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Abstract

The Bayesian approach to analyzing semi-parametric models are gaining pop-
ularity in practice. For the Cox proportional hazard model, it has been
shown recently that the posterior is consistent and leads to asymptotically
accurate confidence intervals under a Lévy process prior on the cumulative
hazard rate. The explicit expression of the posterior distribution together
with independent increment structure of Lévy process play a key role in the
development. However, except for one-dimensional linear regression with an
unknown error distribution and binary response regression with unknown
link function, even consistency of Bayesian procedures has not been studied
for a general prior distribution. We consider consistency of Bayesian infer-
ence for several semi-parametric models including multiple linear regression
with an unknown error distribution, exponential frailty model, generalized
linear model with unknown link function, Cox proportional hazard model
where the baseline hazard function is unknown, accelerated failure time mod-
els and partial linear regression model. We give sufficient conditions under
which the posterior distribution of the parametric part is consistent in the
Euclidean distance while the non-parametric part is consistent with respect
to some topology such as the weak topology. Our results are obtained by ver-
ifying the conditions of an appropriate modification of a celebrated result of
Schwartz. Our general consistency result applies also to the case of indepen-
dent, non-identically distributed observations. Application of our theorem
requires showing the existence of exponentially consistent tests for the com-
plements of the neighborhoods of the “true” value of the parameter and
the prior positivity of a Kullback-Leibler type of neighborhood of the true
distribution of the observations. We construct the required tests and give
sufficient conditions for positivity of prior probabilities of Kullback-Leibler
neighborhoods in all the examples we consider in this paper.

AMS (2000) subject classification. Primary 62C10,62F15,60G09; secondary
62F03, 62H15.
Keywords and phrases. Consistency, exponentially consistent test, Kullback-
Leibler property, multiple linear regression, exponentially frailty model, gen-
eralized linear model.
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1 Introduction

Semiparametric models such as the linear regression model with unknown
error distribution or Cox proportional hazard model, where the distribution
of the data is governed by a finite dimensional parameter as well as an in-
finite dimensional parameter, are widely used in practice because of their
flexibility and interpretability of parameters. In such models, typically the
finite dimensional part is of interest, while the infinite dimensional part is
treated as nuisance. Consistent and efficient methods of estimation of the
parameters, especially estimation of the finite dimensional part at the

√
n

rate, have been developed in the literature; see Bickel et al. (1988) and van
der Vaart and Wellner (1996) for details. The Bayesian approach has also
gained recent popularity, although its asymptotic properties have not been
understood well, partly because even the posterior of the parametric part
is hard to analyze without analyzing the whole posterior, unless one can
obtain closed form expressions for the posterior distribution. For the Cox
proportional hazard model, recently Kim (2006) showed that the posterior
is consistent and the posterior distribution of the parametric part β satis-
fies a Bernstein-von Mises theorem in the sense that the Bayesian and the
frequentist distribution of

√
n(β̂ − β) are approximately the same, where β̂

is some suitable classical estimator of β and the cumulative hazard function
is given a Lévy process prior. This implies that the credible intervals for
β obtained from the posterior distribution of it has asymptotically correct
frequentist coverage. In the analysis, the posterior distribution can be ex-
plicitly expressed in terms of a new Lévy process, which has a new Lévy
measure depending on the data. The nice structural property of a Lévy pro-
cess, namely its independent increments, makes it possible to represnt the
posterior distribution in a manageable form. Shen (2002) obtained similar
results for general semiparametric models, but it appears that the condi-
tions are harder to verify; see also Castillo (2008) for some recent results.
For many other semiparametric problems, especially if the prior only satisfies
some general conditions, much less is known about the asymptotic properties
of the posterior distribution. Except for one-dimensional linear regression
with an unknown error distribution (which is assumed to be symmetric for
identifiability reasons) and binary response regression with unknown link
function, even consistency of semi-parametric Bayesian procedures has not
been studied.
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In this paper, we fill up this gap by studying posterior consistency for var-
ious semi-parametric models including multiple linear regression with an un-
known error distribution, exponential frailty model, generalized linear model
(GLM) with unknown link function, Cox proportional hazard model, accel-
erated failure time (AFT) models and partial linear regression model. We
begin with a general posterior consistency theorem for semiparametric mod-
els much in line of results of a celebrated result of Schwartz (1965) involving
conditions on existence of certain exponentially consistent tests for the com-
plement of the neighborhoods of the “true” value of the parameter and the
prior positivity of a Kullback-Leibler type of neighborhood of the true distri-
bution of the observations. Our result applies also to the case of independent,
non-identically distributed observations. In the examples, we then verify the
existence of exponentially consistent tests and the prior positivity condition.

Consistency implies that one’s knowledge about the parameters con-
verges to the perfect knowledge, in the sense that a degenerate distribu-
tion for a parameter stands for the perfect knowledge about it. Some early
results on posterior consistency are obtained by Doob (1948), Freedman
(1963, 1965), Schwartz (1965), Diaconis and Freedman (1986) and Doss
(1985). More recently, important techniques of proving posterior consistency
have been developed in Barron et al. (1999), Ghosal et al. (1999a, 1999b),
Amewou-Atisso et al. (2003), Walker (2004), Choudhuri et al. (2004), Tok-
dar (2006), Wu and Ghosal (2008) and many other contemporary papers.
To review the literature, the reader may consult Ghosh and Ramamoorthi
(2003), Choudhuri et al. (2005) and Ghosal (2009).

As in Amewou-Atisso et al. (2003), we use a variant of Schwartz’s (1965)
theorem for independent, non-identically distributed variables. Indeed, our
result, which addresses a general semiparametric problem and allows the
use of sieves, is an easy generalization of Theorem 2.1 of Amewou-Atisso et
al. (2003). This general result is discussed in Section 2. Subsequently in
Sections in 3–8, we give verifiable sufficient conditions under which the con-
sistency holds for the multiple regression model, exponential frailty model,
GLM with unknown link function, Cox proportional hazard model respec-
tively, AFT model and partial linear regression model, respectively. In each
of the examples, the main task is to show the existence of the exponentially
consistent tests for the true value of the parameter against the complement
of a neighborhood intersected with a sieve. Proofs of auxiliary lemmas are
deferred to the appendix. We conclude the paper with a discussion section.
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2 Consistency of Posterior

Let (a(·), θ) denote the unknown parameters of the semi-parametric model,
where a(·) denotes the infinite dimensional parameter of the model and θ
denotes the finite dimensional parameter of the model. Let Ξ = A × Θ be
the parameter space, where A denotes the space of a(·) and Θ denotes the
space of θ. Assume that Θ is a subset of Rd. We give prior Π̃ on A and μ
on Θ. Let Π stand for Π̃ × μ.

Let Yi, i = 1, 2, . . . denote the observations of the random variable of pri-
mary interest. Let Xi’s or xi’s denote the corresponding covariates, which are
respectively independent and identically distributed (i.i.d.) with cumulative
distribution function (c.d.f.) Q(x), or given as fixed non-random constants.
Throughout this paper, Y is always one-dimensional variable, while X and
x are d-dimensional, with d ≥ 1. For the cases with random covariates, the
density of (Y |X) is denoted by fa,θ, corresponding to the parameters a(·)
and θ. For the cases with fixed covariates, the density of Yi’s are denoted by
fa,θ,i, corresponding to the parameters a(·), θ and the given covariate xi’s.
Let a0(·) and θ0 denote the true values of the parameters, and put f0 = fa0,θ0

and f0i = fa0,θ0,i.

The sequence of posterior distribution Π(·|Y1, . . . , Yn) or Π(·|(X1, Y1), . . . ,
(Xn, Yn)) for (a(·), θ), corresponding to non-stochastic covariates and stochas-
tic covariates cases respectively, is said to be consistent at (a0(·), θ0) if
Π(N |Y1, . . . , Yn) or Π(N |(X1, Y1), . . . , (Xn, Yn)) respectively, converges to
1 almost surely (a.s.) as n → ∞ for any neighborhood N of (a0(·), θ0), when
the distribution governing Y1, Y2, . . . or (X1, Y1), (X2, Y2), . . . has the “true”
parameter (a0(·), θ0). With the weak topology on A and the Euclidean dis-
tance on Θ, let Ua0 be a weak neighborhood of a0, we only need to consider
every N of the form Ua0 × {θ : ‖θ − θ0‖ < r}, for any r > 0.

Now, we give the definition of exponentially consistent tests.
Definition 2.1. Let W ⊂ Ξ. A sequence of tests Φn(·), for testing H0 :

(a(·), θ) = (a0(·), θ0) against H1 : (a(·), θ) ∈ W , is said to be exponentially
consistent if for non-stochastic covariates xi’s, there exist constants C1, C2,
C > 0, such that EQn

1 f0i
(Φn) ≤ C1e

−nC , and inf(a(·),θ)∈W EQn
1 fa,θ,i

(Φn) ≥
1 − C2e

−nC , or for i.i.d. Xi’s, there exist constants C1, C2, C > 0, such
that

∫
[Efn

0
(Φn)]Qn(dx) ≤ C1e

−nC , and inf(a(·),θ)∈W

∫
[Efn

a,θ,
(Φn)]Qn(dx) ≥

1 − C2e
−nC .
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For any two densities f and g, let K(f, g) =
∫

f log f
g , V+(f, g) =∫

f log+(f
g )2, where log+ x = max(0, log x). Put Ki(a, θ) = K(f0i, fa,θ,i),

K(a, θ) = K(f0, fa,θ) and Vi(a, θ) = V+(f0i, fa,θ,i).

For stochastic covariates, we restrict our attention to the case where the
covariate Xi’s are i.i.d.

Theorem 2.1. Let W ⊂ A × Θ and let Xi’s be i.i.d. with distribution
function Q. If for some sequences An ⊂ A and mn ≤ Mn,

(i) there is an exponentially consistent sequence of tests for H0 : (a(·), θ) =
(a0(·), θ0) against H1 : (a(·), θ) ∈ W ∩

(
An × [mn,Mn]d

)
;

(ii) for all δ > 0, Π
{
(a(·), θ) :

∫
K(a, θ)dQ < δ

}
> 0;

(iii) Π[(An × [mn,Mn]d)c] ≤ c1e
−nc2 for some constants c1, c2 > 0;

then with (P∞
f0

)-probability 1,

Π(W |(X1, Y1), . . . , (Xn, Yn)) (2.1)

=

∫
W

∏n
i=1(fa,θ(Xi, Yi)/f0(Xi, Yi))dΠ(a, θ)∫

A ×Θ

∏n
i=1(fa,θ(Xi, Yi)/f0(Xi, Yi))dΠ(a, θ)

→ 0.

This is a plain extension of the original Schwartz Theorem. The following
is a straightforward but useful generalization of Theorem 2.1 in Amewou-
Atisso et al.(2003).

Theorem 2.2. Let W ⊂ A × Θ and xi’s be non-stochastic. If for some
sequences An ⊂ A and mn ≤ Mn,

(i) there is an exponentially consistent sequence of tests for H0 : (a(·), θ) =
(a0(·), θ0) against H1 : (a(·), θ) ∈ W ∩

(
An × [mn,Mn]d

)
;

(ii) for all δ > 0,

Π
{

(a(·), θ) : Ki(a, θ) < δ for all i, and
∞∑
i=1

Vi(a, θ)
i2

< ∞
}

> 0;

(iii) Π[(An × [mn,Mn]d)c] ≤ c1e
−nc2 for some constants c1, c2 > 0;
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then with (Π∞
1 Pf0i

)-probability 1,

Π(W |Y1, . . . , Yn) =

∫
W

∏n
1 (fa,θ,i(Yi)/f0i(Yi))dΠ(a, θ)∫

A ×Θ

∏n
1 (fa,θ,i(Yi)/f0i(Yi))dΠ(a, θ)

→ 0. (2.2)

Note that in the above two theorems, to allow more flexibility, the expo-
nentially consistent tests are assumed to exist on the sieve An × [mn,Mn]d

only. For many semi-parametric applications, the use of a sieve is not neces-
sary. For example, for all the semi-parametric models discussed later, sieves
are used only for the exponential frailty model and generalized linear models
with unknown link functions.

3 Multiple Regression

Now we generalize the result about consistency for the semi-parametric
regression model to higher dimensions with stochastic or non-stochastic re-
gressors. Consider a multiple regression model Yi = α + XT

i β + εi, i =
1, 2, . . ., where Xi’s and β are d-dimensional, εi’s are i.i.d. f , with f having
the same value of some fixed quantile. The unknown parameters are f , α
and β, so the parameter space can be taken as Ξ = F × R × Rd, where, for
identifiability, we work with F = {f :

∫ 0
−∞ f(x)dx = a} for some 0 < a < 1

in this section. The choice a = 1/2 is common but not mandatory. Assume
that X1, . . . ,Xn are i.i.d. with probability measure Q. Also, assume that
Xi and εi are independent. We start with a prior Π̃ for f on F and inde-
pendent of f , a prior μ for (α, β). Let Π stand for Π̃ × μ. For this model,
let fα,β = f(y − α − xT β). Let f0 = f0,α0,β0. For a density g and θ ∈ R, let
gθ stand for the density gθ = g(y − θ). Let γ ∈ {−1, 1}d, we define quad-
rant Γγ = {z ∈ Rd : zjγj > 0 for all j = 1, . . . , d}. Through this paper, let
Υi denote the d-dimensional vector with all the components being 0 except
the i-th component being 1. The following theorem is a generalization of
Theorem 4.1 in Amewou-Atisso et al. (2003).

