Chapter 4: Multiple Random Variables

We study the joint distribution of more than two random variables, called
a random vector, such that (X,Y),(X,Y,Z), (X1,---,X,), and the distri-
bution of their functions like X +Y, XY Z, or X1 + Xo +--- + X,,.

1 Bivariate Random Variables

Assume both X and Y are random. We treat (X,Y) as a two-dimensional
random vector and study their relationship.

1.1 Discrete Case

Assume that both X and Y are discrete random variables, with the sample
space X and ) respectively.

Joint pmf:

Properties:
° fX,Y(‘T7y) > 0>

® D iex dyey [xy(zy) =1

The probability of a set A is given by

P(X,Y)eA) = > fxy(zy).

(z,y)EA

Marginal pmf: If the joint distribution of (X,Y’) is known, their marginal
pmf are

fx@)=P(X =x)=) fxy(z,y).

yeY

fry) =P =y) =) fxy(z,y)

TeX
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EXAMPLE 1 Two fair dice thrown. Let X=maximum, Y =sum.
Possible values:
X:1,2,3,4,5,6.
Y:2 3,4,5,6,7,8,9, 10, 11, 12.
Can write the probabilities in a table.

REMARK:

e Joint distribution determines the marginal distribution.

e Marginals do not determine the joint distribution.
EXAMPLE: Define the joint pmf by
£(0,0) = f(0,1) = é; f(1,0)=f(1,1) = %; f(x,y) =0, otherwise.
Consider another joint pmf by

1 3
They share the same marginal distributions, but not the same joint distri-
bution!
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1.2 Continuous Case

Assume that both X and Y are continuous random variables.

Joint pdf: A function fx y(z,y) is called a joint probability density function
of (X,Y) if

P((X,Y)GA)://( )EAf(:v,y)dxdy, VA € R%
T,y

The joint pdf satisfies:
o f(z,y) >0,
o [ % fxy(z,y)dudy = 1.

Joint cdf: The joint distribution of (X,Y’) can be completely described
with their joint cdf

F(z,y) = P(X <z,Y <y), V(z,y) € R%

Relationship between joint pdf and joint cdf: if F' is differentiable with
respect to both x and y, then

y T
F(l’,y) :/ / fX,Y(uv U)dUdU,
82

Marginal pdf: If the joint pdf of (X,Y) is given, the marginal pdfs of X
and Y are given by

fx(z) = / " )y,

—00

o

fy(y) = / f(z,y)dz.

— 00
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REVIEW ON DOUBLE INTEGRATION:
Compute [ [ f(x,y)dzdy using iterated integrals
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ExaMPLE. Check whether the following function a valid pdf

fla,y) =ye I <z <y}

EXAMPLE. Show that f(z,y) =2I{0 <z <y <1} is a valid pdf.
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EXAMPLE. Assume f(z,y) = e YI{0 <z < y}.

(i) Show that f(z,y) is a valid pdf.

)

(ii) What is the marginal distribution of X7

(iii) What is the marginal distribution of Y7
)

(iv) Compute P(X +Y > 1).
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1.3 Expectation of Functions of Random Vector

Assume g is a real-valued function of two random variables g(X,Y).

If X and Y are both discrete, then

E(g(X,Y)) =YY gz, ) fxy ().

reX yey

If X and Y are both continuous, then

By - [ h / " gl y) fry (e y)dady.

Properties:
o E(aX+bY +c¢)=aE(X)+bE(Y)+c
e E(agi(X,Y) +bg2(X,Y)+¢)=aE(q1(X,Y)) + bE(g2(X,Y)) +c.

e In general, E(XY) # E(X)E(Y) unless X and Y are independent.

Joint mgf: Mx y(t,s) = E(e"+5Y). Note

MX,Y(t, 0) = Mx(t), MX,y(O, S) = My(s),

8kMX’y(t, S) akMxy(t, 8)

k
Otk ’(0,0) = E(X )7 Ok

00 = EX™").
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DisCRETE EXAMPLE: Two fair dice thrown. Let X=maximum, Y =sum.
Compute E(XY).

Ex. f(z,y) = e YI{0 < 2 < y}. Compute E(X),E(Y), E(XY), Mxy(t,s).
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2 Conditional Distributions

Oftentimes (X,Y) are related. For example, let X be a person’s height and
Y be a person’s weight. Knowledge about the value of X gives us some
information about the value of Y. It turns out conditional probabilities
of Y given knowledge of X can be computed from their joint distribution

fX,Y(xvy)'

2.1 Discrete Case

Assume both X and Y are discrete. For any = such that P(X = z) > 0, the
conditional pmf of Y given X = z is defined as

P(X =z,Y =vy)

frix(yle) = P(Y = y|X = x) = PX—2)

Yy e ).

