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SUMMARY

The reference prior in the sense of Bernardo is derived in some multiparame-
ter nonregular cases. The family of densities we consider have discontinuities
at some points which depend on one component of the parameter (say, #)
while, for fixed values of ¢, the family is regular with respect (o the other
components (say, ). We obtain the reference prior through an asymptotic
expansion of Lindley's measure of information. The expansion is in itsell of
some importance. The results are illustrated using examples.
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DENSITIES; KULLBACK-LEIBLER NUMBER: MULTIDIMENSIONAL
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1. INTRODUCTION

In a pioneering paper, Bernardo (1979) introduced the concept of a
reference prior which, to date, seems to represent most sutably the 1dea
ol a noninformative prior. The reference prior can be thought of as a
reference point so that anyone with a subjective prior belief can judge
where he or she stands. From an objective Bayesian viewpoint, the
Bayes procedure corresponding to this (often tmproper) prior can be
used for inferential purposes. These priors usually have the additional
appealing property that their Bayes procedures match with some standard
[requentist procedures up to a certain order; for example, sce Ghosh
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(1994). Since Bernardo’s (1979) original paper, there has been much
further development of this idea in the literature, notably by Berger and
Bernardo (1989, 1992a, 1992b, 1992¢), Berger, Bernardo and Mendoza
(1989), Ghosh and Mukerjee (1992), Ye and Berger (1991), Yang and
Berger (1994) and Sun and Ye (1995).

The reference prior can be described as follows. Lindley’s (1956)
measure of information about the parameter in the sample is defined as
the expected Kullback-Leibler divergence between the posterior and the
prior. This is the same as the Bayes risk when estimating the density
with entropy as the loss function, see Aitchison (1975). Thus, the larger
the measure, the more informative the data and, hence, the less informa-
tive, the prior. Under this interpretation, the prior which maximizes this
measure can be taken as a reasonable choice of noninformative prior.
However, direct maximization is difficult as well as uninteresting since
the maximizer involves the sample size. Bernardo (1979) proposed max-
imization of this measure in an asymptotic sense. Based on cssentially
heuristic arguments, Bernardo (1979) concluded that Jeftreys™ prior is
the reference prior tor smooth families when the whole parameter is the
parameler of interest.

To make Bernardo’s (1979) arguments rigorous, we need to obtain
an asymptotic expansion of Lindley’s measure. The leading term in this
cxpansion turns out to be of the order of the logarithm of the sample size
and is independent of the choice of the prior. The nextterm is a functional
of the prior and is independent ot the sample size. Maximization of this
term with respect to the prior yields the reference prior. The remain-
ing term converges to zero as the sample size increases. For the case
ol smooth densities involving independent and identically distributed
(i.1.d.) observations, such a rigorous expansion has heen obtained by
Clarke and Barron (1994) and earlier by Ibragimov and Khas’minskii
(1973). Some extensions to the non-i.i.d. case have been investigated
by Polson (1988). Expansion of the Bayes risk tor the unsmooth case of
a onc-parameter family of discontinuous densitics has been considered
by Ghosal and Samanta (1997). As in the regular cases, this expansion
naturally leads to the reference prior.

In this paper, an asymptotic expansion of the Bayes risk under the en-
tropy loss is obtained for a class of nonregular cases indexed by a multidi-
mensional parameter. The lamily ol densitics exhibit nonregularity in the
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“orm ol discontinuitics at locations depending on one parameter (6 say)
while otherwise being aregular family with respect to the remaining com-
ponent of the parameter (¢ say) it 6 is held fixed; here ¢ can be vector-
valued but £ 1s always a scalar. A simple example of such a family is
the shitted exponential scale family (a6, ¢) = ¢ L exp[—(x — ) /],
> 4.2 > 0. Our treatment proceeds in a similar way to Clarke and
Buarron (1994) and Ghosal and Samanta (1997), although our casce is
more complicated due to the presence of two types of parameters.

