Prob 5. Let X1, X5, ..., X,, be arandom sample from a distribution with an exponential distribution
f(z]0) =079 where z>0,0>0.
Suppose the prior distribution of 8 is Gamma(c, (3).
(a) Find the posterior density function of  given X1, ..., X,.

(b) The Bayes estimator of 6 for the squared error loss function is the posterior mean of 6.
Compute the Bayes estimator of 6.

(c¢) Explain why the posterior distribution of 6 given Xj,...,X,, is the same as the posterior
distribution of 6 given > ;| X;.

Answer:
(a) The posterior density of ¢
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(b) The Bayes estimator is
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(c) Since > | X; is sufficient for 6, by Factorization theorem, we have
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where g(3°7" , z;|0) can be taken as the density function of > ; X; (up to a constant).
Therefore,
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This is true for any sufficient statistic.