Theorem 3.1. Suppose that

(i) the covariate X is compactly supported, and for any γ, Q(Γγ\{X :
|XT Υi| < ζ}) > 0 for each i = 1, . . . , d, and some ζ > 0;

(ii) f0 is continuous, f0(0) > 0, and for η > 0 sufficiently small, there
exists gη ∈ F and constant Cη > 0 such that for |η′| < η, f0(y − η′) <
Cηgη(y) for all y and Cη → 1 as η → 0;
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(iii) for all sufficiently small η and all ξ > 0, Π̃{K(gη, f) < ξ} > 0 and
(α0, β0) is in the support of μ.

Then for any weak neighborhood U of f0,

Π
{

(f, α, β) : f ∈ U , |α − α0| < ε, ‖β − β0‖ < ε
∣∣(X1, Y1), . . . , (Xn, Yn)

}
→ 1

a.s. P∞
f0

.

To prove this theorem, we use the following lemma to show the existence
of the exponentially consistent tests.

Lemma 3.1. If Condition (i) of Theorem 3.1 holds, then there exist ex-
ponentially consistent tests for testing H0 : (f, α, β) = (f0, α0, β0) against
H1 : {(f, α, β) : f ∈ Uf0, |α − α0| < ε, ‖β − β0‖ < ε}.

The proof of this lemma is given in the appendix.

Proof of Theorem 3.1. In view of Lemma 3.1, now we need only to
verify Condition (ii) of Theorem 1.

For this model, to verify Condition (ii) of Theorem 1 is to show

Π{(f, α, β) :
∫

K(f0, fα,β)dQ < δ} > 0,

for all δ > 0. By Condition (ii) and applying Lemma 4.1 of Amewou-Atisso
et al. (2003), we have that for any f ∈ F and |θ| < η,

K(f0, fθ) ≤ (Cη + 1) log Cη + Cη[K(gη , f) +
√

K(gη, f)].

Hence ∫∫
f0(y − α0 − xT β0) log

f0(y − α0 − xT β0)
f(y − α − xT β)

dydQ(x)

=
∫∫

f0(y) log
f0(y)

f(y − (α − α0) − xT (β − β0))
dydQ(x)

≤ (Cη + 1) log Cη + Cη[K(gη , f) +
√

K(gη, f)],

for any f ∈ F and all (α, β) such that |(α − α0) + (β − β0)x| < η for all
possible x.

Now, by Condition (iii), we have that Π{(f, α, β) :
∫

K(f0, fα,β)dQ <
δ} > 0. An application of Theorem 2.1 completes the proof. �
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Remark 3.1. Condition (i) is automatically satisfied if X has a com-
pactly supported positive density. A Polya tree prior with appropriate pa-
rameters satisfies Conditions (ii) and (iii) required by this theorem; see Sec-
tion 5 of Amewou-Atisso et al. (2003) for details.

Remark 3.2. If the covariate is non-stochastic, then the above theorem
need some modifications. We need to change Condition (i) to the following:
(i′) for some L > 0, ‖xi‖ < L for all i, and there exits ε0 > 0 such that the
covariate X ′

is satisfy

lim inf n−1#{i : xi ∈ (Γγ\{xi : |xT
i Υj| < ζ}) > 0,

for some ζ > 0 and each j = 1, . . . , d, and γ.

Also, we need to add the requirement that V (gη , f) < ∞ in the definition
of the set appearing in Condition (iii).

Now, consider the case that the random density f is given the Dirichlet
mixture of normal prior. For any probability P on R, let fh,P stand for the
density

fh,P (y) =
1
2

∫
φh(y − t)dP (t) +

1
2

∫
φh(y + t)dP (t),

where φh is the normal density with mean 0 and standard deviation h. Let
ν denote the prior for h and Dπ denote a Dirichlet process prior for the
mixing distribution P with π as its base measure. Let Π̃ = Dπ × ν denote
the prior for f . Note that fh,P is a symmetric density. For the case with
i.i.d. covariate Xi, we have the following result:

Theorem 3.2. Suppose Π̃ is a normal mixture prior for f as described
above. If

(i) the covariate X is compactly supported, and for any γ, Q(Γγ\{X :
|XT Υi| < ζ}) > 0 for each i = 1, . . . , d, and some ζ > 0;

(ii) Π̃{f :
∫

K(f0, f)dQ < δ} > 0 for all δ > 0;

(iii)
∫

y2f0(y)dy < ∞, Ef0 | log f0| < ∞;

(iv)
∫

t2dP (t) < ∞ a.s. Dπ;

then the posterior distribution Π(·|(X1, Y1), . . . , (Xn, Yn)) for (f, α, β) is weakly
consistent at (f0, α0, β0) provided (α0, β0) is in the support of the prior for
(α, β).
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To prove this Theorem, we need the following Lemma.
Lemma 3.2. Let f0 be a density such that Condition (iii) of Theorem 3.2

holds. If f(y) =
∫

φh(y − t)dP (t) and Condition (iv) of Theorem 3.2 holds,
then

lim
θ→0

K(f0, fθ) = K(f0, f).

Proof. Obviously, f(y) is positive and continuous, and

| log fθ(y)| ≤ | log(
√

2πh)| +
∣∣∣∣log

∫
e−(y−θ−t)2/(2h2)dP (t)

∣∣∣∣ .
Applying Jensen’s inequality to − log x, the above expression is bounded by

| log(
√

2πh)| +
∫

(y − θ − t)2

h2
dP (t).

The dominated convergence theorem (DCT) now applies. �

Proof of Theorem 3.2. The existence of exponentially consistent
tests is shown by Lemma 3.1. We only need to verify the Condition (ii) of
Theorem 2.1. The verification in the following is very similar to the proof
of Theorem 6.1 in Amewou-Atisso it et al. (2003). By (iv),

∫
t2dP (t) < ∞

a.s. Dπ. So we may assume that

Π̃{U } > 0,

where U = {f : f = fP , (ii) holds,
∫

t2dP (t) < ∞}.
For every f ∈ U , using Lemma 3.2, choose δf such that, for ‖θ‖ > δf ,

K(fθ, f) < δ.

Now choose εf such that |(α − α0) + xT (β − β0)| < δf , when |α − α0| < εf

and ‖β − β0‖ < εf .

Therefore, if f ∈ U , |α − α0| < εf and ‖β − β0‖ < εf , we have

K(f, α, β) < 2δ.

Since Π̃{(f, α, β) : f ∈ U , |α − α0| < εf and ‖β − β0‖ < εf} > 0, the proof
is completed. �

Remark 3.3. In the above theorem, we gave conditions under which
posterior consistency holds with the prior modeled by symmetrized normal
mixture. Other kernels also give similar results; see Section 6 for AFT
models, where a Weibull mixture is used to construct the prior.
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Remark 3.4. If the covariate is non-stochastic, then the above theorem
need some modifications. First, Condition (i) need to be changed to (i′) as
in Remark 3.2. Second, we need to add the requirement that V (gη , f) < ∞
in the definition of the set appearing in Condition (ii). Finally, Condition
(iii) needs to be changed to (iii′)

∫
y4f0(y)dy < ∞, Ef0(log f0)2 < ∞.

Remark 3.5. If the base measure π of the Dirichlet process prior Dπ for
the mixing distribution has full weak support and the support of ν is R+,
then Condition (ii) holds. Condition (iv) holds if

∫
t2dπ(t) < ∞.

4 Exponential Frailty Model

To study a paired-data for lifetime distribution, Cantor et al. (1985)
proposed a joint distribution to model paired survival times where the de-
pendence within the pair was modeled by an unobserved random variable
W , the frailty, which follows an unknown distribution and varies from pair
to pair. Such a model has the advantage of preserving the loss-of-memory
property and the continuity of the model at the same time compared to
other alternatives; see Owen et al. (2000) for more details.

Let (X1, Y1), (X2, Y2), . . . be paired observations. We assume that Xi

and Yi follow independent exponential distributions with parameters Wi and
λWi, where Wi’s are also random variables with unknown common distri-
bution F . We start with a prior Π̃ for F and independently put a prior μ
for λ. For given W = w, X and Y are conditionally independent. The re-
sulting semi-parametric model for n independently distributed observations
(X1, Y1), (X2, Y2), . . . , (Xn, Yn) is

X|W = w ∼ Exp(w), Y |W = w ∼ Exp(λw), λ ∼ μ, W ∼ F, F ∼ Π̃,

where Exp(w) is the exponential distribution with parameter w, that is, it
has the density function is we−wx.

Let f0(x, y) =
∫

λ0w
2e−w(x+λ0y)dF0(w) denote the probability density

function (p.d.f.) of (X,Y ) corresponding to the frailty distribution F0 and
parameter λ0, and f(x, y) =

∫
λw2e−w(x+λy)dF (w) be the density corre-

sponding to F and λ.
Theorem 4.1. Suppose that log(f0(x, y)), x and y are f0-integrable, F0 is

in the weak support of Π̃, λ0 is in the support of μ and wE :=
∫

w2dF0(w) <
∞. Let W = {(F, λ) : |λ−λ0| < ε, F ∈ U }c, where U is a weak neighborhood
of F0. If for any δ > 0 and β > 0 there exists a sequence rn and a constant
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β0 such that r2
n < nβ and Π̃{F : F (rn) − F (r−1

n ) < 1 − δ} < e−nβ0, then
Π{W |(X1, Y1), (X2, Y2), . . . , (Xn, Yn)} → 0 a.s. P∞

f0
.

To prove this theorem, we first show the existence of the exponentially
consistent tests by the following lemma.

Lemma 4.1. Under the conditions of Theorem 4.1, Condition (i) of The-
orem 2.1 holds.

The proof of this lemma is given in the appendix.

Proof of Theorem 4.1. The existence of the exponentially consistent
tests is shown by Lemma 4.1. In the proof of Lemma 4.1, we construct the
tests on the sieve An × [mn,Mn]d = {F : F (rn) − F (r−1

n ) ≥ 1 − δ} × R+.
Under the condition of Theorem 4.1, Condition (iii) of Theorem 2.1 obviously
holds.

To verify Condition (ii) of Theorem 2.1, we split the expression for the
Kullback Leibler divergence in three parts,∫∫

f0(x, y) log
f0(x, y)
f(x, y)

dxdy =
∫∫

f0(x, y) log
f0(x, y)
fr(x, y)

dxdy

+
∫∫

f0(x, y) log
fr(x, y)
fr,λ(x, y)

dxdy

+
∫∫

f0(x, y) log
fr,λ(x, y)
f(x, y)

dxdy,(4.1)

where

fr(x, y) =
∫

λ0w
2e−w(x+λ0y)dFr(w), fr,λ(x, y) =

∫
λw2e−w(x+λy)dFr(w),

Fr(w) = tr
∫ w
0 f0(v)1l(v ∈ [r−1, r])dv, tr = [F0(r) − F0(r−1)]−1 and 1l(·) is

the indicator function. Now, by Lemma 10.2, 10.3 and 10.4 in the appendix,
Condition (ii) of Theorem 2.1 holds. �

Remark 4.1. Dirichlet process prior with a base measure that has light
tail satisfies the condition required for this theorem.

5 Generalized Linear Models with Unknown Link Functions

Traditionally, in a generalized linear model (GLM), a known function of
the expectation of the observations, called the link function, is modeled to
be linear in the predictors. Recently, for more flexible modeling, the link
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function is treated as unknown or the linearity assumption is removed. In
the Bayesian context, the former is studied by Gelfand and Kuo (1991),
Newton et al. (1996), Mallick and Gelfand (1994), Basu and Mukhopadhyay
(2000) and others. In this section we give some sufficient conditions, under
which posterior consistency holds in a GLM with an unknown link function.

Consider a random response Yi measured along with a vector valued
predictors Xi, where Xi’s are i.i.d. with cumulative probability distribution
function Q(x). Assume that X is compactly supported, say, ‖X‖ ≤ L.
Assume that Yi follows a distribution belonging to an exponential family as
Yi ∼ exp[θiy− b(θi)]a(y). By the property of the exponential family, we have
that μi = E(Yi) = b′(θi) and var(Yi) = b′′(θi). We model the relationship
between the expectation of the observations and the predictors as μi =
g(XT

i β), where ‖β‖ = 1 and g(·) is differentiable and strictly increasing.
Let G stand for the space of all possible link functions, and M = {μ : μ =
g(xT β), ‖x‖ ≤ L, ‖β‖ = 1}. Note that M is compact and connected, so
a closed interval. Given a(·) and b(·), let T be a chosen strictly increasing
differentiable function from M to [0, 1] and let F (XT

i β) := T (g(XT
i β)).