We can define fxy(z|y) similarly.

REMARK: The function f(y|z) is indeed a pmf, since for any fixed z it
satisfies

o fyix(yle) > 0 for any .
i Zy fY\X(?J|$) =L
Proof:

EXAMPLE. The two dice example, X =maximum, Y =sum.

fY|X(y’3)‘

Ixpy (2[7).
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2.2 Continuous Case

Assume both X and Y are continuous. For any x such that fx(z) > 0, the
conditional pdf of Y given X = z is defined as

Frixtole) =758, ey,

We can define fxy(z|y) similarly.

REMARK: The function fy|x(y|r) is indeed a pdf, since for any fixed z it
satisfies

e fyix(y|r) >0 for any y.

o fy fyix(ylz)dy = 1.

ExAMPLE. Assume f(z,y) = e YI{0 < x < y}. Compute fy|x(y|z).
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2.3 Conditional Mean and Variance

For discrete random variables:
EY[X =z) = nywx(y’l’)’
Y

Var(Y|X =2) = ) {y— E(Y|X =2)}fyx(yle).

For continuous random variables:
BYVIX =) = [ufvixlole)dy,

Var(VIX =) = [y~ BYIX =) fyixulo)ds

REMARK 1: As before, we have

Var(Y|X =z) = E(Y?|X =z) — {E(Y|X = 2)}%

EXAMPLE. Two dice example, X=max, ¥Y=sum. Compute E(Y|X = 3).

EX. f(z,y) = e YI{0 <z < y}. Find E(Y|X = z) and Var(Y|X = x).
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REMARK 2: Note E(Y|X = z) is a function of z. Therefore, E(Y|X) is a
random variable as a function of X.

o E(g(X)]X) = g(X).

Theorem:

e Conditional Expectation Identity
E(Y) = E(E(Y]X)).
e Conditional Variance Identity

Var(Y) = E(Var(Y|X)) + Var(E(Y|X)).

REMARK 3:
o E(9(X,Y)) = E(E(9(X,Y)[Y)) = E(E(9(X,Y)|X)).
e Conditional expectation as projection:
E(Y - E(Y|X))?<E(Y —g(X))?, Vg function

So E(Y]X) is “closest” (in above sense) to Y among all the functions
of X.
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3 Independence

Def: Let (X,Y) be a bivariate random vector with joint pdf/pmf fx y (x,y),
Then X and Y are called independent random variables if for every z,y € R

flx,y) = fx(@) fy(y).

ExaMPLE. Consider the discrete bivariate random vector (X,Y’) with joint
pmf given by

Are X and Y are independent?

Lemma. Let (X,Y) be a bivariate random vector with joint pdf or pmf
[xy(z,y), Then X and Y are independent random variables if and only
if there exist functions g(z) and h(y) such that for every x € R and y € R,

f(@,y) = g(x)h(y).

In other words, the joint pmf/pdf is factorizable. (We do not need to com-
pute marginal pdfs).

ExAMPLE. Consider the continuous bivariate random vector (X,Y’) with
joint pdf given by

1
@ﬁy‘le*y*@/?), x>0, y>0.

Are X and Y are independent?

f(z,y) =
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Theorem: If X and Y are independent, then
(i) B(Y]X) = E(Y).
(ii) The events {X € A} and {Y € B} are independent.
P(X€AY eB)=P(XeAPY ecB), YVACR,BCR.

(iif)

E(g(X)h(Y)) = E(g(X))E(h(Y).
In particular, E(XY) = E(X)E(Y).
(iv) In addition, we have Mx y(t,s) = E(e!X+Y) = My (t)My(s). And
Mx 1y (t) = E(e"XHY)) = My () My (¢).

If it is easy to identify the right-hand side as the MGF of some standard
distribution, then the sum of two independent variables is easy to find.

Example 1. X ~ Bin(n1,p), Y ~ Bin(ng,p), and they are independent.

Example 2. X ~ Poisson(A1), Y ~ Poisson(Aq), and they are independent.
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Example 3. X ~ NB(r1,p), Y ~ NB(rg,p), and they are independent.

Example 4. X ~ N(u1,02), Y ~ N(ug2,03), and they are independent.

Example 5. X ~ Gamma(ai, ), Y ~ Gamma(ag, 3), and they are inde-
pendent.
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4 Bivariate transformation

In this section, we only consider continuous bivariate random vector (X,Y).
Consider the following bivariate transformation of (X,Y):

U=qn(X)Y), V=gXY).

