t = (b(6ox, + ) — b(Oor) — log2)/C. Note
that b"(9) > 0, ot)blon) OB for a]) § > hy, +C.

Let fo(y) denote the density functlon for Y corresponding to 8 = Gy, F =

Fp and let f(y) denote the density function corresponding to 5 € B4, F €

Vi For y < t, we have that fo(y) > 2f(y). Hence, Ep, 5,(®x) = 1 —a;, and
EF€%+,ﬁ€an+((I)k) >1— Oék/2. Let

o, = inf Ep g, (1(Yy < t)). (10.23)

e 4
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Since t > b/'(0y) = Ep, g,(Yx), we see that ay, > 0.

Let o, = 1 and @3, = 0 when the corresponding z, ¢ K;j;. Now, let

Duijs = {(Yl, Y %Z(I)(Yk) >3 (- Zak)} .
k=1 k=1

A straightforward application of Hoeffding’s inequality (see Hoeffding (1963),
Theorem 2) shows that

n 2
Prg, g,(Dnij+) < exp [— Qn(W) ] < exp ( — ngi/S).
n

Applying Hoeffding’s inequality to 1 — &, we have

2
Q
Prrey;, peB,;. (Dfnﬂ_) < exp ( - n?”)
Now, we see that the tests described as above for (10.22) is exponentially
consistent.

To construct the test for (10.18), we set ®,,(Y1,...,Y,) = maxi<;<y,, Pi.
For such ®,,, we have Ep, 3,®5, < lin exp(—na?/8), and inf{E®,, : F € ¥4,
B € B,} > 1—exp(—na?/8), by noticing that «,, is only depended on the
subscript of ¥, say i+, but does not depend on n or j or the choice of z;.

Since log l;, < ng% /8, we showed that ®,, is a sequence of exponentially
consistent tests for (10.18). Similarly, we can show that a sequence of ex-
ponentially consistent tests for (10.19) exists. Along the same line that we
constructed ®,, from @, we will have a sequence of exponentially consistent
tests. |

PrROOF OF LEMMA 6.1. For any given weak neighborhood %, of Fyp,
there exist ay,...,a, such that {F : |F(ay) — Fo(ag)| < £} C U, for all
k=1,...,m. Let @, denote the quadrant indexed by b, where b € {—1,1}%.
Divide one test into 2%1m tests as Hy : (h,3) = (ho, fo), against Hy : 1 —
exp[—H (a)] > Fo(ax)+&, B—0Bo € Qp, and Hg : (h, 3) = (ho, Bo), against Hy
: 1 —exp[—H(ag)] < Folag) =&, Bo— P € Qp for k = 1,...,m, and every
b. Like before, for instance, for tests corresponding to 1 — exp[—H (ax)] >
Fy(ax) + &, , by choosing only X; € Qp and corresponding Z;’s for the

T

tests, we have that Ep, px(Z; < ar) = Foap)e ™ F.(ay) + F.(a) and
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Erpp(Zi < ax) > (Fo(ag) + §)eXiT5FC(ak.) + F.(ay). For tests corresponding
to Fy(ax) > F(ax)+&, just let the testing function corresponding to Z; > ay.
Now, using Lemma 10.1 and constructing a test by taking maximum value
of all these tests, the lemma follows. O

PROOF OF LEMMA 6.2. Note that 8; denotes the I[-th component of the
vector  and 8 — By belongs to Qp, one of the quadrants. Now, consider d2¢
tests such as

Hy : (h,08) = (ho,Po) against (10.24)
Hy Sup lexp(—H(t)) — Fo(t)| < A, |6 — Botl > 6,8 — o € Qu,
teRT

for every I = 1,...,d, and b € {—1,1}%. Find t such that Fy(t) = 1/2. For
given 4, choose A small, such that —¢log2/[log(3) —log(3 — A)] > 2. Now
choosing X; € @)y, such that (1/2—A)eXp(X?ﬂ) > (1/2)eXp(X?f30) + ¢ for some
¢ > 0 and using only the corresponding Z;’s to construct the test (10.24),
we have that

1 _ 1 _
Es(Z > ) 2 (5 = A)PPDE(1) = 5 = i = (5) P IE(),

where the last expression is equal to Eg,(Z > t).