Thus, modeling link g(·) is equivalent to modeling F (·), where F (·) is a
c.d.f. on [−L,L]. Let L ([−L,L]) = {T ◦ g : g ∈ G }. In the Bayesian
approach, we assign a prior Π̃ for F (·) and a prior π for β. Assume that
F (·) and β are independently distributed. We define ηi = XT

i β. Let Bn =
{β : ‖β‖ = 1} ∩ {β : ‖β − β0‖ < rn or ‖β + β0‖ < rn} where rn > 0, n ≥ 1.
Let Π = Π̃ × π.

Note that the GLM with unknown link function as described above is
identifiable. To see this, we show that

exp[b′−1(μ1x)y − b(b′−1(μ1x))]a(y) = exp[b′−1(μ2x)y − b(b′−1(μ2x))]a(y),
(5.1)

where μix = gi(xT βi), i = 1, 2, for all x and y, if and only if β1 = β2 and
g1 = g2. The “if” part is obvious, so we now show that the “only-if” part.

If β1 
= β2 and g1 = g2 = g, then there exist x such that xT β1 
=
xT β2. For such x, if y 
= b(b′−1(g(xT β1)))−b(b′−1(g(xT β2)))

b′−1(g(xT β1))−b′−1(g(xT β2))
, then (5.1) does not

hold. If β1 = β2 = β but g1 
= g2, then if x is such that b′−1(g1(xT β)) 
=
b′−1(g2(xT β)) and y 
= b(b′−1(g1(xT β)))−b(b′−1(g2(xT β)))

b′−1(g1(xT β))−b′−1(g2(xT β))
, then (5.1) does not

hold for such (x, y). If β1 
= β2 and g1 
= g2, without loss of generality,
there exists η such that g1(η) > g2(η), and hence g1(η∗) > g2(η) for η∗ > η.
Choosing x such that xT β1 = η∗ and xT β2 = η, then for such x and y 
=
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b(b′−1(g1(η∗)))−b(b′−1(g2(η)))
b′−1(g1(η∗))−b′−1(g2(η))

, (5.1) does not hold. Note that for one dimensional
x, we can let η < 0 and η∗ = −η.

Theorem 5.1. Suppose that the covariate X is compactly supported on
{x : ‖x‖ ≤ L} for some constant L, and for any γ, Q(Γγ\{X : |XT Υi| <
ζ}) > 0 for each i = 1, . . . , d, and some ζ > 0. Assume that the weak support
of Π̃ contains L ([−L,L]). If π(Bc

n) ≤ c1e
−nc2 for some constants c1, c2 > 0,

then with P∞
f0

-probability 1, the posterior probability

Π(W |(X1, Y1), . . . , (Xn, Yn)) → 0,

where W is of the form (U × {β : ‖β − β0‖ < δ})c and U is a weak neigh-
borhood of F0.

To prove this Theorem, we use the following two lemmas to construct
the required exponentially consistent tests.

Lemma 5.1. For any δ > 0, there exists a weak neighborhood U of F0,
such that, for W = U × {β : ‖β − β0‖ > δ}, there exists an exponentially
consistent sequence of tests for testing H0 : (F, β) = (F0, β0) against H1 :
(F, β) ∈ W .

Lemma 5.2. Suppose that the covariate X is compactly supported on {x :
‖x‖ ≤ L} for some constant L, and for any γ, Q(Γγ\{X : |XT Υi| < ζ}) > 0
for each i = 1, . . . , d, and some ζ > 0. For any weak neighborhood U of F0

there exists an exponentially consistent sequence of tests for testing H0 : F =
F0, β = β0 against H1 : F /∈ U, β ∈ Bn.

The proofs of these lemmas are given in the appendix.

Proof of Theorem 5.1. By Lemmas 5.1 and 5.2, Condition (i) of The-
orem 2.1 is satisfied, since W ∩ (M (R)×Bn) is the union of sets considered
in these two lemmas, and hence the required exponentially consistent tests
exist.

Condition (iii) of Theorem 2.1 is obviously satisfied under the conditions
of this theorem.

We shall show that the Kullback-Leibler property described by Condition
(ii) of Theorem 2.1 is satisfied to complete the proof. Write

I(y) = exp[b′−1(g(xT β))y − b(b′−1(g(xT β)))]a(y),

and
I0(y) = exp[b′−1(g0(xT β0))y − b(b′−1(g0(xT β0)))]a(y).
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In this model

K(a, θ) =
∫

I0(y) log
I0(y)
I(y)

dydQ(x)

=
∫

I0(y)
[
b′−1(g0(xT β0))y − b′−1(g(xT β))y

−
(
b(b′−1(g0(xT β0))) − b(b′−1(g(xT β)))

)]
dydQ(x)

≤
∫

I0(y)(ε1δy − ε2δ)dydQ(x) ≤ ε1ξ

∫
g0(ηi)dQ(x) + ε2ξ,

where
ε1ξ = sup

‖x‖≤L
|b′−1(g0(xT β0)) − b′−1(g(xT β))|

and
ε2ξ = sup

‖x‖≤L
|b(b′−1(g0(xT β0))) − b(b′−1(g(xT β)))|.

Now for any δ > 0, if

ε1ξ <
δ

2g0(L)
and ε2ξ < δ/2, (5.2)

then K(a, θ) < δ holds. We shall show that there exist weak neighborhood
U of F0 and neighborhood V of β0 such that for any F ∈ U and β ∈ V ,
(5.2) holds.

Since b′−1 and b◦b′−1 are continuous on M , they are uniformly continuous
on [g0(−L), g0(L)]. Hence, there exists ξ > 0 such that for all the (β, F ) such
that sup‖x‖≤L |F (xT β) − F0(xT β0)| < ξ, (5.2) holds.

Since g0 is uniformly continuous on [L,L], there exists ζ1 > 0 such that
for any x and β with |xT β0 − xT β| < ζ1,

|g0(xT β0) − g0(xT β)| < ξ/2. (5.3)

Let V = {β : ‖β−β0‖ < ζ1/L}, then for any β ∈ V and ‖x‖ ≤ L, expression
(5.3) holds.

Since T−1 is clearly continuous and bounded, there exists ζ2 > 0 such
that for each F that satisfies sup‖x‖≤L |g(xT β) − g0(xT β)| < ζ2, we have

sup
‖x‖≤L

|g(xT β) − g0(xT β)| = sup
‖x‖≤L

|T−1(F (xT β)) − T−1(F0(xT β))| < ξ/2

(5.4)
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for all ‖β‖ = 1. Let U ′ = {F : supx |F (xT β)−F0(xT β)| < ζ/2}. By Polya’s
Theorem, there exists a weak neighborhood U of F0, contained in U ′.

Note that |g(xT β) − g0(xT β0)| ≤ |g0(xT β0) − g0(xT β)| + |g0(xT β) −
g(xT β)|. Combining (5.3) and (5.4), we have that for F ∈ U and β ∈ V ,
(5.2) holds, and hence Condition (ii) of Theorem 2.1 is satisfied. �

Remark 5.1. A Dirichlet process prior with a base measure whose sup-
port contains [−L,L] satisfies the requirement of this theorem.

Remark 5.2. If the covariates xi’s are fixed constants, we need to assume
conditions to ensure Π{(a(·), θ) : Ki(a, θ) < δ for all i, and

∑∞
i=1

Vi(a,θ)
i2

<
∞} > 0. The Ki part is almost the same as K for the stochastic case. For
the Vi part, in this model, the relation is guaranteed by ε2

1ξ < δ/(3g2
0(L)),

ε1ξε2ξ < δ/(6g0(L)), and ε2
2ξ < δ/3, which automatically hold for sufficiently

small δ. Hence, we only need to modify the conditions on X. Under the
conditions as in Remark 3.2, the theorem applies to non-stochastic cases.

6 Cox Proportional Hazard Model

For survival data with covariates, the proportional hazards model, in-
troduced by Cox (1972), is the most popular model. Let Y1, Y2, . . . be
survival times with covariates X1,X2, . . ., where Xi ∈ Rd are i.i.d. with
compactly supported probability measure Q(x). Assume that for any γ,
Q(Γγ\{X : |XT Υi| < ζ}) > 0 for each i = 1, . . . , d, and some ζ > 0, and the
random hazard rate of Yi is of the form

h(t) exp(XT
i β), (6.1)

where β ∈ Rd is the unknown regression coefficient and h(t) is the unknown
baseline hazard function. We give priors μ for β and Π̃ for h(·). Assume
that h(·) and β are a prior independent and define Π := Π̃ × μ. Let h0(·)
and β0 denote the true value of the unknown parameters.

The cumulative baseline hazard is given by H(t) =
∫ t
0 h(s)ds, and pro-

vided that H(t) → ∞ as t → ∞ a.s., we can define a baseline random density
function for life time Y by

f(t) = h(t) exp(−H(t)) = h(t)F̄ (t), (6.2)

where F̄ (t) = 1 − F (t) := exp(−H(t)) is the survival function, and F (t)
is the baseline c.d.f. of life time Y . Note that the p.d.f. of Yi with the
corresponding covariate Xi is given by

eXT
i βf(t)[F̄ (t)]exp(XT

i β)−1. (6.3)
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Let f0, F0 and F̄0 denote the probability density, cumulative distribution
and survival functions corresponding to h0 respectively. Throughout this
section we assume that

E[H(t)] < ∞ for any t > 0. (6.4)

In the presence of right censoring, the life time Y cannot be observed
every time. We only observe (Z,Δ), where Z = Y ∧ C, Δ = 1l(Y ≤ C) for
C a censoring time with distribution Fc and for simplicity, assume that it
has density fc with respect to Lebesgue measure. Also, let F̄c(t) = 1−Fc(t).
Clearly, this leads us to consider a prior of the space F × F and the corre-
sponding prior Π∗ induced on the space of the distribution of the observations
(Zi,Δi)’s. Assume that the support of Fc is given by supp(Fc) = R+.

Theorem 6.1. Let the p.d.f. of life time Yi be defined by (6.1), (6.2) and
(6.3). Suppose the distribution of censoring times Fc is absolutely continuous
and supp(Fc) = R+. Moreover, assume that for any q > 1, the following
conditions hold:

(i) f0(t) is strictly positive on (0,∞) and
∫

R+ max{E[H(t)q], tq}f0(t)dt <
∞;

(ii) there exists r > 0 such that lim inft↓0 h(t)/tr = ∞, a.s.;

(iii) Π{h : sup0<t<T |h(t) − h0(t)| < δ,
∫∞
T |H(t) − H0(t)|f0(t)dt < δ} > 0

for some finite T and positive δ;

(iv)
∫∞
0 (log f0(t))qf0(t)dt < ∞.

Then, for W = {(h, β) : |β−β0| < ε, h : 1− exp(−H(t)) ∈ UF0}c, where UF0

is a weak neighborhood of F0, we have that

Π(W |(X1, Y1), (X2, Y2), . . . , (Xn, Yn)) → 0 a.s. [P∞
β0,h0

].

To prove this theorem, we first use the following two lemmas to show the
existence of the exponentially consistent test.

Lemma 6.1. Under the conditions of Theorem 6.1, there is an exponen-
tially consistent sequence of tests for

H0 : (h, β) = (h0, β0),
H1 : 1 − e−H(t) /∈ UF0(t), where UF0 is a weak neighborhood of F0(·).
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Lemma 6.2. Under the conditions of Theorem 6.1, there is an exponen-
tially consistent sequence of tests for

H0 : (h, β) = (h0, β0),
H1 : sup

t∈R

| exp(−H(t)) − F̄0(t)| < Δ, ‖β̃ − β̃0‖ >
√

d δ.

The proofs of this two lemmas are given in the appendix.

Proof of Theorem 6.1. First, we see that Condition (i) of Theorem
2.1 is satisfied by Lemmas 6.1 and 6.2, since W is the union of sets considered
in these two lemmas.

Now, showing that the Kullback-Leibler property described by Condition
(ii) of Theorem 2.1 holds will complete the proof.

For this model, K(h, β) equals to∫∫ ∞

0
exp(xT β0)[F̄0(t)]exp(xT β0)−1f0(t)F̄c(t)

× log
exT β0[F̄0(t)]exp(xT β0)−1f0(t)
exT β[F̄ (t)]exp(xT β)−1f(t)

dtdQ(x)

+
∫∫ ∞

0
log

[F̄0(t)]exp(xT β0)

[F̄ (t)]exp(xT β)
fc(t)[F̄0(t)]exp(xT β0)dtdQ(x). (6.5)

Define the set

V (δ, T ) =

{
h : sup

t≤T
|h(t) − h0(t)| < δ ∧

∫ ∞

T
|H − H0|f0 < δ

}
(6.6)

We have Π(V ) > 0 under the Condition (iii).

