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A goodness-of-fit technique for random samples from the exponential distribution

based on the sample Lorenz curve is adapted for use in the exponential order statis-

tic (EOS) model. In the EOS model, only those observations in a random sample

from the exponential distribution of unknown size N that are less than some known

stopping time T are observable. The model is known as the Jelinski-Moranda model

in software reliability, where it is used to estimate the number of bugs in software

during development. Distributional results are derived for the distance between the

sample Lorenz curve and the population Lorenz curve so that it can be used as a

goodness-of-fit test statistic. Simulations show that the test has good power against

several alternative distributions. Simulations also indicate that in some cases, model

misspecification leads to poor parameter estimation. A plotting procedure provides

a means of graphical assessment of fit.

Keywords: Conditional probability integral transform, goodness-of-fit, Kolmogorov-

Smirnov distance, Lorenz curve, software reliability



1 Introduction

Consider the problem of estimating the unknown size N of a population based on

a search which detects individuals at times Y1, . . . , YN which are modeled as inde-

pendent and identically distributed random variables. Suppose that the search ends

at a known stopping time T > 0 so that Yj is observable only if Yj ≤ T . Raftery

(1987) and Miller (1986) refer to these as general order statistic models. The expo-

nential order statistic (EOS) model takes the common probability distribution to be

exponential with unknown rate φ. It was proposed in Jelinski and Moranda (1972)

as a model for the process of fault detections during the debugging stages of soft-

ware development. It often serves as a point of reference for some of the many other

models developed in this area. For an overview of statistical inference for software re-

liability, see Singpurwalla and Wilson (1999). Agustin and Peña (1999) and Agustin

(1999) consider several systems of components each of which fails according to the

EOS model. For an application of the EOS model in estimating a population size for

market research, see Basu et al. (1995).

Other general order statistics models used in software reliability and other fields in-

clude the Pareto order statistic (POS), (see Littlewood (1981)) Weibull order statistic

(WOS), and gamma order statistic (GOS) (see Yamada et al. (1983)) models. Many

goodness-of-fit techniques have been developed for random samples from these dis-

tributions, particularly the exponential distribution, but fewer options are available

for general order statistic models, where N is unknown. A test for the exponential

distribution based on the sample Lorenz curve was shown in Gail and Gastwirth

(1978) to be powerful against a variety of alternatives, robust to measurement error

and to be free of the unknown scale parameter. We adapt this procedure based on

the Lorenz curve to the truncated exponential distribution and use it to assess the

goodness-of-fit of the EOS model. A similar procedure based on the total time on
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test plot was developed in Klefsjo and Kumar (1992) to assess the fit of a power-law

Poisson process model.

Section 2 reviews estimation and existing methods of goodness-of-fit for the EOS

model. Section 3 develops a plotting procedure and test statistic based on the sample

Lorenz curve. Section 4 presents the results of a simulation study investigating the

power of these goodness-of-fit techniques under several alternatives to the EOS model.

Section 5 illustrates the methodology using a dataset from software reliability.

2 Existing techniques for goodness-of-fit and esti-

mation

Let the number of detections Yj occurring before the stopping time T be denoted by

R. Let these ordered detection times be denoted by Y(1) ≤ · · · ≤ Y(R) ≤ T and the

times between them by Ti = Y(i) − Y(i−1). Under the EOS model, the interdetection

times Ti, i = 1, . . . , R are independent and exponentially distributed with rates

φ(N − i + 1), respectively. Estimated probability transforms for Ti are given by

ui = F (ti; N̂ , φ̂) = 1− e−φ̃(Ñ−i+1)ti i = 1, . . . , r

where (Ñ , φ̃) denotes a parameter estimate based on the observed data. A Kolmogorov-

Smirnov (KS) distance can be computed from the u-plot (Musa et al. (1987)): a plot

of the empirical distribution function of the estimated probability transforms. Equiv-

alently, this procedure is a test of whether or not the interdetection time residuals

defined by

ei = φ̃(Ñ − i + 1)ti i = 1, . . . , r

are a random sample from the standard exponential distribution. Many goodness-

of-fit procedures have been developed for exponential random samples (see, e.g.