4.1 Transformation for Discrete Random Variables

Assume that (X,Y) is a discrete bivariate random vector with the support
A, ie. P(X =2,Y =y) >0 on A. Consider the bivariate transformation

U=g(X)Y), V=g(XY).
The the support of (U, V) is
B = {(U,’U) ‘U= gl(xvy)vv = 92(515,3/) for some (1"73/) € A}

For any (u,v) € B, define A, . = {(z,y) € A: g1(z,y) = u, g2(z,y) = v}.
Then the joint pmf of (U, V) is given by

fU,v(u,v):P(U:u,V:v) :P(<X7Y) EA(u,v)) = Z fX,Y(w7y)'
(xvy)eA(u,v)

Example 1: Assume X ~ Poisson(A\) and Y ~ Poisson(f), and they are
independent. Find the joint pmf of (X + Y,Y) and the marginal pmf of U.
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4.2 One-to-One Transformation for Continuous Random Vari-
ables

Assume that g; and go are continuous, differentiable, and one-to-one. There-
fore, we can define their inverse transformations as

X =mn(UYV), Y =hyUV).
Def: Jacobian matrix and determinant
oz 9y
J= < oo ) .
ov ov

is the Jacobian matrix and det(J) is the Jacobian determinant, or simply
the Jacobian.

Example 1. Linear transform.

U=X+Y, V=X_Y.

Example 2. Polar transform. Assume (X,Y) € R%. Consider
r=rcosf, y=rsind,

where 7 € (0,00) and 0 € (0,27). How to express (r,0) in terms of (z,y)?
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Theorem. If fxy(z,y) is the joint density of (X,Y’), then

fov(u,v) = fxy(hi(u,v), ha(u,v))| det(J)]|.

Proof follows from change of variable rules for integration — omitted.

EXAMPLE. Assume X,Y ~ N(0,1) and they are independent. Let U =
X +Y,V =X -Y. Find the joint and marginal distributions of (U, V).

ExXAMPLE. Polar transform of independent normals.
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EXAMPLE. Assume X ~ Gamma(ag, 3) and Y ~ Gamma(ag, ), and they
are independent. Let U = X + Y,V = XLJFY Find the joint and marginal
distributions of (U, V)

EXAMPLE. Assume X,Y ~ N(0,1) and they are independent. Let U =
X/Y. Find the distribution of U.

EXAMPLE. Assume X ~ Beta(a,3) and Y ~ Beta(a + ,7) and they are
independent. Find the distribution of XY
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4.3 Piecewise One-to-One Transformation

Assume (X,Y") takes value from A = AgUA; U---UAg, where P((X,Y) €
Ap) = 0. Also U = ¢15(X,Y),V = ¢2(X,Y) is one-to-one transformation
from A; to B, for i =1,--- k. Then

k

foy(u,v) = Z Ix,y (h1i(u, v), hoi(u,v))| det(J;)],

=1

5 Hierarchical Mixtures.
Recall that

E(Y) = E(E(Y|X)), var(Y) = E(var(Y|X)) + var(E(Y|X)).

EXAMPLE. (binomial-Poisson). An insect lays a large number of eggs, each
surviving with probability p. On the average, how many eggs will survive?
Let X=the number of eggs that survive
Let Y=the total number of eggs laid by the insect.

1. Describe their distributions.
2. Find the joint distribution of (X,Y").

3. Find the marginal distribution of X, E(X) and Var(X).
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EXAMPLE: Assume X|A ~ Poisson(A), A ~ Gamma(a, ).

ExXAMPLE: Assume X |p ~ Binomial(n,p), p ~ Beta(a, 3).
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EXAMPLE: binomial-Poisson-gamma (optional). Assume X|Y ~ Bin(Y,p),
Y|A ~ Poisson(A), A ~Gamma(c, (3).

6 Covariance and Correlation.
Covariance: A measure of joint variation.
Cov(X,Y)=E[{X - E(X){Y — E(Y)}].

Note: the outer expectation is with respect to the joint distribution of
(X,Y). And we have

Cov(X,Y)=E(XY)—- EX)E(Y).
Correlation:

REMARK: If X and Y are independent, then cov(X,Y) =0 and pxy = 0.
But the converse is not true!
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EXAMPLE. X ~ N(0,1), Y = X2

ExXAMPLE. X = X1 + X3, Y = X5 + X3, where X1, X5, X3 pairwise inde-
pendent with common variance o?. Compute p.
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EXAMPLE. X ~Unif(0,1), Z ~Unif(0,55) and they are independent. Let
Y = X + Z. Compute p.