Now, we are going to show that for any δ > 0, there exists T ′ such that,
for any T > T ′, Π(V ) > 0 is a sufficient condition for

Π
{∫∫ ∞

0
exT β0 [F̄0(t)]exp(xT β0)−1f0(t)F̄c(t)

× log
exT β0[F̄0(t)]exp(xT β0)−1f0(t)
exT β[F̄ (t)]exp(xT β)−1f(t)

dtdQ(x)

+
∫∫ ∞

0
log

[F̄0(t)]exp(xT β0)

[F̄ (t)]exp(xT β)
fc(t)[F̄0(t)]exp(xT β0)dtdQ(x) < ε

}
> 0,
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for any ε > 0. It is sufficient to show that for any h ∈ V (δ, T ), the following
two inequalities hold,∫∫ ∞

T
exT β0[F̄0(t)]exp(xT β0)−1f0(t)F̄c(t)

× log
exT β0[F̄0(t)]exp(xT β0)−1f0(t)
exT β[F̄ (t)]exp(xT β)−1f(t)

dtdQ(x)

+
∫∫ ∞

T
log

[F̄0(t)]exp(xT β0)

[F̄ (t)]exp(xT β)
fc(t)[F̄0(t)]exp(xT β0)dtdQ(x) < ε/2 (6.7)

and ∫∫ T

0
exT β0 [F̄0(t)]exp(xT β0)−1f0(t)F̄c(t)

× log
exT β0[F̄0(t)]exp(xT β0)−1f0(t)
exT β[F̄ (t)]exp(xT β)−1f(t)

dtdQ(x)

+
∫∫ T

0
log

[F̄0(t)]exp(xT β0)

[F̄ (t)]exp(xT β)
fc(t)[F̄0(t)]exp(xT β0)dtdQ(x) < ε/2. (6.8)

The left hand side (l.h.s.) of (6.7) is equal to∫∫ ∞

T
exT β0[F̄0(t)]exp(xT β0)−1f0(t)F̄c(t)(xT (β0 − β))dtdQ(x)

+
∫∫ ∞

T
exT β0[F̄0(t)]exp(xT β0)−1f0(t)F̄c(t) log[h0(t)/h(t)]dtdQ(x)

−
∫∫ ∞

T
exT β0[F̄0(t)]exp(xT β0)−1f0(t)F̄c(t)exT β0H0(t))dtdQ(x)

+
∫∫ ∞

T
exT β0[F̄0(t)]exp(xT β0)−1f0(t)F̄c(t)exT βH(t))dtdQ(x)

+
∫∫ ∞

T
fc(t)[F̄0(t)]exp(xT β0)−1[exT βH(t) − exT β0H0(t)]dtdQ(x).(6.9)

The sum of the last three integrals in (6.9) are equal to∫ ∞

T
{exT β0 [F̄0(t)]exp(xT β0)−1f0(t)F̄c(t) + fc(t)[F̄0(t)]exp(xT β0)−1}

×[exT βH(t) − exT β0H0(t)]dt. (6.10)

Let x be fixed. It is easy to see that the first term in (6.9) is less than ε/6 for
β close enough to β0 enough, since Q is compactly supported, and all such
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β’s form a set of positive probability under the assumption on the prior for
β.

For the second term in (6.9), note that by Hölder’s inequality, one has∫ ∞

T
exT β0[F̄0(t)]exp(xT β0)−1f0(t)F̄c(t) log[h0(t)/h(t)]dt

≤
{∫ ∞

T

∣∣∣exT β0[F̄0(t)]exp(xT β0)−1
∣∣∣p f0(t)dt

}1/p

×
{∫ ∞

T

∣∣∣∣log h0(t)
h(t)

∣∣∣∣
q

f0(t)dt

}1/q

. (6.11)

Since X is compactly supported, assume PrQ(‖X‖ < L) = 1 and ‖β0‖ < L2.
The first term on the right hand side (r.h.s.) of (6.11) is bounded when
p < (1 − e−LL2)−1, which corresponding to that q > eLL2 . We choose
q to be a sufficiently large even integer for the rest of the paper. It is
sufficient to show that (6.11) is less than ε/6 by showing that for any ξ >
0 there exists T , such that

∫∞
T (log[h0(t)])qf0(t)dt < ξ and limT→∞ Π{h :∫∞

T (log h(t))qf0(t)dt < ξ} = 1. The latter is satisfied by Condition (iii).
Note that log[h0(t)] = H0(t) + log[f0(t)], so the former is satisfied under the
Conditions (i) and (iv).

Note that the expression in (6.10) is
∫

E[exT βH(Z)− exT β0H0(Z)]dQ(x).
As Y is stochastically larger than Z = Y ∧ C, and as argued in Blasi et al.
(2009),

E|exT βH(Z) − exT β0H0(Z)| ≤ E|exT βH(Y ) − exT β0H0(Y )|. (6.12)

Under the situation that ‖β −β0‖ small, the r.h.s. of (6.12) is less than ε/6,
for any h ∈ V (δ, T ) with sufficient small δ and sufficient large T .

It remains to show that (6.8) holds. We now consider the expressions∫∫ T

0
exT β0 [F̄0(t)]exp(xT β0)−1f0(t)F̄c(t)(xT (β0 − β))dtdQ(x), (6.13)

∫∫ T

0
exT β0 [F̄0(t)]exp(xT β0)−1f0(t)F̄c(t) log[h0(t)/h(t)]dtdQ(x) (6.14)

and ∫∫ T

0
{exT β0[F̄0(t)]exp(xT β0)−1f0(t)F̄c(t) + fc(t)[F̄0(t)]exp(xT β0)−1}

×[exT βH(t) − exT β0H0(t)]dtdQ(x). (6.15)
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Obviously, the expression in (6.13) will be small enough by choosing an
appropriate β.

Assume first that h0(0) > 0, and let c := inft≤T h0(t) > 0. For δ < c and
h ∈ V (δ, T ), the expression in (6.14) is less than

∫∫ T

0

∣∣∣∣h0(t)
h(t)

− 1
∣∣∣∣ exT β0[F̄0(t)]exp(xT β0)−1f0(t)dtdQ(x)

≤ δ

c − δ

∫∫ T

0
exT β0[F̄0(t)]exp(xT β0)−1f0(t)dtdQ(x) =

δ

c − δ
,

and the expression in (6.15) is less than

∫∫ T

0
[sup
s≤T

|h(s) − h0(s)|] · t · [exT βH(t) − exT β0H0(t)]dtdQ(x) + ξ

≤ δ

∫∫ ∞

0
t[exT βH(t) − exT β0H0(t)]dtdQ(x) + ξ ≤ δE0 + ξ,

where ξ is a small positive number and is dependent on β, and

E0 :=
∫∫ ∞

0
texT β0 [F̄0(t)]exp(xT β0)−1f0(t)dtdQ(x),

which is finite by the Condition (i).

Now consider the case that h(0) = 0. We need a different bound for
(6.14) in this case. Split the expression in (6.14) into two parts:

I1 + I2 :=
∫∫ ζ

0
exT β0[F̄0(t)]exp(xT β0)−1f0(t)F̄c(t) log[h0(t)/h(t)]dtdQ(x)

+
∫∫ T

ζ
exT β0 [F̄0(t)]exp(xT β0)−1f0(t)F̄c(t) log[h0(t)/h(t)]dtdQ(x).

The analysis is essentially the same as before. We can find that for any
ε > 0, there are δ and T such that for any h ∈ V (δ, T ) implies the sum of I2

and the expressions in (6.15) and (6.13) is less than ε/4 for any ζ.

Now consider I1, we shall show that for the same ε, there exists a small
enough ζ > 0, such that

∫∫ ζ

0
exT β0[F̄0(t)]exp(xT β0)−1f0(t)F̄c(t) log[h0(t)/h(t)]dtdQ(x) < ε/4, a.s. [Π].
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If h(0) 
= 0, the above inequality holds. Hence, it is enough to show that
(log[h0(t)/h(t)])qf0(t) is Lebesgue integrable in 0 for Π-almost all h such
that h(0) = 0. Note that h0(t) → f0(0) as t → 0. Hence, under Condition
(iv), we only need to show that (log h(t))q is f0-integrable, which is true
under Condition (ii). �

Remark 6.1. Blasi et al. (2009) showed that Condition (iii) holds, when
the hazard function is of the form h(t) =

∫
k(t, x)μ̃(dx), where μ̃ is a com-

pletely random measure on some Polish space, and k(·) is the Dykstra–Laud
kernel, the rectangular kernel, the Ornstein–Uhlenbeck kernel or the expo-
nential kernel.

Remark 6.2. If the covariates Xi’s are fixed constants, we need a suf-
ficient condition about Vi as mentioned in Remark 5.2. For this model, we
split the Vi as∫

exT
i β0[F̄0(t)]exp(xT

i β0)−1f0(t)F̄c(t)(xT
i (β0 − β))2dt

+
∫

exT
i β0[F̄0(t)]exp(xT

i β0)−1f0(t)F̄c(t)(log[h0(t)/h(t)])2dt

+
∫

exT
i β0[F̄0(t)]exp(xT

i β0)−1f0(t)F̄c(t)[exT
i βH(t) − exT

i β0H0(t)]2dt

+
∫

fc(t)[F̄0(t)]exp(xT
i β0)−1[exT

i βH(t) − exT
i β0H0(t)]2dt.

The first term will be made arbitrarily small by choosing β close enough
to β0 enough. The second term can be made small by Condition (i), for
q > eLL2/2, which also implies a bound for the “K” part. For the last two
terms, by similar argument as above, the additional requirement on “Vi”
part can be satisfied under the following condition:
(v) Π{h : sup0<t<T (h(t) − h0(t))2 < δ,

∫∞
T (H(t) − H0(t))2f0(t)dt < δ} > 0

for some finite T and positive δ.

7 Accelerated failure time model

To analyze survival data with covariates, the accelerated failure time
models are quite popular, too. For each subject i = 1, . . . , n, let Yi denote
the failure time and Ci denote the censoring time. The observed survival data
are Zi = min(Yi, Ci) and Δi = 1l(Yi ≤ Ci). Let Xi denote a d-dimensional
vector of covariates associated with subject i.

We assume that Y/eXT β ∼ f(y), where β and f are unknown parameters.
Let β0 and f0 denote the true value of β and f respectively. Observe that
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ε := log Y − XT β ∼ f̃ , where f̃(t) := etf(et). Note that the correspondence
f �→ f̃ is one to one. Let Fc be the distribution of C, and for simplicity,
assume that it has density fc with respect to Lebesgue measure, and let
f̃c and F̃c be the density and distribution of log C respectively. Let f̃0 be
the corresponding true value for f̃ . Also, we assume that the covariate X is
random and with probability measure Q(x). To make this model identifiable,
we further assume that

∫
xdQ(x) = 0.

Assume that the Dirichlet mixture prior assigned to f using the Weibull
density function as the kernel. The Weibull kernel is given by

w(x; θ, φ) = φ−1θ(x/φ)θ−1 exp[−(x/φ)θ ].

Let P ∼ Π̃, and given P , let log φi be i.i.d. P . Let the model consist a prior
ν for θ. Then, ν × Π̃ induces a prior on the survival function ¯̃F (t) of the
random variable log Y − XT β via the map

(P, θ) �→
∫

exp(−e(t−log φ)θ)dP,

and induces another prior on the density function f̃ of the random variable
log Y − XT β via the map

(P, θ) �→
∫

θ exp(−e(t−log φ)θ + (t − log φ)θ)dP.

Assign a prior μ for β, and let Π stand for Π̃ × ν × μ.
Theorem 7.1. Assign a Dirichlet mixture prior with Weibull density

kernel to f as described above. Suppose that

(i) the covariate X is compactly supported, and for any γ, Q(Γγ\{X :
|XT Υi| < ζ}) > 0 for each i = 1, . . . , d, and some ζ > 0;

(ii) for some 0 < M < ∞, 0 < f̃0(t) < M for all t;

(iii)
∫

f̃0(t)| log f̃0(t)|dt < ∞ and
∫

f̃c(t+ξ)| log ¯̃F0(t)|dt < ∞ for all ξ ∈ R;

(iv) for some δ > 0,
∫

f̃0(t) log f̃0(t)
φδ(t)dt < ∞, where φδ(t) := inf‖s−t‖<δ f̃0(s);

(v) there exists η > 0 such that | ∫ e2(log t)|ηf0(t)dt| < ∞, and∫
e(log t−a)/bf0(t)dt < ∞ for any a ∈ R and b ∈ (0,∞);

(vi)
∫

(e−t/h + t/h)dP (t) < ∞ for any given h > 0, a.s. Π̃;
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(vii) the weak support of Π̃ is the space of all probability measures on R;

(viii) for some δ > 0 and any ξ ∈ R,
∫

f̃c(t + ξ) log
¯̃F0,β0

(t)

φδ(t) dt < ∞, where

φδ(t) := inf‖s−t‖<δ f̃0(s);

(ix) there exists η > 0 such that | ∫ fc(t)e2(log t)1+η
dt| < ∞ and∫

fc(t)e(log t−a)/bdt < ∞ for all a ∈ R and b ∈ (0,∞);

Then for any weak neighborhood U of F0,

Π
({

(F, β) : f̃ ∈ U , ‖β − β0‖ < ε
}∣∣∣(Z1,X1,Δ1), . . . , (Zn,Xn,Δn)

)
→ 1

a.s.
[
P∞

f0

]
.

To prove this theorem, we first use the following two lemmas to show the
existence of the exponentially consistent test.

Lemma 7.1. Under the conditions of Theorem 7.1, there is an exponen-
tially consistent sequence of tests for testing H0 : (F, β) = (F0, β0) against
H1 : F /∈ UF0, where UF0 is a weak neighborhood of F0(·).

