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4.39
Define a set By = {@wk, k #4,j: 32p 4 ; o6 = m — x; — 25}
The joint distribution of (X;, X;) is given by
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The forth equality holds by using Theorem 4.6.4.
The joint distribution of (X, X;) ~Multinomial(m, p;, p;)
By using the same technique, we can find marginally X; will follow a binomial(m, p;)
By defining another set By = {xg, k # j : Zk# x =m — x;} and using the similar technique, we can show
that the marginal distribution of X; ~Binomial(m, p;)
The conditional distribution of X;|X; is given as
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Thus, the conditional distribution of X; given on X; is binomial(m — z;, 157;)
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4.40
(a)
Let W = %, then integrating the bivariate density function is
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(i) Let W = X+, the marginal density of X is
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Thus, X ~beta(a, b+ ¢)
(ii) Let T = %, the marginal density of Y is
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Thus, Y ~beta(b,a + ¢)
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(i) The conditional distribution of Y| X = x is
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(ii) Consider a bivariate transformation

_ _Y — 1 _
U=1x :>{;(_1 v :>|J|:‘

0 -1
—uv v U’_V

<
I

\

<



The joint density function of (U, V) is
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Thus, U, V are independent beta random variables, and U = % ~beta(b,c)
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(a) Denote ¢ = (2m\/(1 — p?)o% 02 )~ !
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Thus, the marginal distribution of X is n(ux,o0%).
By using the similar technique, we can derive the marginal distribution of Y accordingly, which will be
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Thus, the conditional distribution of ¥ given X is n(uy + pZ=(z — px), o2.(1—p?)
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Let W =aX +bY. The MGF of W is given by
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By uniqueness of MGF, aX +bY ~ n(apux + buy,a?c% + 2abpoxoy + b?c%)
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(a)
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EY = E(avZi+byZa+cy)=avE(Z1)+byEZs+cy =cy
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Cov(X,Y) = Cov(axZi+bxZs+cx,ayZ1 +byZs +cy)

(b) By plugglng ax, bXa Cx,ay, bY
EX
EY

Var X

VarY

PXY

Cov(ax Zi,ay Z1) + Cov(bx Za, by Z2)
axay + bxby

and cy into results in (a), we have

= cx = Ux
= cy = Uy
1+ 1-
= a§<+b§(:Tp0§(+ 2”03{:03{
1+ 1-—
= ay+0d =Pt + Pt =0l
_ Cov(X,Y)
vVarX - VarY
ooy - Stovay
o%o%
pPOXOTY _

OxX0Yy



(C) Denote Cc; = (aX bx)/, Co = (ay by)/,a = (CLX ay)/,b = (bX by)/, Z = (Z1 ZQ)/
The joint MGF of X,Y is
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Then, a%,b%, a3, by, c% and cj is another solution for the system.
There are infinite solutions for the system since there are six equations with only five independent variable.

4.53

The equation Ax2+ Bx+c has real root if and only if the discriminant B2 > 4AC, or equivalently —2log B <
—logd —log A —log C

Let X = —2log B ~exponential(2), Y = —log A — log C' ~ T'(2, 1), the probability of having real root is

P(X < -logd+Y) = P(logd<Y —X)
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4.54

We first find the density function for 7o = Y ;- | —log X;, then let T =[]\, X; = e~ 2.

Since X; ~ U(0, 1) independently, we have —log X; ~Gamma(1,1), independently. Therefore, by reproduc-
tiveness of Gamma distribution, 75 = > —log X; ~Gamma(n,1).

Consider the transformation

T=¢()=e " To=¢ ()= —logT, |J| =[1/T]



The density function of T is given by
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4.63
Since g(X) = log(X) is a concave function, by Jensen’s inequality

0=EZ=FEg(X) < g¢g(EX)=logEX take exponential on both side
e < EX

Thus, EX is greater than 1