D’Agostino and Stephens (1986).) These can be applied to the interdetection time
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residuals, but not without some correction for dependence among the residuals caused

by estimation of model parameters from data and as in Lilliefors (1969). Lee and

Finelli (1989) use conditional probability integral transformations (CPIT) of the in-

terfailure times to develop a powerful test statistic for the EOS model. For similar

techniques based on interdetection time residuals applied to the powerlaw Poisson

processes, see Gaudoin (1998).

The parameter estimates necessary for the u-plot or other procedures based on

the interdetection time residuals can be obtained using maximum likelihood. The

likelihood function for the EOS model takes a simple form

L(N,φ) =
N !

(N − r)!
φre−φT (x+N−r)

where x =
∑r

1 y(j)/T . The maximum likelihood estimators (MLE) have been shown

by many authors (see Joe and Reid (1985) and Littlewood and Verrall (1981)) to have

unusual properties in small samples, including point mass at infinity: Pr(N̂ = ∞) > 0

and Pr(φ̂ = 0) > 0. This issue also arises in the problem of estimating the index

parameter n in binomial random samples where both n and p are unknown (see,

Casella (1986).) An alternative method can be based on an integrated likelihood

function (see Berger et al. (1999)). The likelihood function under the parameterization

which takes δ as the individual detection probability δ = 1− exp{−φT} is

L(N, δ) =
N !

(N − r)!
(− log(1− δ))r(1− δ)x+N−r.

The likelihood function for N obtained by integrating L(N, δ) over a uniform prior

for δ can be used for inference about N :

L(N) =
∫ 1

0
L(N, δ)dδ =

N !

(N − r)!
(x + N − r + 1)−(r+1).

The integrated likelihood estimator (ILE) N̂ which maximizes this function performs

as well or better than the MLE and is always finite (Osborne and Severini (2000)).
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The value of δ which maximizes L(N, δ) for N fixed at N̂ provides an estimator

of δ which performs as well as the MLE but is never degenerate at 0 or 1: δ̂ =

1− exp{−r/(x + N̂ − r)}.

3 The sample Lorenz curve for goodness-of-fit

Let Y1 ≤ Y2 ≤ · · ·Yr denote the ordered observations from a random sample of size

r from a non-negative population with continuous probability distribution function

F (y), inverse distribution function G(p), mean µ and variance σ2. The sample Lorenz

curve Lr(·) is defined by

Lr(p) =

∑[rp]
j=1 Yj∑r
j=1 Yj

for 0 < p < 1

where [np] is the largest integer less than or equal to np. The population Lorenz

Curve, denoted by λ(p) corresponding to F (y) is defined by

λ(p) = µ−1
∫ G(p)

0
ydF (y)

where 0 < p < 1. It has been shown independently by both Gail and Gastwirth

(1978) and by Goldie (1977) that

Lr(p)
a.s.→ λ(p)

uniformly in p. The former authors show that at any point p ∈ (0, 1), the numerator

and denominator of the Lorenz curve are asymptotically bivariate normal as r →∞:

√
r

(
r−1 ∑[rp]

j=1 Yj − µλ(p)
Ȳ − µ

)
L−→ N2(0, Σ(p)),

where the components of Σ(p) are given by

σ11(p) = 2
∫ G(p)

0

(∫ G(y)

0
F (x)dx

)
(1− F (y))dy

σ12(p) = σ11(p) +
∫ G(p)

0
F (x)dx

∫ ∞

G(p)
(1− F (y))dy

σ22 = σ2.

4



It follows that the approximate variance of the sample Lorenz curve at the point p is

given by

σ2
L(p) = σ11(p)/µ2 + σ22λ(p)2/µ2 − 2σ12(p)λ(p)/µ3

and a test statistic defined by

Z =

√
r(Lr(p)− λ(p))

σL(p)

converges in distribution to a standard normal variate as r →∞.

When F (y) = 1− e−φy and q = 1− p, the mean λ(p) = p + q log(q) and variance

σ2
L(p) of Lr(p) do not depend on the unknown scale parameter φ, which makes this

statistic ideal for testing the goodness-of-fit of the exponential distribution in random

samples. Simulations and theory in Gail and Gastwirth (1978) indicate that evalua-

tion of the test statistic at p = 0.5 has good power against, among others, Weibull,

gamma and pareto alternatives as well as robustness to measurement error.