Using Lemma 10.1 and constructing a test by taking maximum value of
all these tests prove the lemma. O

ProoOF OF LEMMA 7.1. For any given weak neighborhood %, of Fy,
there exist ay,...,an, such that {F : |F(ay) — Fo(ag)| < &k =1,...,m} C
Ur,. Let Qp denote the quadrant indexed by b, where b € {—1,1}%. Di-
vide one test into 29'm tests as Hy : (F,3) = (Fy,f), against Hy :
F(ag) > Fo(ag) +&, 68— Po € Qp, and Hy : (F,3) = (Fo,00), against Hj :
F(ag) < Folag) — &, Bo— 0 € Qp for kE = 1,...,m, and every b. Like
before, for instance, for tests corresponding to F(ax) > Fo(ax) + &, , by
choosing only X; € @ and corresponding Z;’s for the tests, we have that
Epypi(log Zi — X180 < ar) = Fo(ag)Fe(ag + X Bo) + Fe(ap + X 5y) and
Erpi(log Zi — X780 < ar) > (Fo(ar) + &) Felar + X7 60) + Fo(ar + X™ o).
For tests corresponding to Fy(ay) > F'(ax) + &, just let the testing function
corresponding to Z; > ai. Now, using Lemma 10.1 and constructing a test
by taking maximum value of all these tests, the proof is complete. O
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PROOF OorF LEMMA 7.2. let §; denote the I[-th component of the vector
B and B — By belongs to Qp, one of the quadrants. Now, consider d2? tests
such as

Hy : (F,0) = (Fo,Po) against (10.25)
Hy Sup |F'(t) — Fo(t)| < A, |81 — Burl > 9,60 — B € Qu,
teR+

for every I = 1,...,d, and b € {—1,1}¢. Find m such that Fy(m) = 1/2.
For given 4, let dp, = minge_p, 1)(Fe(s) — Fe(s — 6)), then find A such that
F, 1/2

_ (m) / >1+4+¢&,

F.(m)+6p 1/2—-A
for some small ¢ > 0. Now, choose ¢ such that XZ-T Go > 0 and the [-th
component of X;, X; > ¢ > 0. By Condition (i) of Theorem 7.1, we have
that liminfn='4#{i : X7y > 0 and X;; > ¢ > 0} > 0. Using only the Z;’s
with the selceted ¢’s to construct the test (10.25), we have that

1 _ 1. -
Eg(log Z > m) > (i—A)Fc(m) =7 > = (i)Fc(m—Fd) > Eg,(log Z > m).
Using Lemma 10.1 and constructing a test by taking maximum value of all
these tests, we finish the proof of the lemma. O

LEMMA 10.6. Let fo and fc be density functions and 1;0 be a survival
function such that Conditions (iii), (v), (vi) and (ix) in Theorem 7.1 holds,
then

(i) limy—o K (fo, f(- =) = K(fo, f)

(i) iy o [ felt) log 22 dt = [ fe(t) log T,

PRrROOF. Note that by Condition (v) and (ix), we have [ et/ fo(t)dt < oo
and [ et/ f.(t)dt < oo.

Since f (t) is postive and continuous, and

|log f(t — )| < |log h| + 10g/exp(—€(””/h + (t =X —7)/h)dP(\)|.

By Jensen’s inequality , the last term in above expression is less than
JI2 (e PO,

The DCT now applies. For F , the proof is similar. O
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LEMMA 10.7. Under the conditions of Theorem 7.1, assertion (7.7) holds.

PRrOOF. To show that (7.7) holds, our first step is to show that there
exist probability measures F,, such that

/_00 fc(t + &) log

£
o®) 4 _, 0, (10.26)
P

Fp, (1)
as m — oo for any £ € R. To this end, we define
i tmfo(x), |zl <m,
fm(x) = m > 1,
0, otherwise,
where t ! = fo” -m fo(x)dx, hy = m™", E,, is the probability measure

corresponding to fp, P = Fp, X (hy,), where 0(+) is the degenerate distri-
bution. Obviously, P, is compactly supported.

Now let B "
B et / exp(—elt=N/hm) F (3, (10.27)

and x(t) := exp(—e?).