Lemma 7.2. Under the conditions of Theorem 7.1, there is an exponen-
tially consistent sequence of tests for testing H0 : (F, β) = (F0, β0) against

H1 : sup
t∈R

|F (t) − F0(t)| < Δ, ‖β − β0‖ > δ.

The proofs of these two lemmas are given in the appendix.

Proof of Theorem 7.1. Since {(f̃ , β) : f̃ ∈ U , ‖β − β0‖ < ε}c is
the union of sets considered in the Lemmas 7.1 and 7.2, Condition (i) of
Theorem 2.1 is satisfied.

Note that there is no sieve used in the tests we constructed in the above
lemmas. We only need to verify Condition (ii) of Theorem 2.1 to complete
the proof.

For this model, the Kullback-Leibler support condition on Π at (f0, β0)
is

Π

{∫∫
e−xT β0f0(e−xT β0y)F̄c(y) log

e−xT β0f0(e−xT β0y)
e−xT βf(e−xT βy)

dydQ(x)

+
∫∫

F̄0(e−xT β0y)fc(y) log
F̄0(e−xT β0y)
F̄ (e−xT βy)

dydQ(x) < ε

}
> 0

(7.1)
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for any ε > 0. By transformation, the expression (7.1) is equivalent to

Π

{∫∫
f̃0(t − xT β0)

¯̃Fc(t) log
f̃0(t − xT β0)
f̃(t − xT β)

dtdQ(x)

+
∫∫

¯̃F0(t − xT β0)f̃c(t) log
¯̃F0(t − xT β0)
¯̃F (t − xT β)

dtdQ(x) < ε

}
> 0

(7.2)

for any ε > 0.

By Condition (iii), (v), (vi) and (ix), applying Lemma 10.6 in the ap-
pendix, we have∫

f̃0(t) log
f̃0(t)

f̃(t − γ)
dt →

∫
f̃0(t) log

f̃0(t)
f̃(t)

dt (7.3)

as γ → 0.

By Condition (iii), (iv) and (v), an application of Theorem 3 of Wu and
Ghosal (2008), gives us

(ν × Π̃)

{∫
f̃0(t) log

f̃0(t)
f̃(t)

< ε

}
> 0 (7.4)

for every ε > 0. Combining (7.3) and (7.4), we have that

Π

{∫∫
f̃0(t − xT β0)

¯̃Fc(t) log
f̃0(t − xT β0)
f̃(t − xT β)

dtdQ(x) < ε

}
> 0 (7.5)

for every ε > 0. Note that Conditions (iii), (iv) and (v) correspond to Condi-
tions B5-B7 of Theorem 3 of Wu and Ghosal (2008), while other conditions
of that theorem obviously satisfied.

Now, we show that

Π

{∫∫
¯̃F0(t − xT β0)f̃c(t) log

¯̃F0(t − xT β0)
¯̃F (t − xT β)

dtdQ(x) < ε

}
> 0 (7.6)

To this end, by Lemma 10.7, we have

(ν × Π̃)

{∫
f̃c(t + ξ) log

¯̃F0(t)
¯̃F (t)

dt < ε

}
> 0, (7.7)
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holds for any ξ ∈ R.

By Condition (iii), (v), (vi) and (ix), applying Lemma 10.6, we have that

∫
f̃c(t) log

¯̃F0(t)
¯̃F (t − γ)

dt →
∫

f̃c(t) log
¯̃F0(t)
¯̃F (t)

dt (7.8)

as γ → 0. By (7.7) and (7.8), expression (7.6) holds true.

Note that the intersection of the sets in the expressions (7.4) and (7.7)
containing a common weak neighborhood of Pm, and hence (7.2) holds. �

8 Partial linear regression model

Consider a partial linear model

Yi = XT
i β + f(Zi) + εi, (8.1)

where Yi is the dependent variable, Xi is a vector of d-dimensional explana-
tory variable, Zi is a scalar explanatory variable, εi’s are i.i.d. Norm(0, σ2)
for i = 1, . . . , n, and f is an odd function. Assume that X and Z are random
variables having probability distribution QX(x) and p.d.f. qZ(z) repectively.
Let qf,Z denote the p.d.f. of f(Z) and the convolution qf,Z ∗ φ(0, σ2) is the
p.d.f. of f(Z)+ ε. We assign a prior μ on β and a prior Π̃ on qf,Z ∗ φ(0, σ2).
Let Π stand for Π̃ × μ. We have the following result:

Theorem 8.1. Suppose that

(i) the distribution of covariates X and Z are compactly supported, and
for any γ, Q(Γγ\{X : |XT Υi| < ζ}) > 0 for each i = 1, . . . , d, and
some ζ > 0;

(ii) there exists a sufficiently small η > 0, Cη and a density gη, such that
for |η′| < η, qf0,Z ∗ φ(0, σ2

0)(y − η′) < Cηgη(y);

(iii) for all sufficiently small η and for all δ > 0, Π̃{K(gη , f) < δ} > 0.

Then for any weak neighborhood U of f0,

Π{(f, β) : f ∈ U , ‖β − β0‖ < δ|(X1, Y1, Z1), . . . , (Xn, Yn, Zn)} → 1

a.s.
[
P∞

f0

]
.
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Proof. Note that by considering f(Z) + ε as the error part in multiple
regression model, we can treat this model as a multiple regression model.
Note that in Theorem 3.1, Condition (ii) is about the p.d.f. of the error term
in the linear regression model, while in this theorem the same condition is
given to qf0,Z ∗ φ(0, σ2

0)(y − η′), which is the probability density function of
the error term in the partial linear regression model. Also, the other two
conditions are the same as the rest of the other two conditions in Theorem
3.1. Applying the same argument proves this theorem. �

Remark 8.1. Due to the similarity to the multiple regression model dis-
cussed in previous section, the prior applies for that model will apply here.

Remark 8.2. If the covariates are fixed constants xi’s and zi’s, Condition
(i) and (iii) will need to be changed accordingly as mentioned in Remark 3.2
to ensure consistency.

9 Discussion

In this paper, we studied posterior consistency for some semi-parametric
models, which was initiated by Amewou-Atisso et al. (2003). In that pa-
per, the authors studied the univariate regression model, with Polya tree
or Dirichlet mixture of normals priors being given, and the binary response
regression with unknown link. Both stochastic and non-stochastic covariate
cases were studied. The basic idea is to consider a sufficiently weak topology
on the non-parametric part so that uniformly exponentially consistent tests
can be constructed for testing the true value against the complement of a
neighborhood. In this paper, we used the same idea to study some more
models, which are commonly used in practice.

By doing this, we provide a ready catalog of conditions required to ensure
sensible Bayesian inference in large samples for most commonly encountered
semi-parametric models. This may help practitioners to select useful prior
distributions. The technical difficulty lies in the proof of Kullback-Leibler
property or constructing the exponentially consistent tests. For example, for
proportional hazard model, it is more difficult to prove the Kullback-Leibler
property of the model, while for exponential frailty model, it is harder to
construct the tests.

Of course, there are many other Bayesian semi-parametric models used in
practice. For example, the proportional hazard model with frailty structure
and with censoring data is a commonly encountered model in survival anal-
ysis. Other examples include biased sampling model and projection pursuit
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model. In this paper, we have initiated the process of cataloging, which, we
hope will get richer in the future.

10 Appendix

The following lemma, due to Amewou-Atisso et al. (2003) Lemma 3.1,
will be used many times in our proofs of the existence of the exponentially
consistent tests for the models.

Lemma 10.1. For i = 1, 2, . . . , let g0i and gi be densities on R. If for
each i there exists a function Φi, 0 ≤ Φi ≤ 1, such that

Eg0i(Φi) = αi ≤ γi = Egi(φi),

and if

lim inf
n→∞

1
n

n∑
i=1

(γi − αi) > 0

then there exist a constant C, sets Bn ⊂ Rn, n = 1, 2, . . . , and n0, all
depending only on (γi, αi), such that for n > n0,[

n∏
i=1

Pg0i

]
(Bn) < e−nC ,

[
n∏

i=1

Pgi

]
(Bn) > 1 − e−nC .

Proof of Lemma 3.1. Let Uf0 be a weak neighborhood of f0, Δ > 0,
γ = {γ1, . . . , γd} ∈ {−1, 1}d and ι = ±1. Consider the following three groups
of hypotheses,

H0 : (f, α, β) = (f0, α0, β0) against H1 : (f, α, β) ∈ W1,

H0 : (f, α, β) = (f0, α0, β0) against H1 : (f, α, β) ∈ W2,ι,γ,j,

for each ι, γ and j = 1, . . . , d, and

H0 : (f, α, β) = (f0, α0, β0) against H1 : (f, α, β) ∈ W3,ι,γ,j,

for all ι and γ, where W1 = U c
f0

× {|α − α0| < Δ, ‖β − β0‖ < Δ}, W2,ι,γ,j =
F×{(α, β) : ι(α−α0) > 0, (β−β0) ∈ Γγ , γj(βj−β0j) > Δ}, β = (β1, . . . , βd)
and W3,ι,γ = F × {ι(α − α0) > Δ, (β − β0) ∈ Γγ}.
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For the first group of hypotheses, we take

U =
{

f :
∫

Φ(y)f(y) −
∫

Φ(y)f0(y) < 0
}

,

where 0 ≤ Φ ≤ 1 is uniformly continuous. Since Φ is uniformly continuous,
given ε > 0, there exists δ > 0 such that |y1−y2| < δ implies |Φ(y1)−Φ(y2)| <
ε/2. Let Δ be such that |(α − α0) + (β − β0)Xi| < δ for all ‖Xi‖ < L and
α, β ∈ W1. Now for any f ∈ U c, we have that∫∫

Φ(y − α0 − xT β0)f(y − α − xT β)dyQ(dx)

≥
∫

Φ(y)f(y)dy −∫∫
|Φ(y) − Φ(y − (α − α0) − xT (β − β0))|
×f(y − (α − α0) − xT (β − β0))dyQ(dx)

≥
∫

Φ(y)f(y)dy − ε/2

≥ Ef0Φ + ε/2.

By Lemma 10.1, such tests are exponentially consistent.

For the second group of hypotheses, by Condition (i), there exist X’s
such that the j-the component of X, Xjγj > ε and X belongs to the proper
Γγ such that α + XT β − α0 − XT β0 > Δε. Condition (i) also implies that
there exists L > 0 such that ‖X‖ ≤ L and lim inf n−1#{i : ‖Xi,j‖ > ε0,Xi ∈
Γγ} > 0 a.s. for any Γγ , where #{·} stands for the cardinality of the set.
Let Kn,γ = {i : ‖Xi,j‖ > ε0,Xi ∈ Γγ} > 0, for each i ∈ Kn,γ , there exists a
set Ai such that

αi := Pf0i
(Ai) < a − C(η ∧ Δε)

and
γi := inf

W2,ι,γ,j

Pfα,β,i
(Ai) ≥ a,

where η is such that inf |y|<η f0(y) = C > 0. For i /∈ Kn, set Ai = R, then
αi = γi = 1. Note that

lim inf
n→∞

(
n−1

n∑
i=1

(γi − αi)

)
> C(η ∧ Δε0) lim inf

n→∞ #Kn/n > 0

Lemma 10.1 now applies. Hence we have exponentially consistent test for
the second group of hypotheses.
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The construction of the exponentially consistent test for the third group
of hypotheses is similar.

Note that by choosing Δ sufficiently small, the union of the sets in the
alternative hypotheses contains {(f, α, β) : f ∈ Uf0 , |α−α0| < ε, ‖β − β0‖ <
ε}c. The required exponentially consistent tests therefore exist. �

Lemma 10.2. If | log f0(x, y)|, x and y are f0-integrable, then for any
ε > 0, there exists r such that

∫∫
f0(x, y) log f0(x,y)

fr(x,y)dxdy < ε.

Proof. Since λ0w
2e−w(x+λ0) < λ0w

2 and fr(w) ≤ 2f0(w), one has that∫
λ0w

2e−w(x+λ0y)dFr(w) ≤ 2λ0/3. (10.1)

By the dominated convergence theorem (DCT), we have that log f0(x,y)
fr(x,y) → 0

as r → ∞ point-wise.

Note that fr(x, y) = 1
F0(r)−F0(r−1)

∫ r
r−1 λ0w

2e−w(x+λ0y)dF0(w) and f0(x, y)

=
∫

R+λ0w
2e−w(x+λ0y)dF0(w). Thus we have fr(x, y) < 2f0(x, y) for suffi-

ciently large r.

Observe that for given (x, y), λ0w
2e−w(x+λ0y) is increasing on (0, 2(x +

λ0y)−1) and decreasing on [2(x + λ0y)−1,∞) as a function of w. Now let
w1, w2 and w3 be such that F0(wi) = i/4, i = 1, 2, 3. Choose r sufficiently
large such that r−1 < w1 and r > w3. For x + λ0y ≥ 2w−1

2 , one has
fr(x, y) > λ0w

2
3e

−w3(x+λ0y)/4. For x + λ0y < 2w−1
2 , one has fr(x, y) >

λ0w
2
1e

−w1(x+λ0y)/4. Therefore, for r large, we have

2f0(x, y) > fr(x, y) >

{
λ0w

2
3e

−w3(x+λ0y)/4, if x + λ0y ≥ 2w−1
2 ,

λ0w
2
1e

−w1(x+λ0y)/4, if x + λ0y < 2w−1
2 .

