ST 522, Spring 2008

HW 5 Solutions
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Divide both sides by E ( Yj"j to obtain the desired equality.

(i) If e is fixed, T = 3. X; is a complete sufficient statistic for # by Theorem 6.2.25, Because

18 a scale parameter, it Zq, ..., Zy 15 a random :.ample from a gammal(eo, 1) dibtrihution.

then Y,-‘”,T has the same distribution as 32(” (33 Z:) = Zy/ (322; Z;), and this
distribution does not depend on F. Thus, Yw, T i= ancillary, and by Basu's TheorenL it

is independent of T'. We have
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Note, this expression 1= correct for each fixed wvalue of (o, 7)., regardless whether o is
“known” or not.
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7.1 For each value of z, the MLE @ is the value of # that maximizes f(z|#). These values are in the
tollowing table.

r 0 1 2 3 4
f 1 1 2or3 3 3

Atz =2, f(x|2) = f(z]3) = 1/4 are both maxima, so both f=2or6=3are MLEs.
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Set the partial derivative equal to 0 and solve for 3 to obtain 3 = 3, zi/(na). To check
that this is a maximum, caleulate
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Because 3 is the unigue point where the derivative is 0 and it 15 a local maximum, it is a
global maximum. That is, 7 is the MLE.




T6a flx|g) = ]_[iﬁa:;zl'[g:m;,(.ri: = (1. .r;zj 6™11p,0c) (¥ (1y). Thus, X1y is a sufficient statistic for
# by the Factorization Theorem.

c. EX = fem Bz tdr =4 log.r|;.;c' = oo. Thus the method of moments estimator of @ does not
exist. (This is the Pareto distribution with o =6, 7 = 1.)

TTL(0x) =1,0 <@ < 1, and Liljx) =[], /27, 0 < 2; < 1. Thus, the MLE is 0 if
1=T011/(2,/7:). and the MLE is 1 if 1 < JT; 1/(2,/75).
7.8 a EX?=Var X + p® = 2. Therefore X2 is an unbiased estimator of o2,

b.
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Liolx) = e / Lo leg Lio|x) = log(2x)™ %< —logs —x=/(20°).
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A3 = & + —, which 1s negative at o = .1'|.

Thus, 7 = |z| is a local maximum. Because it is the only place where the first derivative is
zero, it 15 alzo a global maximmnmn,
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c. Because EX = 0 is known, just equate EX? =g =1 % X?=X2= 5= |X|

i=1
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Set the derivative equal to zero and solve for 8 to obtain 6= (—ﬁ 3 logx; )™t The second
derivative is —n/#% < 0, so this is the MLE. To calculate the variance of 6, note that
Vi = —log X; ~ exponential(1/8), so =3, log X; ~ gamma(n, 1/6). Thus 6 = n/T", where
T ~ gammain,1/#). We can either caleulate the first and second moments directly, or use

the fact that 8 15 inverted gamma (page 51). We have
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b. Becanse X ~ beta(f, 1], EX = 6/(# + 1) and the method of moments estimator is the

solution to . g X
— = DY
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