EXAMPLE. Y = X? + Z, where X, Z are independent, X symmetric about
0, Z any distribution. Compute Cov(X,Y).

One Important Equation:

Var(aX + bY) = a®Var(X) + b*Var(Y) + 2abCov(X,Y).

One Important Inequality: Cauchy-Schwarz Inequality
|Cov(X,Y)| < oxoy
with equality iff X and Y are linearly related.

Corollary.

—-1<pxy <1
And |pxy| =1 Y =aX +bwp 1, where a > 0iff pxy =1 and a < 0 iff
pxy = —1.

(Proofs can be found in the textbook and are omitted here.)
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7 Bivariate Normal.
We say (X,Y) ~ BV N (1, 2, 02,03, p) if
1

flz,y) = 27 /1= pPoros
X exp [_2(1 i = {(x ;1,u1)2 —2p (x ;1M1> (y ;2M2> + (y ;2M2>2}] .

We will show that

X ~ N(u1,0%), Y ~ N(u2,03), pxy =p, aX+DbY isnormal.
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Conditional distribution for Bivariate normal.
Suppose (X,Y) ~ BV N(u1, i2,0%,03,p), then

o1
XY=y ~ N(m+ﬂ02(y—u2), U%(1—0)>

g
VX2 ~ N (it o2 m). od1-p)

8 Multivariate Distributions
Several variables (X1,...,X,).

8.1 Discrete Case

Joint pmf

le’“_7Xn(.%'1, e ,J:‘n) = P(X1 =T1,..- ,Xn = .’L‘n)

satisfying fx,,..x,(®1,...,2n) > 0and >, fx, . x,(T1,..., %) = 1.
For any subset A of R™, we have

P{(X1,....Xn) €A = > fxi..x, (@1, a0).

Eg(X1,...,Xn) = Z...Zg(xb ces @) X X (T, ).

Marginal distribution of (X;,,...,X;,):
in17~--aXik ($i1’~~'axik) = Z th--an(l'lv""xn)'

other indices

One-dimensional marginals:

Ix; (@) = Z fz1, ..., x).

T15eeyTi—1,Tit1500,Tn

Conditional distribution:

f(z1,...,20)

B fX17---vXk (xlv s 733/43)'

FX it X X1 X (Tt 1+« o5 Tn|T1, .o, )

Covariance: Cov(X;, X;) — based on pairwise distribution.
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Independence: Xi,---, X, are called mutually independent random vari-
ables if their joint is the product of marginals:

fX1,---,Xn (:Clv t 73571) = Hle(l‘l)a V(l’l, ) l‘n)
i=1

REMARK: If X1, -, X,, are mutually independent, then
(1) Any pair X; and X; are pairwise independent.
(2) Functions g1(X1), -, gn(X,) are independent, and

B([]9:x)) = [[ Blou(X0).

i=1

(3) MGF is the product of individual MGF’s.
Mx, ..x,(t1, - tn) = ﬁMXl(tz)
i=1
(4) Let Z = X1 + -+ + X,,, then the mgf of Z is
My(t) = ﬁMXi(t).
i=1

In particular, if Xy,---, X, all have the same distribution with mgf Mx (),
then
Mz (t) = [Mx (£)]".

Applications:
(i) Sum of independent normals is normal. Mean, variance add up.

(ii) Sum of independent gammas with the same scale parameter is gamma
with the same scale and shape parameter added up. In particular, sum
of independent exponentials is gamma.

(iii) Sum of independent Poisson is Poisson with parameters added up.

(iv) Sum of independent geometric is negative binomial.
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Multinomial distribution. n categories, and each item can be from one
and only one category. Sampling m times independently from the categories
with probabilities p1,...,pn, where p1 + ---p, = 1. Let X; = the count of

the i¢th category. Let xi,...,z, be non-negative integers adding up to m.
Then
P(X, = Xy =) = —— iz
(X1 =21,..., n—$n)—mp1 by DPn -

Prob. add up to one, as they are the terms in expansion of (p; +-- -+ pp)™.
(1) marginals are (lower order) multinomial. One dimensional X; ~Bin(m, p;).

(ii) Conditionals:

(iii) Merging: (X1+Xo, X3,---, X,,) ~ Multinomial(m; p14+p2,ps, - -, pn).

(iv) Var(X;) = mpi(1 — p;) and Cov(X;, X;) = —mp;p; for all i # j.
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8.2 Continuous Case

Joint pdfof (Xi,...,X,): If fx,,_x,(z1,...,2,) satisfies fx, _x,(z1,...,25) >
0 and fle,...,Xn(ﬂfh ey Tp)dxy - dxy, = 1.