Hence∣∣∣∣log f0(x, y)
fr(x, y)

∣∣∣∣ < | log f0(x, y)| +
max{log 2 + | log f0(x, y)|, | log λ0w3/4| + |w3(x + λ0y)|}.

Since | log f0(x, y)| and x + y are f0-integrable, by the DCT, we have∫∫
f0(x, y) log

f0(x, y)
fr(x, y)

dxdy → 0 as r → ∞.

�
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Lemma 10.3. If x and y are f0-integrable and wE :=
∫

w2dF0(w) < ∞,
then for any ε > 0, there exists a neighborhood V of λ0 such that for λ ∈ V
and r sufficiently large,

∫∫
f0(x, y) log

∫
λ0w

2e−w(x+λ0y)dFr(w)∫
λw2e−w(x+λy)dFr(w)

dxdy < ε.

Proof. By arguments similar to those used in the derivation of (10.1)

and the DCT, one has that log
R

λ0w2e−w(x+λ0y)dFr(w)R
λw2e−w(x+λy)dFr(w)

→ 0, point-wise.

Observe that

∣∣∣ log
∫

λ0w
2e−w(x+λ0y)dFr(w)∫

λw2e−w(x+λy)dFr(w)

∣∣∣
≤

∣∣∣ log{∫ λ0w
2e−w(x+λ0y)dFr(w)

} ∣∣∣+ ∣∣∣ log{∫ λw2e−w(x+λy)dFr(w)
} ∣∣∣.

In order to show that∫∫
f0(x, y) log

∫
λ0w

2e−w(x+λ0y)dFr(w)∫
λλw2e−w(x+λy)dFr(w)

dxdy → 0, (10.2)

it now suffices to bound | log(
∫

λw2e−w(x+λy)dFr(w))| for any λ ∈ [λ0/2, 2λ0]
by an f0(x, y)-integrable function u(x, y). For given values of λ and (x, y),
λw2e−w(x+λy) as a function of w, is increasing on (0, 2

x+λy ) and decreasing
on ( 2

x+λy ,∞). Let w1, w2 and w3 be defined as in the proof of Lemma 10.2.
For r−1 < w1 and r > w3, fr(w) ≥ f0(w) on (w1, w3). For given λ,∫

λw2e−w(x+λy)dFr(w) >
1
8
λ0w

2
1e

−w1(x+2λ0y), if x + λy >
2
w2

,∫
λw2e−w(x+λy)dFr(w) >

1
8
λ0w

2
3e

−w3(x+2λ0y), if x + λy ≤ 2
w2

.

Hence, we have

log
{∫

λw2e−w(x+λy)dFr(w)
}

≥ min
{
log(λ0w

2
1/8) − w1(x + 2λ0y), log(λ0w

2
3/8) − w3(x + 2λ0y)

}
.

Therefore, log(
∫

λw2e−w(xλy)dFr(w)) ≥ log(λ0w
2
1/8) − 2w3(x + λ0y). Since

fr(w) ≤ 2f0(w), we also have log(
∫

λw2e−w(x+λy)dFr(w)) ≤ 4λ0wE . Hence,
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∫

λw2e−w(x+λy)dF0(w))
∣∣∣

≤ max
{
4λ0wE , | log(λ0w

2
1/8)| + 2w3(x + λ0y)

}
.

By the condition that x and y are f0-integrable, (10.2) holds by the DCT.
�

Proof of Lemma 4.1. To show that there exist exponentially consistent
test for testing H0 : (λ, F ) = (λ0, F0) against H1 : (F, λ) ∈ W , we show that
there exist exponentially consistent tests for testing

H0 : (λ, F ) = (λ0, F0) against H1 : |λ − λ0| > ε; (10.3)

and
H0 : (λ, F ) = (λ0, F0) against H1 : F ∈ U c ∩ An, (10.4)

where An = {F : F (rn) − F (r−1
n ) ≥ 1 − δ} for some given δ. Note that

Z =
X

X + λ0Y
∼ Unif(0, 1), if λ = λ0. (10.5)

We use Kolmogorov-Smirnov test (KS test) to test Z ∼ Unif(0, 1), which in
turn tests (10.3).

Let Dn denote the maximum difference between the empirical c.d.f. of
Z and the standard uniform c.d.f. U(z) = z, z ∈ [0, 1]. Let test Φn(·) be
1l(Dn > δ). We have that, for large samples,

Eλ0(Φn) = Pr(Dn ≥ δ) ≤ 2e−2δ2n,

Eλ(Φn) ≥ 1 − (2π)−1/2

∫ 2(Δλ
√

n+δ)

2(Δλ
√

n−δ)
e−

t2

2 dt, |λ − λ0| > ε,

where Δλ = sup0≤z≤1

∣∣∣Pλ

(
X

X+λ0Y ≤ z
)
− z

∣∣∣; see Massey (1950) for details.

In the above expression, Pλ denotes the probability law for X
X+λ0Y , when

X|W = w ∼ Exp(w) and Y |W = w ∼ Exp(λw).

We show that Δ := inf |λ−λ0|>ε Δλ > 0. Then it will follow that

inf
|λ−λ0|>ε

Eλ(Φn) ≥ 1 − 4δ√
2π

e−
4(Δ

√
n−δ)2

2 ≥ 1 − 2
√

2
δ√
π

e−
1
2
Δ2n,

for n sufficiently large, leading to the desired test for (10.3).
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Note that

Pλ

( X

X + λ0Y
≤ 1

2

)
= P ∗

λ

(X

Y
≤ λ0

)
=

λ0

λ0 + λ
,

where P ∗
λ denotes the probability law for X/Y when X|W = w ∼ Exp(w)

and Y |W = w ∼ Exp(λw). Hence, Δλ ≥ |12 − λ0
λ0+λ | ≥ ε

4λ0+2ε > 0, for all
λ such that |λ − λ0| > ε. Thus, the sequence of tests Φn are exponentially
consistent.

Now we show that there exist exponentially consistent tests for testing
(10.4). Let

g0(x) =
∫

we−wxdF0(w), gF (x) =
∫

we−wxdF (w). (10.6)

Let G = {gF : gF (x) =
∫

we−wxdF (w), F ∈ M (R+)}. Note that the corre-
spondence F �→ gF is one to one by the unicity of the Laplace transform.
Let ‖gF − g0‖ =

∫ |gF (x) − g0(x)|dx be the L1-norm on G . We now show
that for any sequence gn ∈ G ,

gn
L1−→ g0 implies Fn

w−→ F0, (10.7)

where gn =
∫

we−wxdFn(w) and w−→ stands for weak convergence.

If gn
L1−→ g0, which means

∫∞
0 we−wxdFn(w) L1−→ ∫∞

0 we−wxdF0(w), then

sup
x∈R+

∣∣∣∣
∫ x

0

∫ ∞

0
we−wtdFn(w)dt −

∫ x

0

∫ ∞

0
we−wtdF0(w)dt

∣∣∣∣→ 0.

Now, by Fubini’s theorem, we have

sup
x∈R+

∣∣∣∣
∫ ∞

0
e−wxdFn(w) −

∫ ∞

0
e−wxdF0(w)

∣∣∣∣→ 0.

Hence, for any x > 0,
∫∞
0 e−wxdFn(w) → ∫∞

0 e−wxdF0(w). Since
∫

e−wxdF (w)
is the Laplace transform of F , by Theorem 2 in Feller (1957, Vol. II XIII.1),
it follows that Fn

w−→ F0.

Observe that there exists a sequence of exponentially consistent tests for
testing

H0 : g = g0 against H1 : g ∈ U ∗c∩
{∫

we−wxdF (w) : F ∈ An

}
(10.8)
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by Lemma 10.5 below, where U ∗ is an L1-neighborhood of g0. The existence
of a sequence of exponentially consistent tests for (10.8) implies the existence
of a sequence of exponentially consistent tests Φ∗

n for testing (10.4).

Now the test max{Φn(·),Φ∗
n(·)} satisfies Condition (i) of Theorem 2.1,

with the An × [mn,Mn]d = {F : F (rn) − F (r−1
n ) ≥ 1 − δ} × R+. �

Lemma 10.4. If | log f0(x, y)| is f0(x, y)-integrable, then for any ε > 0
there exists a weak open neighborhood U of Fr, such that

∫∫
f0(x, y) log

∫
λw2e−w(x+λy)dFr(w)∫
λw2e−w(x+λy)dF (w)

dxdy < ε

for every F ∈ U and λ ∈ V ⊂ [λ0/2, 2λ0].

Proof. We verify Conditions A7–A9 of Lemma 3 in Wu and Ghosal
(2008) to prove this lemma, that is,

A7. for any φ ∈ A,
∫

log fPε,φ(x)
infθ∈D K(x,θ,φ)f0(x)dx < ∞;

A8. c := infx∈C infθ∈D K(x; θ, φ) > 0, for any compact C ⊂ X;

A9. for any given φ ∈ A and compact C ⊂ X, such that the family of maps
{θ �→ K(x; θ, φ), x ∈ C} is uniformly equicontinuous on D ⊂ Θ.

In this case, K(x, y;w, λ) = λw2e−w(x+λy), where w plays the role of θ in
the conditions, λ for φ and Pε is substituted by proper Fr. Choose r and
V , such that

∫∫
f0(x, y) log f0(x,y)

fr,λ(x,y)dxdy < ε for every λ ∈ V . From Lemma
10.3, one has that

∫∫
f0(x, y) log fr,λ(x, y)dxdy < ∞. Let D = [r−1, r],

| log( inf
w∈D

λw2e−w(x+λy))| ≤ (r + r−1)(x + 2λ0y) + 2 log r + log(2λ0).

Now | log(infw∈D λw2e−w(x+λy))| is integrable. Hence Condition A7 is satis-
fied. Condition A8 obviously holds. For Condition A9, the uniform equicon-
tinuity condition holds for any compact E. By straightforward calculations,
we will see that Condition A9 holds. Thus Lemma 3 of Wu and Ghosal
(2008) concludes the proof. �

Lemma 10.5. If for any δ > 0 and β > 0 there exists a sequence rn and a
constant β0 such that r2

n < nβ and Π̃{F : F (rn)−F (r−1
n ) < 1− δ} < e−nβ0,

then there exists an exponentially consistent sequence of tests for test (10.8).
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Proof. Let F denote the space of density functions on R+. For any
ε > 0, let U ∗ = {f : ‖f − f0‖ < ε}, where ‖f − f0‖ =

∫ |f(x) − f0(x)|dx.
Choose δ < ε/4, let Fn = {∫ we−wxdF (w) : F (rn) − F (r−1

n ) ≥ 1 − δ}.
By the assumption of this lemma, we have that Π̃(F c) < e−nβ0 . Choose
g1, g2 . . . , gk ∈ F be such that Vn ⊂ ∪k

i=1Gi where Vn = Fn ∩ W ∗c and
Gi = {f : ‖f − gi‖ < δ}. Let fi ∈ Vn ∩Gi. Let Ai = {x : f0(x) < fi(x)} and
Bi = {(x1, x2, . . . , xn) : 1

n

∑n
j=1 1lAi(xj) ≥ 1

2(Pf0(Ai) + Pfi
(Ai))}. Consider

the test
φn(X1,X2, . . . ,Xn) = max

1≤i≤k
1lBi(X1,X2, . . . ,Xn),

where Xj are the first components from the observations (Xj , Yj)’s.

Let J(δ,F ) stand for the L1-metric entropy, that is, the logarithm of the
smallest number k of functions f1, . . . , fk such that for any f ∈ F , we have
‖f − fi‖ < δ for some i = 1, . . . , k.

Now, as shown in the proof of Theorem 2 in Ghosal et al. (1999), if
J(δ,Fn) < nβ for some β < ε2/8, then the sequence of tests constructed
above is exponentially consistent. Hence showing that for any δ > 0 and
β > 0, J(δ,Fn) < nβ for some suitable choice of rn is sufficient to complete
the proof.

For w1 > w2, we have w1e
−w1x > w2e

−w2x on [0, log w1
w2

/(w1 − w2)) and
w1e

−w1x ≤ w2e
−w2x on [log w1

w2
/(w1 − w2),∞) and hence

‖w1e
−w1x − w2e

−w2x‖ ≤ 2
∫ log

w1
w2

/(w1−w2)

0
(w1e

−w1x − w2e
−w2x)dx

≤ 2 sup
x∈A

(w1e
−w1x − w2e

−w2x) log
w1

w2
/(w1 − w2)

= 2(log w1 − log w2),

where A = [0, log w1
w2

/(w1 − w2)) in the above display.

Given δ, let N be the smallest integer greater than r2
n−1

eδ/2−1 . Divide (r−1
n , rn]

in to N intervals. Let

Ei =
(

1
rn

+
(rn − rn

−1)(i − 1)
N

,
1
rn

+
(rn − rn

−1)i
N

]
, i = 1, 2, . . . , N.