The organization of the paper is as follows. In Section 2, the prob-
em is defined and the regularity conditions stated. In Section 3, the
main result relating to the asymptotic expansion of Lindley’s measure
v proved (Theorem 3.1). The proof is somewhat long and is divided
e several lemmas for reasons of clarity of presentation. Proof of the
«uxiliary lemmas are given in the Appendix. In Theorem 3.2, an infor-
maton theoretic version of the convergence of the posterior distribution
i» obtained. The reference prior is obtained in Section 4 and 1s illustrated
using several examples.

We now introduce some notation which will be adopted. The indi-
cator ol a set 1s denoted by 1. We use bold face 1o denote vectors and
matrices except in the subscripts. However, i in some special sitaation,
4 vector or a matrix turns out to be a scalar, then the same letter in non-
pold form is used. The transpose of a vector v is denoted by v’ We
denote the d-variate normal density with mean g and dispersion matrix
< by o4(-; 1, ). Convergence in probability and in law arc indicated
by —, and —, respectively.

2. REGULARITY CONDITIONS

Consider 1.1.d. real-valued obscrvations with a distribution £ indexed
by two parameters # € © and ¢ € ¢, where © C IR is an open interval
and P is an open subset of R% We assume that Py admits a den-
sity f(-: 6. @) with respect to the Lebesgue measure on IR, The family
Lfa0.0) 6 €O, ¢ e D} isregular with respect to ¢ and nonregular
with respect to ¢ in the sense that @ — f(; 0. @) is discontinuous at
some points which depend on # only, whereas for fixed 6, the family
[F(:0.0) : ¢ € B} is regular. Asymptotic propertics relating to esti-
mation theory for such families have been studied in Ghosal and Samanta
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(1995) (hencetorth, abbreviated as GS) using the theory developed by
Ibragimov and Has 'minskii (198 1) (hereafter IH). Sce also Smith (1985)
in this context. For the expansion of the Bayes risk under entropy loss
and to obtain the reference prior, we consider a special (but important)
subclass described by the assumptions (A1)-(A10) below. The reason
for considering this subclass will be given later.

(A1) Uniformly on compact subsets of © x &,

y Jél)f / F2 00 4w p+v) — [0, ) 2de > 0. = > 0.
i(nV)ie,

(A2) The density f(x: 6, @) is supported on an interval S(f) :=
[a1(0). ax(0)]. Situations where of a;(#) = —oc or az(f) = o are
allowed although are no permitted simultaneously. I an endpoint is not
infinite, the tunction @ — f(x; 6. @) has a discontinuity at that point.
If & belongs to the interior of S(#), then f(x:6,¢) is continuously
differentiable in (6, ¢).

(A3) The support S(#) is citherincreasing or decreasing. Further, the
endpoints «; (#) and az(#) are continuously differentiable in 6, provided
they are finite.

(A4) Forevery # € © and ¢ € . the following limits exist:

ph.¢p) = lim f(a:b6.¢), b.¢)= lim f(x:6, ¢).

xlay(0) T unidl

Moreover, convergence is uniform over compact subsets of © x ¢ and
the tunctions p(#, ¢) and ¢(#, ¢) arc continuous in (4, ¢).
(AS5) The functions defined by

56.8) = [ (anlas6. )
Ji(8, ) = /gg(:zi; f, 4))'(/%. (v;8.¢)de, j=1,...,d.
Ji (6. 9) = /g;,(/.(.‘zf: 0. ¢)g., (8. d)de, joh=1.... .4

are (finite and) continuous in (£, ¢), where gy = 0y /00, g, = 0g/0y;

and g = f'/2. Moreover, the matrix ((J;1(6. ¢))) is positive delinite.
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A6) The functions ay (£), (LZ(H) ay (). ah(F) (where prime denotes
Zornvatve), J(6.@). Ji(0.p). T (0. @), j.k = 1..... . have a ma-
cant which s the pmduu of a polynomial in |#] and an exponential
Socuon in ||
Further, if F(#, ¢p. R) = sup{f(x:6.¢) : x < a;(/) + Rora >
_# — I}, then F(#. ¢, R) has a majorant which is the product of a
~olvnomial in # and R and an exponential function in {|¢||.
tA7) For any lixed (6. @), max{(9/0¢;)log f(x:6.¢) : j =
-y remains bounded as @ | @ (#) and & T ax(#).
tA8) For some C,~v > 0