Probabilities are obtained by

P{(Xl, - ,Xn) € A} = fX1,..-,Xn(‘T17 . ,:cn)dazl cee d:L‘n.

(11,...,xn)€A

Eg(Xl,...,Xn):/.../g(xl,...,xn)fxlywxn(xl,...,xn)d:zl...d:l:n.

Marginal of (X;,,..., X;,):

Pyt s = | Frtn @1, 0),
" T other indices e

One-dimensional marginals:

Ix; (%) = /f(xla ceXp)dxy - dxiodigy - day,.

Conditional:

f (xk 1 T ‘$1 xk): f(xla"wx’VL)
Xit 150 Xn| X150, Xk +15--54n PR le,,_,7Xk (CCI, o 7xk) .

Covariance: cov(X;, X;) — based on pairwise distribution.

Independence: joint is the product of marginals. Equivalently, MGF is
the product of individual MGF’s.

EXAMPLE 1. Uniform over the ball.

3
f(z1,29,23) = EI{Z’% —i—:c% —i—m% < 1}.
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EXAMPLE 2. Dirichlet.

f(.fCl, . ,xk,l)

T _ -
(Oél+ +ak)x(111—1”.$;:i—11 11.(;19 1I{$Z>O,.’L'1++xk:1}

N F(Oél) s F(Oék)

Properties:
(i) marginals are (lower order) Dirichlet. One dimensionals are beta.

(ii) Conditionals:

(iii) Merging of categories:

(iv) Covariances:
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EXAMPLE 3. Let n =4 and the joint density of (X1, X2, X3, X4) is

3 . .
f(Xl,X2,X3,X4)(ﬂU1a55273337334) = Z(x%—kx%—km%—kzi), if O0<ux;<1,i=1,2,3,4;

and = 0 otherwise.

(i) Show that this is a valid pdf.

(i) Compute P(X1 < 3,Xo < 2,Xy > 1)

(iii) Obtain the marginal pdf of (X7, X»).

(iv) Find the conditional pdf of (X3, X4) given X; = % and Xy = %

(v) Compute E(X;X2).
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8.3 Multivariate Transformation

Let (Xi,---,Xy,) be a random vector with pdf fx, .. x,(z1,---,2n). Let
A={x: fx(x) > 0}. A new random vector (Uy,---,U,) is defined by

Ul = gl(Xla"'vXTL)a
U2 - gQ(Xlu”'vXn)v
Un = gn(le"‘an)-
The transformation is one-to-one from .4 onto B. The inverse of g;’s are
Xl - hl(Uly"')Un)v
Xy = ho(Uy,---,Up),
Xn = hn(Ula"'aUn)-
Let J be the Jacobian from the inverse. The joint pdf of Uy, -, U, is then

fUl,---,Un(ula Tty un) = fX1,---,Xn(h1(ulu e ,Un), Tty hn(U1, Tty Un))‘J’

ExAMPLE: Let (X7, X9, X3, X4) have the joint pdf

X1 X0 X3, (X1, Lo, 23, x4) = 24 F17P27837 0 ) <y < xg < 23 < Xy < OO0
1,A2,A3,A4

Consider the transformation

Ur=X1, Ua=Xo—-X;, Us=X3—-Xo, Us=Xy— X3.
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ExaMPLE 3. Multivariate normal.

Joint density of Y = (Y7,---,Y},):

1
(2m)"/2(det(32))

Fo (o) = srew (50— 0TS m).

Generation of multivariate normal N (u, X):
(1)Let X1, -, X, be iid N(0,1).
(2) Write X = (X1,...,X,,) and let

Y = AX + p,

where ¥ = AAT (i.e. the Cholesky decomposition). Then Y is multivariate
normal with the above density function, with E(Y) = p and Var(Y) = X.
Marginals and conditionals are also (multivariate) normal.
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9 Some Useful Inequalities.

A. CAUCHY-SCHWARZ

(B(XY))? < E(X*)E(Y?).

B. HOLDER
|E(XY)| < (E(IXIP)YP(B(X]7))Y1,
where p~t 4 ¢! = 1.
C. MINKOWSKI
(E(IX + Y[P)YP < (B(X )P+ (E(]YP)?,
for p > 1.
D. JENSEN

A function 1 is called convex if ¥ (at + (1 —a)s) < ap)(t) + (1 — a)(s).
For any convex function v,

E((X)) = ¢(E(X)).
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