Then for any w,w′ ∈ Ei, we have ‖we−wx − w′e−w′x‖ < δ. Now, along the
same lines in the proof of Lemma 1 and Lemma 2 in Ghosal et al. (1999),
we have that J(δ,Fn) < nβ if r2

n < nβ. �
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Proof of Lemma 5.1. Consider X and β are both d-dimensional. Let
B = {β : ‖β‖ = 1}, B∗ = B \ {β : ‖β − β0‖ ≤ ε} and X = {x : ‖x − β‖ ≤
δ, for some β ∈ B}.

For any β1 ∈ B∗, let Y0 and Y1 be random variables corresponding to
random variable X0 taking the value of β0 and X1 taking the value of β1

respectively. Let

θ0 := b′−1(g0(XT
0 β0)) = b′−1(g0(1)),

θ1 := b′−1(g0(XT
1 β0)) = b′−1(g(βT

1 β0)),
θ∗0 := b′−1(g(XT

0 β1)) = b′−1(g(βT
0 β1)),

θ∗1 := b′−1(g(XT
1 β)) = b′−1(g(1)).

Now we have that

R(θ0, θ1) := Eβ0,g01l(Y0 < Y1) =

∫∞
−∞

∫∞
t0

et1θ1a(t1)et0θ0a(t0)dt1dt0∫∞
−∞ et1θ1a(t1)dt1

∫∞
∞ et0θ0a(t0)dt0

(10.9)

and

R(θ∗0, θ
∗
1) := Eβ1,g1l(Y0 < Y1) =

∫∞
−∞

∫∞
t0

et1θ∗0a(t1)et0θ∗1a(t0)dt1dt0∫∞
−∞ et1θ∗0a(t1)dt1

∫∞
∞ et0θ∗1a(t0)dt0

. (10.10)

By the fact that θ0 > θ1 and t0θ0 + t1θ1 < t0θ1 + t1θ0 when t0 < t1, we have
that R(θ0, θ1) < R(θ1, θ0). Now, let

Δ = inf
β∈B∗

{
R
(
b′−1(g0(βT β0)), b′−1(g0(1))

)
−R

(
b′−1(g0(1)), b′−1(g0(βT β0))

)}
.

(10.11)

By the continuity of R(·), we can find ξ1 > 0, such that

|R(θ2, θ3) − R(θ∗2, θ
∗
3)| < Δ/8 (10.12)

for all |θ2 − θ∗2| < ξ1, |θ3 − θ∗3| < ξ1 and

b′−1(g0(−1 − ε) − ξ1) ≤ θ2, θ3, θ
∗
2, θ

∗
3 ≤ b′−1(g0(1 + ε) + ξ1).

By the continuity of F and T−1, there exists ξ > 0, such that for all F with
‖F − F0‖sup < ξ,

sup
−1−ε≤t≤1+ε

|T−1 ◦ F (t) − g0(t)| < ξ1.
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Now, we can find a weak neighborhood U of F0 such that for all the F ∈ U .
Also, by continuity, there exists δ > 0 such that∥∥∥R(b′−1(g0(XT

2 β)), b′−1(g0(XT
3 β))) − R(b′−1(g0(X∗T

2 β∗)), b′−1(g0(X∗T
3 β∗)))

∥∥∥
< Δ/8 (10.13)

for all for ‖β∗−β‖ ≤ δ, ‖X∗
2−X2‖ ≤ δ and ‖X∗

3−X3‖ ≤ δ, where β, β∗ ∈ B∗

and X2,X3,X
∗
2 ,X∗

3 ∈ X.

Now, let Xi and Yi denote the ith covariate and observation, Kn0 = {i :
1 ≤ i ≤ n, ‖Xi − β0‖ ≤ δ} and Kn = {i : 1 ≤ i ≤ n, ‖Xi − β1‖ ≤ δ}. Let
κ = min{#Kn, #Kn0}. We will construct a test using only those Yi for
which the corresponding i is in Kn or Kn0. Take the first κ i’s from Kn and
Kn0, and setting them in pairs as (X0k,X1k), k = 1, 2, . . . κ. Now we have
(Y0k, Y1k), k = 1, 2, . . . , κ, which denote the observations corresponding to κ
pairs of X’s. Note that all the X0k are from {Xi : i ∈ Kn0} and X1k are
from {Xi : i ∈ Kn1}.

By (10.13), we have

Eβ01l(Y0k < Y1k) ≤ R(b′−1(g0(1)), b′−1(g0(βT
1 β0))) + Δ/8, (10.14)

for each k. Let B(β1,δ) = {‖β − β1‖ ≤ δ}. By (10.12) and (10.13), we have

inf{Eβ1l(Y0k < Y1k) : β ∈ B(β1,δ) ∩ B∗, F ∈ U }

= inf

{
R(b′−1(g0(XT

0kβ)), b′−1(g0(XT
1kβ))) − R(b′−1(g0(βT

1 β)), b′−1(g0(1)))

+R(b′−1(g(XT
0kβ)), b′−1(g(XT

1kβ))) − R(b′−1(g0(XT
0kβ)), b′−1(g0(XT

1kβ)))
+R(b′−1(g0(βT

1 β)), b′−1(g0(1))) − R(b′−1(g(βT
1 β)), b′−1(g(1)))

+R(b′−1(g(βT
1 β)), b′−1(g(1))) − R(b′−1(g0(1)), b′−1(g0(βT

1 β)))

+R(b′−1(g0(1)), b′−1(g0(βT
1 β))) : β ∈ B(β1,δ) ∩ B∗, F ∈ U ∗

}

≥ R(b′−1(g0(1)), b′−1(g0(βT
1 β0))) + Δ/2. (10.15)

Therefore, by the Lemma 10.1, there exist exponentially consistant sequence
of tests Φ1n for testing

H0 : β = β0 against H1 : β ∈ B(β1,δ) ∩ B∗.

Hence, there exists C > 0 such that infβ∗∈B(β1,δ)∩B∗ EβΦ1n > 1 − e−nC and
Eβ0Φ1n < e−nC . Also note that C depends only on Δ, and Δ depends on ε.
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Choose β1, β2, . . . , βl, in B∗ such that B∗ ⊂ ∪l
j=1Bj where Bj = B(βj ,δ).

Now there exists exponentially consistent Φjn for each 1 ≤ j ≤ l. Set

Φn(Y1, . . . , Yn) = max
1≤j≤l

Φjn,

then Eβ0Φn ≤ le−nC and infβ∈B∗ EβΦn ≥ 1 − e−nC . The test Φn is expo-
nentially consistent if log l < nc for some constant c > 0. For given ε, Δ
is fixed and hence so is δ. Now, by choosing l ≤ [2dδ1−d] + 1, the proof is
completed. �

Proof of Lemma 5.2. By Proposition 2.5.2 of Ghosh and Ramamoor-
thi (2003), for any given weak neighborhood U of F0, there exist −L ≤
a1, . . . , am ≤ L ∈ Q and δ > 0 such that,

V = {P : |P [ai, ai+1) − P [ai, ai+1)| < δ for 1 ≤ i ≤ m} ⊂ U.

Now for any F /∈ U, there exists i, such that |F (ai+1) − F (ai) − F0(ai+1) +
F0(ai)| ≥ δ. Hence |F (ai+1) − F0(ai+1)| + |F (ai) − F0(ai)| ≥ δ, and this
implies that |F (ai+1) − F0(ai+1)| ≥ δ/2 or |F (ai) − F0(ai)| ≥ δ/2 or both.
Let

Vi+ = {F : F (ai) − F0(ai) ≥ δ/2}, (10.16)
Vi− = {F : F (ai) − F0(ai) ≤ −δ/2}, (10.17)

for 1 ≤ i ≤ m. We see that ∪m
i=1(Vi+ ∪ Vi−) ⊃ U c.

Now, if the tests for

H0 : F = F0, β = β0 against H1 : F ∈ Vi+, β ∈ Bn (10.18)

and

H0 : F = F0, β = β0 against H1 : F ∈ Vi−, β ∈ Bn (10.19)

are both exponentially consistent for each i = 1, 2, . . . ,m, then there exists
an exponentially consistent sequence of tests.

For any given i, we consider the test for (10.18) in the following. Let
Xi0 = {x : xT β0 = ai} and Xi+ = {x : ai ≤ xT β0 ≤ ai + δi}, where
0 < δi < 1

3 is chosen such that T (F0(ai + δi)) − T (F0(ai)) < δ/4.

For any β ∈ Bn, we know that there exists xβ ∈ Xi0 such that

‖xβ − aiβ0‖ <
1 + 3ai

rn
for small rn (10.20)
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and xT
β β = ai + 1. Now for any x ∈ {x : ‖x − xβ‖ ≤ 1

3} we have

xT β ≥ xT β0 +
1
3
. (10.21)

Therefore, there exist xj ∈ Xi+, j = 1, . . . , lin, such that

∪lin
j=1K

∗
ij+ ⊃ Xi+ ∩ {x : x satisfies (10.20)},

where K∗
ij+ = {x : ‖x − xj‖ ≤ 1

6}. Let Kij+ = K∗
ij+ ∩ Xi+. Let Bnj+ = {β :

xT β ≥ xT β0 for each x ∈ Kij+}.
Since ∪lin

j=1K
∗
ij+ ⊃ Xi+ ∩ {x : x satisfies (10.20)}, for any β ∈ Bn, the

corresponding xβ ∈ Kij+ for some j. For such j, ‖xβ − xj‖ ≤ 1
6 and

supx∈Kij+
‖xβ − x‖ ≤ 1

3 , we see that (10.21) is satisfied for each x ∈ Kij+,
and hence β ∈ Bnj+. Therefore, ∪lin

j=1Bnj+ ⊃ Bn.

For testing

H0 : F = F0, β = β0 against H1 : F ∈ Vi+, β ∈ Bnj+, (10.22)

consider observations Yk’s that corresponding to xk ∈ Kij+ only. We have

g(xT β) − g0(xT β0)
≥ g(xT β0) − g0(xT β0) = T (F (xT β0)) − T (F0(xT β0))
= [T (F (xT β0)) − T (F (ai))] + [T (F (ai)) − T (F0(ai))]

+[T (F0(ai)) − T (F0(xT β0))]

>
δ

4
.

Let ζ = infx∈Kij+{b′−1(g0(xT β0)+δ/4)−b′−1(g0(xT β0))}. If the k-th observa-
tion is Yk with corresponding xk ∈ Kij+, then letting θ0k = b′−1(g0(xT

k β0)),
and θk = b′−1(g(xT

k β)), we have that θk > θ0k + ζ, for any F ∈ Vi+ and
β ∈ Bnj+.

Let Φk = 1 − 1l(Yk < t), where t = (b(θ0k + ζ) − b(θ0k) − log 2)/ζ. Note
that b′′(θ) > 0, b(θ0k+ζ)−b(θ0k)

ζ < b(θ)−b(θ0k)
θ−θ0k

for all θ > θ0k + ζ.

Let f0(y) denote the density function for Y corresponding to β = β0, F =
F0 and let f(y) denote the density function corresponding to β ∈ Bnj+, F ∈
Vi+. For y < t, we have that f0(y) > 2f(y). Hence, EF0,β0(Φk) = 1−αk and
EF∈Vi+,β∈Bnj+

(Φk) > 1 − αk/2. Let

αk = inf
xk∈Kij+

EF0,β0(1l(Yk < t)). (10.23)
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Since t > b′(θ0) = EF0,β0(Yk), we see that αk > 0.

Let αk = 1 and Φk = 0 when the corresponding xk /∈ Kij+. Now, let

Dnij+ =

{
(Y1, . . . , Yn) :

1
n

n∑
k=1

Φ(Yk) ≥
n∑

k=1

(1 − 3
4
αk)

}
.

A straightforward application of Hoeffding’s inequality (see Hoeffding (1963),
Theorem 2) shows that

PrF0,β0(Dnij+) ≤ exp

[
− 2n

(∑n
k=1 αk

4n

)2
]
≤ exp

(
− nα2

n/8
)
.

Applying Hoeffding’s inequality to 1 − Φk, we have

PrF∈Vi+,β∈Bnj+
(Dc

nij+) ≤ exp
(
− n

α2
n

8

)
.

Now, we see that the tests described as above for (10.22) is exponentially
consistent.

To construct the test for (10.18), we set Φn(Y1, . . . , Yn) = max1≤j≤lin Φk.
For such Φn, we have EF0,β0Φn ≤ lin exp(−nα2

n/8), and inf{EΦn : F ∈ Vi+,
β ∈ Bn} ≥ 1 − exp(−nα2

n/8), by noticing that αn is only depended on the
subscript of V·, say i+, but does not depend on n or j or the choice of xj .