3.1 Moments of the Sample Lorenz Curve for the EOS model

The number of detections R has the binomial distribution with parameters N and δ.

Given R = r, the conditional probability density for the observed detection times is

p(y1, . . . , yR|R = r; N,φ) =

N !
(N−r)!

φre−φT (x+N−r)

N !
(N−r)!r!

(1− e−φT )re−φT (N−r)

= r!
r∏

j=1

φe−φyj

1− e−φT
.

This is the joint density of the order statistics from a random sample from the trun-

cated exponential distribution. Under the δ parameterization, the truncated expo-

nential distribution function is

F (y; φ, T ) =
1− e−φy

1− e−φT
= (1− (1− δ)y/T )δ−1 (0 < y < T ).
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Straightforward calculations yield asymptotic moments of the sample Lorenz curve

for truncated exponential data and the following approximation (the dependence of

λ, µ and σij on δ and p is supressed in the notation):

√
r(Lr(p)− λ)

L−→ N(0, σ2
L)

with

λ =
δp + (1− δp)( log (1− δp))

δ + (1− δ)( log (1− δ))

σ2
L = σ11/µ

2 + σ22λ
2/µ2 − 2σ12λ/µ3.

µ = T{ 1

− log(1− δ)
− 1− δ

δ
}

σ11 = {(δ − 1)(log(1− δp))2 + 2δ(p− 1)(− log(1− δp)) + 2δ2p− δ2p2}
× T 2

(δ log(1− δ))2

σ22 = T 2{ 1

(− log(1− δ))2
− 1− δ

δ2
}

σ12 = σ11 +(− log(1− δp)

δ
− p

) (
(1− p) +

1− δ

δ
log

1− δ

1− δp

) (
T

− log(1− δ)

)2

.

This result can be used to formulate a test and plotting procedure for goodness-

of-fit for the EOS model based on the sample Lorenz Curve. Any point p ∈ (0, 1) can

be chosen and the mean and standard error of Lr(p) can be estimated by substitution

of the estimator δ̂: λ̂(p) = λ(p, δ̂) and σ̂2
L = σ2

L(p, δ̂). Under the hypothesis that

the conditional distribution of the data has been correctly specified as truncated

exponential, the test statistic

Z =
√

r(Lr(0.5)− λ̂(0.5))σ̂−1
L

has an approximately standard normal distribution for large r.
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Table 1: Alternative Order Statistic Models
Density δ = 0.5 δ = 0.9

Model function Shape Scale Scale
EOS φeφy - φ = 0.69 φ = 2.30

WOS βφ(yφ)β−1e(φy)β
β = 0.5 φ = 0.48 φ = 5.30
β = 2.0 φ = 0.83 φ = 1.52

GOS φβyβ−1

Γ(β)
e−φy β = 0.5 φ = 0.23 φ = 1.35

β = 2.0 φ = 1.68 φ = 3.89
POS βφ(1 + φy)−(β+1) β = 0.5 φ = 3 φ = 99

β = 1.0 φ = 1 φ = 9

4 Simulation

Two simulation studies are undertaken to investigate the performance of several

goodness-of-fit test statistics under the EOS model and the WOS, POS and GOS

alternative models. The first study takes fixed values of N = 50, 100, 200, a stopping

time of T = 1 and scale parameters chosen to yield individual detection probabilities

of δ = Pr(Yj ≤ 1) = 0.5 and δ = 0.9. For each alternative, two values for the shape

parameter are considered. The choices for the shape of the GOS models are the same

as those in Lee and Finelli (1989), while those for the WOS model are similar to

those in Gail and Gastwirth (1978). For each of the seven models, as summarized in

Table 1, and each of the four choices for (N, δ), 500 datasets are simulated. Four test

statistics are computed for each setting of the simulation: the sample Lorenz curve

test statistic for truncated exponential data of section 3.1, (LC1), and three statistics

based on the interdetection time residuals {ei}. These are the KS distance from the

u-plot with parameters estimated from data (KS1), the KS distance computed using

the fixed values of (N, δ) (KS2) and the sample Lorenz curve for complete exponential

data (LC2). Using level α = 0.05 critical regions for these test statistics, the power

to reject the EOS model was computed and appears in Tables 2-4. The Monte Carlo
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Table 2: Power Estimates under WOS Alternatives, fixed (N, δ)