/. FU2n 0. ) FP (000 + u. @ + v)dae < Clul ™7 expl—~]|lvll].

(AY) For 2 € (a1(8), as(6)), log f (a0, ¢) is thrice continuously
Jilferentiable in (6. ¢p). For any (4. p) there is a neighbourhood Ny
«nda By --integrable function Hy , such that

1()g f(l t. S) < H().*7<:I,‘).

sup

22
(1.8)=Ny. l

Ot2

92

’0 tds;
0?

0505y,

log f(xit.s)| < Hyp(2),

111(1\ sup
1< j<dy (1,8) /\r

11X sup
l‘_i./“/\"‘__(l [ SN
(t,.8)= A()-\'P

log f(w;t.8)| < Hp - (x).

Furthermore, Ey ,Hy -(X1) is continuous in (#, ¢).

Treatment of the two cases S(6) increasing and S(#) decreasing
with A, aw similar and hence we consider the latter case only. Put 1V, =
mll{({l (X1:), a5 ' (X,:0) } with the convention that the corresponding
term is ignored if any of the functions ay(-) or ax(+) are infinite. Note
that 17, is Py .-a.s. well-delined for large sample sizes, W, T 6 as.
B, .} and Lhe likelihood at 6 is positive if and only if # < W,. Set
i o) = By [(0/00) log f(X1:0. 9)] i, o(f. @) = @i (D)p(d, ) —
111 (H)q(h, < ) > 0.

Consider the variable 7, (6) = n(W,, — #). The following assump-
tion will be used in one part of the main result.
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(A 10) For any compact subset K C © x @©, we have

sup sup Ey o, (0) < oc.
(Op)ye K nzl

The assumptions (A1)-(A8) ensurc, by the results obtained in GSi
that the conditions of Theorem I.10.2 of IH are satisfied with the llmltlllﬂg‘
likelihood ratio (i.e., the weak limit of f

f(Xi: 6+ u/n.g+n Y 20)
H (XUH ))

u ’U
i==1

given by

7 1. , :
Z(u,v) = expluc(f. @) + v A0, ) ~ E’UFF(H,, | Hu < a(6) -
) (2.1}
where o (#) has an exponential distribution with mean 1/¢(4, p), A4, -
1s a d-variate normal variable with mcan zero and dispersion matrix
F(6. ) defined by F(, ) = ((4.754(0,¢))) (see (AS)).

The above conditions are satisfied by many important families such
as f(u:8.¢) = pexpl—p(ax — 6)]I{x > H} (location-scale family
corresponding to the exponential distribution) or f(a: 6. ) = 2 ' exy
(=] {a > 6}/ [ v Lexp[—pyldy (a truncation of the gamma
scale tfamily) if ¢ lies in a compact subset of (0,20). Otherwise, a
logarithmic transformation of o = log ¢ may be uscd. For examples of
more general classes along with adiscussion of these conditions, see GS.
Assumption (A9) is a mild one and is satisfied in most of the examples.
It is not difficult to see that

3
()

sup / ‘Pg’w(Xl € S(H+ u))du < o (2.2
{(6,0)EK JO

1s suflicient o imply (A10) (see Proposition 2.2 of Ghosal and Samanta
(1997)). The same arguments show that il (2.2) is modificd 1o

>0
sup / u‘SPo,w{Xl € S0+ u)ldu < oo forsome & >0, 2.-
(0,*,?)‘;1\7 JO

then the following stronger version of (A 10) holds.