Since log lin < nα2
n/8, we showed that Φn is a sequence of exponentially

consistent tests for (10.18). Similarly, we can show that a sequence of ex-
ponentially consistent tests for (10.19) exists. Along the same line that we
constructed Φn from Φk, we will have a sequence of exponentially consistent
tests. �

Proof of Lemma 6.1. For any given weak neighborhood UF0 of F0,
there exist a1, . . . , am such that {F : |F (ak) − F0(ak)| < ξ} ⊂ UF0 for all
k = 1, . . . ,m. Let Qb denote the quadrant indexed by b, where b ∈ {−1, 1}d.
Divide one test into 2d+1m tests as H0 : (h, β) = (h0, β0), against H1 : 1 −
exp[−H(ak)] > F0(ak)+ξ, β−β0 ∈ Qb, and H0 : (h, β) = (h0, β0), against H1

: 1 − exp[−H(ak)] < F0(ak) − ξ, β0 − β ∈ Qb for k = 1, . . . ,m, and every
b. Like before, for instance, for tests corresponding to 1 − exp[−H(ak)] >
F0(ak) + ξ, , by choosing only Xi ∈ Qb and corresponding Zi’s for the

tests, we have that EF0,b,k(Zi ≤ ak) = F0(ak)e
XT

i β0
F̄c(ak) + Fc(ak) and
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EF,b,k(Zi ≤ ak) ≥ (F0(ak) + ξ)e
XT

i β
F̄c(ak) + Fc(ak). For tests corresponding

to F0(ak) > F (ak)+ξ, just let the testing function corresponding to Zi ≥ ak.
Now, using Lemma 10.1 and constructing a test by taking maximum value
of all these tests, the lemma follows. �

Proof of Lemma 6.2. Note that βl denotes the l-th component of the
vector β and β − β0 belongs to Qb, one of the quadrants. Now, consider d2d

tests such as

H0 : (h, β) = (h0, β0) against (10.24)
H1l : sup

t∈R+

| exp(−H(t)) − F̄0(t)| < Δ, |βl − β0l| > δ, β − β0 ∈ Qb,

for every l = 1, . . . , d, and b ∈ {−1, 1}d. Find t such that F0(t) = 1/2. For
given δ, choose Δ small, such that −δ log 2/[log(1

2) − log(1
2 − Δ)] > 2. Now

choosing Xi ∈ Qb, such that (1/2−Δ)exp(XT
i β) > (1/2)exp(XT

i β0) +ξ for some
ξ > 0 and using only the corresponding Zi’s to construct the test (10.24),
we have that

Eβ(Z > t) ≥ (
1
2
− Δ)exp(XT

i β)F̄c(t) = γi ≥ αi = (
1
2
)exp(XT

i β0)F̄c(t),

where the last expression is equal to Eβ0(Z > t).

Using Lemma 10.1 and constructing a test by taking maximum value of
all these tests prove the lemma. �

Proof of Lemma 7.1. For any given weak neighborhood UF0 of F0,
there exist a1, . . . , am such that {F : |F (ak) − F0(ak)| < ξ, k = 1, . . . ,m} ⊂
UF0. Let Qb denote the quadrant indexed by b, where b ∈ {−1, 1}d. Di-
vide one test into 2d+1m tests as H0 : (F, β) = (F0, β0), against H1 :
F (ak) > F0(ak) + ξ, β − β0 ∈ Qb, and H0 : (F, β) = (F0, β0), against H1 :
F (ak) < F0(ak) − ξ, β0 − β ∈ Qb for k = 1, . . . ,m, and every b. Like
before, for instance, for tests corresponding to F (ak) > F0(ak) + ξ, , by
choosing only Xi ∈ Qb and corresponding Zi’s for the tests, we have that
EF0,b,k(log Zi − XT β0 ≤ ak) = F0(ak)F̄c(ak + XT β0) + Fc(ak + XT β0) and
EF,b,k(log Zi − XT β0 ≤ ak) ≥ (F0(ak) + ξ)F̄c(ak + XT β0) + Fc(ak + XT β0).
For tests corresponding to F0(ak) > F (ak) + ξ, just let the testing function
corresponding to Zi ≥ ak. Now, using Lemma 10.1 and constructing a test
by taking maximum value of all these tests, the proof is complete. �
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Proof of Lemma 7.2. let βl denote the l-th component of the vector
β and β − β0 belongs to Qb, one of the quadrants. Now, consider d2d tests
such as

H0 : (F, β) = (F0, β0) against (10.25)
H1l : sup

t∈R+

|F (t) − F0(t)| < Δ, |βl − β0l| > δ, β0 − β ∈ Qb,

for every l = 1, . . . , d, and b ∈ {−1, 1}d. Find m such that F0(m) = 1/2.
For given δ, let δFc = mins∈[−L,L](Fc(s) − Fc(s − δ)), then find Δ such that

F̄c(m)
F̄c(m) + δFc

1/2
1/2 − Δ

> 1 + ξ,

for some small ξ > 0. Now, choose i such that XT
i β0 > 0 and the l-th

component of Xi, Xil > ζ > 0. By Condition (i) of Theorem 7.1, we have
that lim inf n−1#{i : XT

i β0 > 0 and Xil > ζ > 0} > 0. Using only the Zi’s
with the selceted i’s to construct the test (10.25), we have that

Eβ(log Z > m) ≥ (
1
2
−Δ)F̄c(m) = γi ≥ αi = (

1
2
)F̄c(m+δ) ≥ Eβ0(log Z > m).

Using Lemma 10.1 and constructing a test by taking maximum value of all
these tests, we finish the proof of the lemma. �

Lemma 10.6. Let f̃0 and f̃c be density functions and ¯̃F0 be a survival
function such that Conditions (iii), (v), (vi) and (ix) in Theorem 7.1 holds,
then

(i) limγ→0 K(f̃0, f̃(· − γ)) = K(f̃0, f̃)

(ii) limγ→0

∫
f̃c(t) log

¯̃F0(t)
¯̃F (t−γ)

dt =
∫

f̃c(t) log
¯̃F0(t)
¯̃F (t)

dt,

Proof. Note that by Condition (v) and (ix), we have
∫

et/hf̃0(t)dt < ∞
and

∫
et/hf̃c(t)dt < ∞.

Since f̃(t) is postive and continuous, and

| log f̃(t − γ)| ≤ | log h| +
∣∣∣∣log

∫
exp(−e(t−λ−γ)/h + (t − λ − γ)/h)dP (λ)

∣∣∣∣ .
By Jensen’s inequality , the last term in above expression is less than∫

[e(t−λ−γ)/h − (t − λ − γ)/h]dP (λ).

The DCT now applies. For ¯̃F , the proof is similar. �
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Lemma 10.7. Under the conditions of Theorem 7.1, assertion (7.7) holds.

Proof. To show that (7.7) holds, our first step is to show that there
exist probability measures Pm such that

∫ ∞

−∞
f̃c(t + ξ) log

¯̃F0(t)
¯̃FPm(t)

dt → 0, (10.26)

as m → ∞ for any ξ ∈ R. To this end, we define

f̃m(x) =

⎧⎨
⎩

tmf̃0(x), ‖x‖ < m,

0, otherwise,
m ≥ 1,

where t−1
m =

∫
‖x‖<m f̃0(x)dx, hm = m−η, F̃m is the probability measure

corresponding to f̃m, Pm = F̃m × δ(hm), where δ(·) is the degenerate distri-
bution. Obviously, Pm is compactly supported.

Now let
¯̃Fm := tm

∫ m

−m
exp(−e(t−λ)/hm)f̃0(λ)dλ, (10.27)

and χ(t) := exp(−et).

Using the transformation a = (x − θ)/hm,

¯̃FPm(x) =
∫

1
hd

m

χ

(
x − θ

hm

)
dF̃m(θ) = tm

∫ m

−m

1
hd

m

χ

(
x − θ

hm

)
f0(θ)dθ

=
∫ (x+m/hm)

(x−m/hm)
χ(a)f0(x − ahm)da.

Since for any given a, χ(a)f0(x − ahm) → χ(a)f0(x) as hm → 0 and f0 is
bounded, by the DCT, we obtain ¯̃FPm(t) → ¯̃F0(t).

Now we need to bound log
¯̃F0(t)

¯̃FPm(t)
and apply the DCT to show that (10.26)

holds. Observe that

¯̃FPm(x) = tm

∫
‖θ‖<m

1
hd

m

χ

(
x − θ

hm

)
f̃0(θ)dθ

≤ Mtm

∫
‖θ‖<m

1
hd

m

χ

(
x − θ

hm

)
dθ

≤ Mtm ≤ Mt1.
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Hence, as log
¯̃F0(x)
Mt1

< 0,

log
¯̃F0(x)

¯̃FPm(x)
≥ log

¯̃F0(x)
Mt1

. (10.28)

Also

∫ ∞

−∞
f̃c(x) log

¯̃F0(x)
¯̃FPm(x)

dx

=
∫
|x|<m

f̃c(x) log
¯̃F0(x)

¯̃FPm(x)
dx +

∫
|x|≥m

f̃c(x) log
¯̃F0(x)

¯̃FPm(x)
dx.

Let m > l1. Now, for x > m,

¯̃FPm(x) = tm

∫ m

0

1
hm

χ

(
x − θ

hm

)
f̃0(θ)dθ

≥ tm

∫ m

0

1
hm

χ

(
x + m

hm

)
f̃0(θ)dθ

=
1

hm
χ

(
x + m

hm

)
tm

∫ m

0
f̃0(θ)dθ

=
1

hm
χ

(
x + m

hm

)
= mηχ

(
mηx + m1+η

)
≥ ‖x‖ηχ(2x1+η). (10.29)

The last inequality holds when T �→ T ηχ(T η(x + T )) is decreasing for T >
T0 > 0. This follows because, with z = T ηx + T η+1,

d

dT

{
η log T + log χ

(
T ηx + T η+1

)}
=

η

T
+

χ′(z)
χ(z)

( η

T
z + T η

)

=
η

T

{
1 − ez(z +

T 1+η

η
)
}

≤ 0.

For x < −m, we will have similar result.
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For |x| ≤ m, let δ > 0 be fixed, and φ∗
m(x) = inf‖t−x‖<δhm

f̃0(t),

¯̃FPm(x) = tm

∫ m

−m

1
hm

χ

(
x − θ

hm

)
f̃0(θ)dθ

≥ tm

∫
{|θ|<m}∩{|θ−x|<δhm}

1
hm

χ

(
x − θ

hm

)
f̃0(θ)dθ

≥ tmφ∗
m(x)

∫
{|θ|<m}∩{|θ−x|<δhm}

1
hm

χ

(
x − θ

hm

)
dθ

= tmφ∗
m(x)

∫
{|x−uhm|≤m}∩{|u|≤δ}

χ(u)du

≥ tmφ∗
m(x)

∫ δ

0
χ(u)du,

with the convention that [a, b] = [b, a] if b < a. The last inequality holds
because when |x| ≤ m,{

u : u ∈ [0, δ]
}
⊂
{

u : |x/hm − u| ≤ m/hm and |u| ≤ δ
}

.

We have tm ≥ 1, φ∗
m(x) ≥ φ1(x). Let

c := min
x∈{−δ, δ}

(∫
[0,x]

χ(u)du
)
.

Then, ¯̃FPm(x) ≥ cφ1(x), for all |x| < m. For 0 < R < m,

¯̃FPm(x) ≥

⎧⎪⎨
⎪⎩

cφ1(x), |x| < R,

min
{
|x|ηχ(2|x|1+η x

|x|), cφ1(x)
}

, |x| ≥ R.

log
¯̃F0(x)

¯̃FPm(x)
≤ ξ(x) :=

⎧⎪⎪⎪⎨
⎪⎪⎪⎩

log
¯̃F0(x)

cφ1(x) , |x| < R,

max
(

log
¯̃F0(x)

|x|ηχ(2|x|1+η x
|x| )

, log
¯̃F0(x)

cφ1(x)

)
, |x| ≥ R.

(10.30)
Combining (10.28) and (10.30), we obtain

∣∣∣ log ¯̃F0(x)
¯̃FPm(x)

∣∣∣ ≤ max
(
ξ(x),

∣∣∣ log ¯̃F0(x)
Mt1

∣∣∣).
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From Condition (iii) of Theorem 7.1,

∫ ∣∣∣ log ¯̃F0(x)
Mt1

∣∣∣f̃c(x)dx = log Mt1 −
∫

f0(x) log f0(x)dx < ∞.

Now
∫

ξ(x)f̃c(x)dx =
∫
|x|<R

f̃c(x) log
¯̃F0(x)

cφ1(x)
dx

+
∫
‖x‖≥R

f̃c(x)max
(

log
¯̃F0(x)

|x|ηχ(2|x|1+η)
, log

¯̃F0(x)
cφ1(x)

)
.

Hence,

∫
ξ(x)f̃c(x)dx≤

∫
f̃c(x) log

¯̃F0(x)
cφ1(x)

dx

+
∫
|x|≥R,f0(x)>|x|ηχ(2|x|ηx)

f̃c(x) log
¯̃F0(x)

|x|ηχ(2|x|ηx)
dx,

since max(x1, x2) ≤ x1 + x+
2 if x1 ≥ 0. The first term on the r.h.s. of the

above inequality is finite, by Condition (iv) of Theorem 7.1. By Conditions
(iii), (v) and (ix) of Theorem 7.1, the second term is also finite. Thus∫

f̃c(x) log
¯̃F0(x)

¯̃FPm(x)
dx → 0 as m → ∞, i.e., (10.26) holds.

Now, With the continuity of χ((x−θ)/h) as a function of h, the uniformly
eqicontinuity of χ((x−θ)/h) as a function of θ and the fact that 0 < χ(·) < 1,
(10.26) implies (7.7) by using the DCT. �
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