Shape N δ LC1 LC2 KS1 KS2 N̂ δ̂
0.5 50 0.5 0.47 0.19 0.04 0.38 26.6 0.94

0.9 0.98 0.53 0.20 0.92 45.1 1.00
100 0.5 0.79 0.30 0.09 0.61 52.7 0.95

0.9 1.00 0.83 0.49 1.00 89.9 1.00
200 0.5 0.99 0.45 0.14 0.81 105.7 0.95

0.9 1.00 0.98 0.84 1.00 180.1 1.00
1.0 50 0.5 0.03 0.07 0.00 0.03 44.1 0.61

0.9 0.04 0.06 0.01 0.04 50.5 0.89
100 0.5 0.02 0.06 0.00 0.05 95.5 0.56

0.9 0.05 0.06 0.01 0.04 100.4 0.90
200 0.5 0.01 0.06 0.00 0.06 196.4 0.54

0.9 0.03 0.05 0.00 0.04 199.8 0.90
2.0 50 0.5 0.69 0.05 0.01 0.06 116.0 0.23

0.9 0.76 0.05 0.02 0.03 147.8 0.33
100 0.5 0.95 0.11 0.03 0.08 387.0 0.13

0.9 0.98 0.08 0.04 0.08 421.4 0.23
200 0.5 1.00 0.19 0.10 0.15 1370.1 0.08

0.9 1.00 0.20 0.07 0.18 1243.5 0.16

standard error of these power estimates from 500 independent simulations is less than

0.01 for a probability near 0.05 and not larger than 0.022 for any probability.

A second study simulates the same seven alternative models and fixes the number

of detections at r = 20. Values of the scale parameters are again chosen so that

individual detection probabilities at the stopping time T = 1 are fixed at δ = 0.5, 0.9.

For this second study, the KS distance based on the CPIT of the order statistics (LF)

derived by Lee and Finelli (1989) is computed and appears in Tables 5-7 along with

LC1, LC2 and KS1. Larger values of r present numerical difficulties in obtaining

these CPITs.

It is well-known (Ch. 4, D’Agostino and Stephens (1986)) that adjustments to

the sampling distribution of the KS distance and similar statistics based on the em-

pirical distribution of probability transforms are needed in “composite” tests where
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Table 3: Power Estimates under GOS Alternative, fixed (N, δ)
Sample mean

Shape N δ LC1 LC2 KS1 KS2 N̂ δ̂
0.5 50 0.5 0.37 0.09 0.03 0.23 27.8 0.90

0.9 0.72 0.22 0.05 0.50 45.5 0.98
100 0.5 0.64 0.20 0.06 0.38 55.1 0.91

0.9 0.96 0.41 0.12 0.75 91.3 0.98
200 0.5 0.91 0.33 0.06 0.56 110.1 0.91

0.9 1.00 0.64 0.25 0.96 183.5 0.98
2.0 50 0.5 0.39 0.02 0.00 0.04 89.4 0.30

0.9 0.36 0.04 0.01 0.07 73.2 0.64
100 0.5 0.70 0.06 0.02 0.06 269.6 0.20

0.9 0.73 0.07 0.01 0.08 149.1 0.62
200 0.5 0.94 0.07 0.03 0.07 874.8 0.12

0.9 0.96 0.12 0.04 0.12 302.0 0.61

Table 4: Power Estimates under POS Alternative, fixed (N, δ)

Shape N δ LC1 LC2 KS1 KS2 N̂ δ̂
0.5 50 0.5 0.05 0.05 0.00 0.14 28.9 0.87

0.9 1.00 0.69 0.47 1.00 45.1 1.00
100 0.5 0.08 0.06 0.01 0.19 57.9 0.88

0.9 1.00 0.95 0.84 1.00 89.8 1.00
200 0.5 0.09 0.04 0.00 0.30 114.6 0.88

0.9 1.00 1.00 0.99 1.00 179.8 1.00
1.0 50 0.5 0.02 0.06 0.00 0.06 33.8 0.76

0.9 0.48 0.07 0.02 0.86 45.1 1.00
100 0.5 0.03 0.06 0.00 0.06 68.5 0.75

0.9 0.77 0.08 0.01 0.99 90.0 1.00
200 0.5 0.03 0.03 0.01 0.10 134.8 0.75

0.9 0.98 0.14 0.04 1.00 180.1 1.00
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parameters are estimated from data. Comparing KS1 and KS2 in the part of Table 2

corresponding to a shape parameter of 1.0 shows that this is also the case in the EOS

model. The size of the KS2 test is close to the nominal 0.05 level, but substantially

lower for KS1. While KS1 almost never rejects a correctly specified EOS model, in-

spection of the rest of Tables 2-4 shows that the u-plot suffers from a lack of power

to detect most of the alternatives considered here. LC1 has good power against the