.moonce Priors 165

“AL0) The variable o,,(#) is uniformly Fj_.-integrable, wherc the

The condition (A10)" will be used only in Theorem 2.2, If © is
~-unded above, then (2.2) and (2.3) are trivially satisfied. In some
“woortant special cases, such as aq(8) = A and ay(#) = ~o, the moment
<nditon supgg oy i Ep o (X — 7)! + < ¢ for some & > 0, implies
2.2 and (2.3) by Chebyshev’s inequality.

Romuark 2.1. Except for Proposition 3.1, in all following results (includ-
21z the main result of Theorem 3.1), we restrict attention to compact
~uhaets of the parameter space, although we will allow the compact
«uhsets to grow eventually. Thus, for the purpose of obtaining expan-
~ons relevant to the derivation of the reference priors, the parameter
s~ace may be assumed compact. As a result conditions (A6), (A8) and
2.3) (and hence (A10) and (A10)") are trivially satisfied. For the same
~cason, when we have a scale or scale-like parameter, the logarithmic
enstormation is unnecessary. This allows us to work with the original
~arametrization in the examples of Section 4.

3. EXPANSION OF BAYES RISK FOR ENTROPY LOSS

Lindley’s measure of information contained in the data is defined as
:he expected Kullback-Leibler divergence between the posterior and the
prior, where it is assumed that the prior is proper and admits a density.
We write this as I(m; X™) = H(w) — Hyn{r), where

H(r) = —/7?(9,(,&) log 7(6.p)df dep
1s the prior entropy and
Hyo(r) =~ F ( [ .1 x" gm0, 21X 0 )
is the expected posterior entropy; here and below 7, (-] X ™) is the pos-
terior oblained from the prior 7 ().
The following Theorem is the main result of this paper.

Theorem 3.1. Under conditions (Al)-(A10), for any prior =(-)
which is positive, continuous and concentrated on a compact subset
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K C & x ®, we have, as n — ¢,

- d
I(m X") = log Z4L log L
e g

2 © 27e
' (B, "
+ / (A, ¢)log (M—)> df degp + o(1), ?

where 1(8. ) = (det F(#, 0))!/2. :
The theorem will be proved by establishing the following two coln-

plementary results.

IR € 2 971'(‘

> [ #6108 (“CHED ) g, |

Y

linyinf {I(vr; X" —log n_ (_iloo L}

[N
Yo

and

[
lim sup ':I(r X" — log ﬁ 2 lub 972 }
2me

(ARG (r) r
, (6., ¢ o
< / m(f. p)log (——(—YM> df do.
JK 7‘—((-)1 Vj)
The former result is the simplest (o establish and we address it first.
The following lemma concerning the maximization ol entropy is casy
to prove Irom the information inequality.

P

Lemma 3.1. Letr f be a densiry on (—oc. 0] x RY sarisfving

/ rf(r,y)dedy = — . /yf(;lr. y)dedy =0

and

/yy’[’f(at, y)dedy = 2.
Then,

— /f(:zf. y) log f(a, y)de dy

<1+ logu+ (d/2)(1 + log(27)) + (1/2) log det X
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Hereatter, p(a”: 6. ¢) will denote [T/, f(a:6. ) and m, (")
" denote the marginal density of X", i.c

m,(x") /Hp” x":t. 8)w(t. s)dtds.

=

Furthermore, welet g = (g -+ - gw)] and

n
Ap(b.0) =202 g, (Xiib.y)
,['__
Note that A, (6. ) is asymptotically Ny (0, F(0. ).