Using the transformation a = (x — 6)/hp,,

Fp, (x) _/hidx (“"h—;e> dEn(0) = tm /_m hidx (’”h—;e) fo(6)do
(z+m/hm)
= /( x(a) fo(z — ahy,)da.

z—m/hm)

Since for any given a, x(a)fo(r — ahy,) — x(a)fo(z) as by, — 0 and fo is
bounded, by the DCT, we obtain Fp,, (t) — Ep(t).

Now we need to bound log ;0(2) and apply the DCT to show that (10.26)

Prm
holds. Observe that
= 1 Tz —0\ -
Fro(@) = tn | —w(——)ﬁ@w
loll<m Mk "\ P

1 z—0
< th/ L (—) i
loll<m Pin "\ o

< Mty < Mty.
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Hence, as log FJVIO—%) < 0,

(10.28)

Also

| dtayos 2
—00 Fpm(CC) B
z Fo(z) 7 Fy()
= () log =————dx o(x)log =————dx.
| @ s /Mmf( og 2

Let m > [;. Now, for z > m,

m

0
m

z—0
X(hm) )8
x+m~

X fo(6)do
o () Ao
1 m m
= m)tm/o() )
Lx
hm hm

= m'y (m”x + m1+’7)
>z |[Tx(22117). (10.29)

>
\Hs\H

Ztm

8 >
+ 3

_|_b

The last inequality holds when T +— T"x(T"(x + T')) is decreasing for T >
Ty > 0. This follows because, with z = Tz + T,

4 log T +1 Tz + T

ﬁ{nog + log x (T"z + )}

6 ()

For x < —m, we will have similar result.
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For |z| < 'm, let 6 > 0 be fixed, and ¢y, () = infj,_z|<sn,, fo(t),
= mo] x—0Y\ :
Fp, () = tm /m X ( I > fo(0)do
1 x—0
o L (2 i
{|0|<m}n{|0—z|<0hm} "'m m

1 z—0
(o) [ Ly ( ) a6
(10|<m}N{|0—z|<hm} Pm him

— tndn(@) / x(w)du
{lo—uhm|<m}n{lul<6}

)
> tudia(@) [ x(wdu,

v

v

with the convention that [a,b] = [b,a] if b < a. The last inequality holds
because when |z| < m,

{u Tu € [0,5]} C {u: |z/hm —u| < m/hy, and |u| < 5}.

We have t,, > 1, ¢}, () > ¢1(x). Let

= i du).
e [ o)

Then, ﬁ’pm (x) > cpi1(x), for all |x| <m. For 0 < R < m,

B C¢1($), ‘x’ <R,
Fp, (z) 2
min { |o7x (2l 1) o1 ()}, fal = R,
o) o8 255 ol < R
T
Foi() <¢(x) = _ _
W\ X Fo(z Fo(z
P max (log \:v\"x(2|035|1)+"ﬁ)’log C¢>01((:t))> , |z| > R.
(10.30)
Combining (10.28) and (10.30), we obtain
F F
‘log = () ‘ < max (§(x), log ]\04(35) D
Fp, (z) h
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From Condition (iii) of Theorem 7.1,

o
Mt1
Now

f = f.(z)lo 15’0(:1:) z
[e@itaz = [ o X0

+ /”m||>R fc(ac) max <1og Fol@) ,log Fo(x) )

f&MﬁbMM—/h 1og fo(a)dz < oo,

27X 2lz[+7)" 7 g ()

Hence,

[erigono [ ioes s S

)
|z|2 R, fo(x)>|z|"x(2]z["z)

: Fo ()
fe(z)log e —
L8 Lo aleie)

since max(z1,x2) < 1 + :cér if 1 > 0. The first term on the r.h.s. of the
above inequality is finite, by Condition (iv) of Theorem 7.1. By Conditions
(iii), (v) and (ix) of Theorem 7.1, the second term is also finite. Thus
[ fe(x log ())dx — 0 as m — o0, i.e., (10.26) holds.

Now, With the continuity of x((x—6)/h) as a function of h, the uniformly
eqicontinuity of x((x—#0)/h) as a function of § and the fact that 0 < x(-) < 1,
(10.26) implies (7.7) by using the DCT. O
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