GOS and WOS alternatives. The power of these procedures generally increases with

N and δ. LC1 has good power against the POS alternative when δ is large, but does

poorly (as do LC2 and KS1) when δ = 0.5. This may be due to the fact that the

Pareto densities considered here have shape similar to the exponential density but

with heavier tails, so that differences are only detected when δ is large. The average

of the ILEs (N̂ , δ̂) from the simulations are provided to gauge the impact of model

misspecification on parameter estimation. For example under misspecification of the

EOS model for Pareto data, the estimate of δ is badly positively biased, which would

yield overly optimistic predictions about the proportion of the population which is

undetected at the stopping time T . For Weibull data with shape parameter 0.5,

estimates are too optimistic for δ = 0.5, but are relatively acceptable for δ = 0.9.

For the Weibull data with shape parameter 2.0, estimation is too pessimistic, dras-

tically overestimating N and underestimating δ. The gamma data exhibit the same

configuration with regard to estimation for the small and large values of the shape

parameter, although the absolute value of the bias is not as bad. The effect of EOS

model misspecification for Pareto data does not appear to be as bad, at least not for

the two values of the shape parameter considered here.

Tables 5-7 indicate that both LC1 and LF perform better than the u-plot. LF

does better than LC1 for the small choice of the shape parameter considered in both

the GOS and WOS model and vice-versa for the larger shape parameter. Under the
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Table 5: Power Estimates under WOS Alternative, r = 20

r shape δ LC1 LC2 KS1 KS-LF N̂ δ̂
20 0.5 0.5 0.32 0.12 0.03 0.56 21.2 0.94
20 0.5 0.9 0.66 0.21 0.06 0.73 20.0 0.99
20 1.0 0.5 0.04 0.08 0.01 0.05 33.5 0.63
20 1.0 0.9 0.05 0.08 0.00 0.04 22.8 0.88
20 2.0 0.5 0.73 0.03 0.01 0.09 78.0 0.26
20 2.0 0.9 0.50 0.04 0.01 0.14 48.2 0.43

Table 6: Power Estimates under GOS Alternative, r = 20

r shape δ LC1 LC2 KS1 KS-LF N̂ δ̂
20 0.5 0.5 0.22 0.07 0.03 0.46 22.5 0.90
20 0.5 0.9 0.34 0.08 0.02 0.52 20.4 0.97
20 2.0 0.5 0.42 0.03 0.01 0.09 61.6 0.34
20 2.0 0.9 0.28 0.06 0.00 0.14 31.2 0.66

Table 7: Power Estimates under POS Alternative, r = 20

r shape δ LC1 LC2 KS1 KS-LF N̂ δ̂
20 0.5 0.5 0.03 0.06 0.00 0.04 23.1 0.87
20 0.5 0.9 0.77 0.29 0.19 0.42 20.0 1.00
20 1.0 0.5 0.04 0.07 0.00 0.03 27.1 0.76
20 1.0 0.9 0.14 0.04 0.01 0.11 20.0 0.99

11



Table 8: Software Reliability Dataset

3 1726 5089 8738 14708 14708 21012 37915 52489 71043
33 1846 5097 10089 15251 15251 21308 39715 52875 74364
146 1872 5324 10237 15261 15261 23063 40580 53321 75409
227 1986 5389 10258 15277 15277 24127 42015 53443 76057
342 2311 5565 10491 15806 15806 25910 42045 54433 81542
351 2366 5623 10625 16185 16185 26770 42188 55381 82702
353 2608 6080 10982 16229 16229 27753 42296 56463 84566
444 2676 6380 11175 16358 16358 28460 42296 56485 88682
556 3098 6477 11411 17168 17168 28493 45406 56560 -2526
571 3278 6740 11442 17458 17458 29361 46653 57042
709 3288 7192 11811 17758 17758 30085 47596 62551
759 4434 7447 12559 18287 18287 32408 48296 62651
836 5034 7644 12559 18568 18568 35338 49171 62661
860 5049 7837 12791 18728 18728 36799 49416 63732
968 5085 7843 13121 19556 19556 37642 50145 64103
1056 5089 7922 13486 20567 20567 37654 52042 64893

EOS model, both have levels close to the nominal level 0.05, while KS1 does not.