Proposition 3.1. Fix (6, ¢) and let (t, s) denote the random param-
erer: If (A1)-(AB) are satisfied, then

(i) log (;%%) + (1 + d/2)logn - f—]l()g(27r)
olog (COD) (g poue) — Sal0.y)

F! (H 'S:’)An,((jﬂ *r':') - Op(l)'
(i) n(E@X") — W) —, —1/c(0.¢), ncov(s|X") —,
F Y4, 0.
Proofof(3.2). Putu' = n(t — W,) and v* = n'/?(s — @,) where,
2 belore, (£, ) denotes the random parameter and ¢, = E(le ). The
nosterior density of (u", v") is given by 7 (u". v") = n —W 2 (W,

—u"/n. ¢, + n~Y2v*) and has support in (=0, 0] x RY. Thus by
Lemma 3.1, we have

= X") =~ /[ 7(#. @) logm(#. £)db dg
JK
+ /m,,,(a:”’) /I (6. 0) log 7, (8. ©)db dep dx”
= — /] (6. ) log w (. 0)df dep
J I
+ / m, (x") /( o o (u', v (1 + d/2) logn

+ logm, (u'. v")]du' dv' dx”
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and, therctore,

[(7.X") > — / m (0, ) log 7(8. ) dep + (1 + d/2) log
N

— /mn(a:”){l + log E(—u'|x")

, _ 1 7
+ g(l + log(2n)) + 5 log det cov(v'|z"”)]dz"

so that

(7. X") > — / 7(6. @) logm(#. @)dbdp + (1 + d/2)(logn — 1
JK

_ gl()g(‘_)ﬂ') — [\ (f) )EO [100 (~71f"X”')](l6) ([QS

1/ -
-5 / (6, ) Ey - {log det cov(v" | X")]db dep. 3
JK :
(3.3
Note that B(—u'|X™) = 0, (#) —n(E(t|X") — ). By the generdff
results of IH (Ch. 1, Sec. 5), n(E(t|X") — 8) is unitormly integrab i
with respect to Py with (6. ) varying overa compact set. So by (AL
we have sup g o= sup,, -1 Fg o E(—u'|X") < oc. This implies th&
log E(—u"|X") is uniformly (in n and (#. ;) on compacts) intcgrabi
from above.
By Hadamard’s inequality, we obtain log det cov(v'|z") < 5 " _§
1()0-( nvar(s;|ec")). where s; is the jth comp(mcm of's. Now Ly . (nv#
(50 X)) < Ep El(n'2(s;~8,)%| X" = Ey.(J '1'27',,(11 v)dudvg
j=1...., d, W]thlS unitormly (innand (4, )on Lompacts)houndc,
again this is a consuqupnu, of the genceral results of 1H (Ch. 1, Scc. &
Thus log det(n cov(v'| X ™)) is uniformly integrable from above. E
These two obscrvations and (3.3), together with part (ii) of Plop;§
sition 3.1, imply that :
linninf[Z(m; X)) — (1 + d/2)(logn — 1)]

[EEERN

l {
2 . / 7'(9 )l()o 7'(‘(0 )(lﬁ (i(b - %log(2ﬂ—> (3 §
JK - B

/[ 7(6, ) logle(8. 216, 2)]db dp.
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which is cquivalent to (3.1).
We now prove (3.2).
For a fixed (6. ¢), we set
R, (6.¢) = —log(m, (X")/p" (X" 6.¢)) — (1 +d/2)logn,
V(0. 0) = K(Fy ,,my) — (L4 d/2) logn

(6. ) = log(c(B. o)A, @) /76, ¢)) — (L+d/2) — glog(%').

where K (P . m,,) is the Kullback-Leibler measure of divergence be-
0.0 r &
tween £ . and m,,. Clearl
0.y !

n(0. ) = Eg ol (0. )

and

Hm; X7) = (14 d/2) logn + / Un (6. @) (8, ©)df de.
JK

To prove (3.2), we therefore need to show that the following result holds,
the proof of which we defer to the Appendix.

