ST 522, Spring 2008
HW 1 Solutions

5.21 Let m denote the median. Then, for general n we have

Plmax(X,.... Xn)>m) = 1-FPX;=mtori=1,

= 1-[P(X1=m)]" =

5.22 Calculating the cdf of Z2, we obtain

Fy2() = P((min(X,Y))? < z) = P(—Vz < min(X,Y) < Vz)

= Pmin(X.Y) < 2 — Plmin(X.Y) < —/z)

= [1-Pmin(X,Y) > %) — [l = P(min(X,Y) > —/2)]
= Plmin(X.V) > —/2) — Plmin(X,Y) = /z)

= PX = —2IPY > —2) — P(X = 2 )1P(Y = %),

where we use the independence of X and Y. Since X and ¥ are identically distributed, P(X =

al=PY »a)=1—-Fxla), so
Fza(z) = (1 = Fx(—v2))* — (1 = Fx (v2))* = 1 = 2Fx (—Vz),
since 1 — Fy (/) = Fy (—+/7). Differentiating and substituting gives

d 1 1 . )
(2) = —F _ _ —ef21/2
fzz2(z) R z2(z) = fx(— v"_lvf_ —=¢

the pdf of a y§ random variable. Alternatively.

2

Pz <2) = P([min(m}f;.]?g::)
= P V’T{min‘(i"uf' NES)
= PV X<z, X<Y)+P(—vz<Y <2,V <X
= u—ﬁs X< ZX 2Y)P(X =Y)
—/2 2V < 2V < X)P(Y < X)

= —P| V<X < Vz)+ - P Vz €Y £4/7),

using the facts that X and ¥V are independent, and P(Y < X )= F(X <Y = % . Moreover,

since X and Y are identically distributed

P(Z* <2)=P(—VZ <X < V7)

and
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fz2(z)

the pdf of a )(%.



PZ=z) = Y PZ>z20)P(X=x) = Y PU1>z... Uz z2[x)PX =x)

a=1 a=1

= Z H Pl = z)P(X =) (by independence of the Uy's)
a=1i=1

= P(lU; = 2)"P(X =x) = 1—z)——
; (Ui > 2" P(X =) g( " e=Dna

[ R el=r—1
N |’e—ljlmz=:1 ! o e—1 Vee=l

5.24 Use fx(x) = 1/, Fx(z) =2/8,0 <2 < f. Let Y = X\, Z = X{qy. Then, from Theorem
5.4.6,

e 11(:)D y— = ”_2(1 .tf)”_win—ll' A2 0 s ey s
fay vl =g —gmea \a) (7o ) T g Wm0z <ys
Nowlet W=2/V, Q=Y. ThenY =@, Z =W0, and |J| = q. Therefore
n—1) 5 (12 — 1} 5
fwolw, q) = %(q— wg )" g = %(1 —w)" gL s w s 1,0 < g < 6.

The joint pdf factors into functions of w and q. and, hence, W and ¢ are independent.

5.27 a. f.‘f(,3|.‘fm[“|1':| = _fxm.xm(u. ar),.-“_f_'{m[z-). Consider two cases, depending on which of ¢ or
7 is greater. Using the formulas from Theorems 5.4.4 and 5.4.6, and after cancellation, we
obtain the following.

(i) Iti < j,

F—1)! ) T . i T

f_\(w|_\fm[lt|i'] = (i 1()'(}' _]1 — é),f_‘{ (u)Fy; IEEE,JI[F'X (v) — Fx (u))? IF_\IC )
_ G-1!  fx(w) [Fx@]7 [ Ex@] ™" .
=D =1 Fx(w] [ Fx(v) Fx(v) ' o

Note this interpretation. This is the pdf of the ith order statistic from a sample of size 7—1,
from a population with pdf given by the truncated distribution, f(wu) = fx (u)/Fxiz).
TR i)

) j<eandu>uwv,

Fxe X o (l2)

_ (n—g) \ o yn—i \ o oaqi—1—j o v1i—m

= oo Ty X ) =P ()] [Fx () = Fy (2)] 7 [1-Fx (v]]

_ (n— ) fx(w) [Fx(u) —Fy @) Fx(w) - Fy@]""
T fi— g =Dl =) 1=Fyx(v) 1-Fy(w) N 1-Fy(w) ’

This is the pdf of the (¢ — j)th order statistic from a sample of slze n—j, from a population
with pdf given by the truncated distribution, fiu) = fxi{u)/ (1 — Fx(v)), u > v.



6.2 By the Factorization Theorem, T{X ) = min; (X; /1) 1= sufficient becanse the joint pdf s

n

n
F(xg, e, xp;0) = l_[eie‘xil{xi > i0} = e Zi%i[{T(x) > G}Hew
i=1

i=1

Notice, we use the fact that ¢ > 0, and the fact that all x5 > i if and only if ming(a; /i) > 6.