Again, none are especially powerful against the POS alternative. The failure of LC1

for these cases indicates a limitation of the procedure. There are datasets in the

literature (see Musa et al. (1987)) where the sample Lorenz curve does not indicate

any lack-of-fit, but the u-plot does. LC1 is not particularly sensitive to discreteness

in the data, for example, but the u-plot can be. If detections are made several at a

time, so that many interdetection times Ti are zero, the u-plot takes a big jump at

the first nonzero value of ui, often leading to a significant KS distance, while LC1 can

fail to detect this discreteness. Short of any gold standard, use of more than a single

goodness-of-fit test in data analysis seems warranted.
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Figure 1: Cumulative Errors Over Time
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5 Example

The failure times in wall-clock seconds from a systems test and operational phases of

a real time command and control system are given in Table 8. The negative value

indicates failure free operation of the program for 2526 seconds. The EOS model

was considered for these data in Musa et al. (1987), Raftery (1987) and Meinhold

and Singpurwalla (1983) The sufficient statistic for estimation of (N, δ) is (x, r) =

(36.9, 136). The ILE is (N̂ , δ̂) = (142, 0.96). The left plot in Figure 1 shows the

cumulative occurrence of failures over time. The estimated mean failures over time t

is given by N̂(1− exp{−φ̂t}) and is overlaid on the plot.

To assess the fit of the model, the u-plot is shown in the top left quadrant of

Figure 2. The normalized KS distance between the empirical distribution function

of the estimated probability transforms of the interfailure times and the line of unit

slope is KS = 1.11 This is not significant at level α = 0.10. Alternatively, the sample
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Figure 2: U -plot and Lorenz curve for model assessment
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Lorenz curve shown in the upper right quadrant of Figure 2 and the associated test

statistic can be used to assess the fit of the EOS model for these data. There appears

to be some disparity between the estimated curve, λ̂(p), shown by the solid line, and

the observed curve, L136(p), shown by the dotted line. The normalized difference

between these curves at the point p = 0.5 takes the value z = −3.085 which is highly

significant (p-value < 0.002), suggesting a poor fit. This lack of fit appears to have

been detected by the test statistic based on the sample Lorenz curve, but “missed”

by the KS statistic.

In Raftery (1988), it is suggested that among the exponential, Weibull, and Pareto

order statistic models for these data, the Weibull model provides the best fit. Under

the (β, φ) parameterization of the WOS model in Table 1, the power transformed

data Y β
1 , . . . , Y β

N follow the EOS model. Under the WOS model, the conditional

log-likelihood given R = r:

l(β, φ|R = r) =
r∑

j=1

log(f(yj; β, φ))− r log(F (T ; β, φ))

is maximized at (β̂, φ̂) = (0.69, 0.00002). If the WOS model for the raw data is appro-

priate, then the EOS model may provide an approximate fit for the power transformed

data obtained via wj = yβ̂
j for j = 1, . . . , r. To assess the fit of the newer model, the

u-plot and the sample Lorenz curve for wj are shown in the lower left and right quad-

rants, respectively, in Figure 2. Both are in agreement with what is expected under

the EOS model for the transformed data. The associated test statistics are calculated

to be Z = 0.043 and KS = 0.887, neither of which provides evidence of any lack of fit.

Cumulative failures and their expected values over time for the raw and transformed

data are plotted on the right in Figure 1. Inspection of the plots for these processes

indicates a nicer fit for the transformed data. The sufficient statistic for the EOS

model parameter for the transformed data is (xw, r) = (49.5, 136), corresponding to
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the ILE (N̂ , δ̂) = (165, 0.82). This estimate is considerably less optimistic about the

number of undetected faults than the one obtained by fitting the EOS model to the

raw data.
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