Lemma 3.2. Under (A1)-(A9), we have

(a) limsup, ... ¥ (0, 0) < w8, ).
(b) On the compacr ser K, 1,(8. ) is uniformly dominated
above by an integrable function.

We then have

lmsup[I(m X") — (1 + d/2) log n]

13

= limsup/ Y (6, o) (6. 2)db do
JI

=N

[N
(W]
~—

< [ Towle0. 216 2)/5(6. )6 (6. )b g
(4 df2) ~ G log(an).

which is a re-statement of (3.2).
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We conclude this section with an information theoretic version off
the convergence of the posterior distribution.  Proposition 3.1 implies
that the posterior distribution of (u". v") = (n(t — W,).n"*(s — ¢,))
converges in an L'-sense, i.c.,

/ (o (u", v") —expleu’]
Ji-~0p RY
Pa(v3 0, (F(6, )" ldu' dv" =, 0.

where ¢, is the posterior mean of ¢. From (3.6), it follows that

(3.6)

i /| / it 8) ~ (8, ) explne(B. )t — 1)

R4

X Ou(s: @, 0" (F(H, N Dt dsp (2" 6. ) dx" 7 (8. 2)db
(3.7)
cquals cero. We can make this result stronger as follows.

Theorem 3.2. Under Assumptions (A1)-(A9) and (A10), we have

;>W@

0l /] wrin (5

x p' (" 6, p)dx" 7(6,p)df dep =0

CIJ

’JJ

(3.3)

where

7 (t. 8) = ne(8, ',9)({""(i0"f”)((f"'”j” ‘)j(;'),](s: &)n. ntp! (#.0)).

Proof. The term inside the limit is

I(m: X"y + / w(#. @) log (. e)dh dep
A (3.9)

! !
~ (1 + %) logn + % log2r)+ A+ B+ C

where

A:-/NGJ@W%WD(yWW¢
JIK
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Bs;/lﬂxw~¢JWFWwD'w—¢JMWVme
C=-— / (6. p)logc(B.p)dfdd — | =(0.¢)logl(B. o)dd de.

AN JIN

By (ALY, Ep on(t) = 1/c(t.¢) + 0,(1) and Ey (¢ — ¢,)7
(F(0.2)) ¢ — ¢,)) = d+ o(1) uniformly in (4. ) belonging o
compacts. Thus (3.9) can be written as

I(m: Xy — logf;i - (—llov i - — / (6, )
(( A (3.10)
—————~—> df dop + o(1).

By Theorem 3.1, the expression in (3.10) is o(1), which completes the
proof. 4

We now explain the rcason for considering the subclass of densities
studied by GS. Since the expansion leads 1o the convergence of the pos-
terior distribution ot a centered and normalized parameter, by the results
of Ghosh eral. (1994), the limiting likelihood ratio must satisty the nec-
essary condition of their Theorem 2.4, The class of densities considered
here 1s essentally the only onc, among the class of all multiparameter
nonregular familics studied by GS, where the limiting likelihood ratio
satisfies the afore mentioned condition.

4. REFERENCE PRIOR

Bernardo (1979) introduced the novelidea of a reference prioras a means
ol generating non-informative priors. The reference prior is perhaps the
most suitable representation of a non-informative prior since it avoids
some of the problems associated with those previously proposed; sce
Bernardo (1979) for a discussion of this. Non-informative priors are
very appealing o both nonsubjective Bayestans and frequentists as the
corresponding procedures match with some standard frequentistones up
to a certain order: see Ghosh (1994), Ghosh and Mukerjee (1992) and
references therein. Furthermore, reference priors, and non-inlormative
priors in general, can also be uselul to subjective Bayesians as aparticular
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subjective opinion may be clicited by thinking of the non-informative
prior as a reference point.

Roughly speaking, Bernardo’s (1979) reference prior is obtained by
maximizing the expected Kullback-Leibler distance between the poste-
rior and the prior (i.c., Lindley’s measure ol information) with respect
to the prior. However, this maximization is done in an asymptotic scnse
as the sample size increases o inlinity. To do this rigorously, one needs
o obtain a one-term expansion ot Lindley's measure as was done in
Section 2. The dominating term ot order log n is independent of the
prior, and it is the second (constant) term which leads to the choice of
a reference prior. More formally. the reference prior is defined as the
(possibly improper) prior density = which is continuous and positive
everywhere and whose restriction to any compact set A7, after normal-
ization, maximizes the functional

' (B, 2ider Froo 2ph 2
/ (. o) log AUl (ITH A6 deo. (4.1)
JIK RS

[t follows immediately that under our setup that the prior density
0. p) = (b sidet Fid, e (4.2)

15 the unique refercnce prior for (A. =) modulo an irrclevant normalizing
constant.  In many cascs, both ¢(#. =) and der F/(A. 2) faclorize into
functions of # alone and ¢ alone. In those cases. # and ¢ are a priori
independently distributed according to the reference prior.

We note the following invariance property of the reference prior. Let
(¢.m) be areparametrization of (#. @), where & = 8(#) and n = 1(p)
are one-to-one smooth functions. Then the reference prior 7% (6. 1) of

(6.m) is related to the reference prior 77 (6. @) by

, A )
7 om) = %[ det (%?—;)

| 7 (0(0). p(n)). (4.3)
where #(0) and ¢(n) are the inverse transformations and % is the
Jacobian matrix of the transformation ¢ +— n.

Olten the parameters # and ¢ are not of cqual importance.  For
example, # may be the paramcter of interest while ¢ is the nuisance
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parameter. In such cases, the reference prior for (6. ¢) defined in (3.2)
may not b¢ appropriate. As argued in Bernardo, in this case one should
look al the quantity

I(r(6). X") = E [l(’g (W—%?J)}

(4.4)
=I(w(f.p). X") — /ﬂ(ﬁ)[(w(gbl()). X")d#;

here and below 7(#) is the marginal prior for 8, w(¢|¢) is the conditional

prior tor ¢ given # and so on. We restrict the parameter space of (6. )

to a compact subset of the form Ky x K. Note that for a given 8,

the family 1s regular so that Lindley’s measure inside the integral of the

second term can be expanded as

, d : [(4. ¢
Tr(ol0). X = Glon g+ [ n(ooon (1050 (45)
2 & J Ky ‘ ’

+ o(1):

this follows from Clarke and Barron (1994). The o(1) term in (4.5)
depends on A, but it follows {rom our assumptions that the o(1) term is
uniformly bounded as long as # lies in a compact sct. By a dominated
convergence argument, it then foltows that the integral of the o(1) term
inside is again o(1). Thus, on simplification, it follows [tom (4.4) and
(4.5) that

I(n(H). X" = log% + /A1 7(f) log <%%> + o(1). (1.6)

where ‘
C(#) = exp {/ (@) log (?(F).v‘y:)(_ld)} : (4.7)

Hencee. if we confine @ 1o a compact subset and 7 (@|f) is given, then
the (possibly improper) prior proportional to ¥ (#) should be taken as
the marginal reference prior for A. More precisely, this leads us to the
following algorithm for obtaining the reference prior.

Procedure 1. This is in an adaptation of the method suggested by
Berger and Bernardo (1989). Choose the relerence prior for ¢ given
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b as 7 (plF) = (det F(H. )2 Choose a sequence @ C dy C

- of compact subsets of ¢ such that U,\ ¢ = &, Sct Ii(f) =
(o, (det F(E2) )" and pi(@l0) = Ki(0)7' (9l0)1{¢ & T}
The marginal reference prior for ¢ at stage [ is caleulated as 7/ (#) =
expi /b (@l loge(d, )de}. Let 6y be a fixed point in ©. Finally,
the reference prior for (M. ), when ¢ is a nuisance paramelters, is finally
obtained as

I(0)m)

7 p) = lim [W

[r@o. as

provided the limit exists.

lnstead ol taking #(@|#) as given, we may try to maximize the
functional in (4.7) with respect to both 7 () and w(¢|f), using an ap-
propriate penalty term as suggested by Ghosh and Mukerjee (1992). We
can then modity the procedure of Ghosh and Mukerjee (1992) to obtain
the following algorithm.

Procedure 2. Maximize the functional

//.‘ m(f. o) logc(f. )db dep — 1 / 7(f. ) logmw(f. )db dp. (4.9)

1N

where [ is a constant. For [ = 1, this lcads to the choice 77 (#, ) =
(0.2).

If @ is the parameter of mterest and A is the nuisance parameter,
both the above procedures are modified in the obvious manner, revers-
ing the roles played by (4. ) and (det F(#. ))'/2. The justification
for this procedure is essentially the same except that we must use the
result of Ghosal and Samanta (1997) for onc-parameter nonregular cascs
(formally. d = 0) in place of the results of Clarke and Barron (1994).
It the different components of ¢ are of varying importance (when o 1s
multidimensional), appropriate modifications may be suggested in anal-
ogy with the methods presented by Berger and Bernardo (19924, 1992b,
1992¢). The details are omitted here.

In the important special case where the factorizations

bop) = i (0)ea(@). 1(B.5) = (det P8, 2) 2 = 1 (0)02().
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hold, the Berger-Bernardo algorithm yields the prior ¢ (#)(d). irre-
spective of the order of importance and the choice of compact sets. The
prior then has the parametrization invariance property described in (4.3).
Procedure 2, however, lacks this property. In Examples 4.1 and 4.2 be-
low, e(#. ) and [(f. ¢) Lactorize in the above manner.

We illustrate the procedure for obtaining reference priors using three
important examples.

Example 4.1. (Location-Scale Family). Let

Febo) =5 ("’ - ”) |

~

%
where fo(-) is a density on (0, o0) with f(0+) > 0,

el (e fy(a)?
0 < / ]?u(-'lf) dy < oc. 0< / 0 2

A

.
In this case,

. E i . 4

0.0 = "F04). Fl.p) = o ° / g—l——tm—d,zx
. fo(w)
Thus. the reference prior for (6, ¢) when both # and 2 arc parameters
of interest is 7' (H. 2) = . Morcover, il cither # is the parameter
ol interest and o is the nuisance parameter, or iy is the parameter of
interest and # is the nuisance parameter, then both procedures yield the
prior 2"

Note that it X has density fo, then (ga+ ) has density f(e: 6. 2).
Thus, the parameter space may be identified with the group of atfine
transformations & =— (20 + 6). The measure ¢ “dfdy is the left
mvartant Haar measure while the right invariant Haar measure is given
by @ 'dfdz. 1t is well known that the right Haar measure is a very
attractive prior with many desirable properties; sce Chang and Euaves
(1990). That the procedures lead to the choice of the right Haar measure
is, therefore an attractive teature.

Example 4.2. Consider the tamily of Weibull distributions with known
shape parameter o, unknown scale parameter 2 and truncated at the left
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at some unknown point #. Thus, we have obscrvations from the density

' 4 -1 pr[_*:a'l?u] 7
10, 0) = == , >0 ]
flts) Jo~ut texpl=y ldy (4.10)

= a2 Texpl— 200 = HY)). @ > 8.

In this case, ¢(#, ) = af* 1o and F(6. ) = o’z 2 Thus, the
reference prior for (6, ) is #7101

When 6 is the parameter of interest, the reference prioris o 140!
if Procedure 1 s followed. Procedure 2 leads to the prior 6412

I ¢ is the parameter of interest, Procedure 1 again proposes using
2 "o U while Procedure 2 suggests usc of the prior ot
Example 4.3. Suppose we have observations [rom a gamma population
with unknown scale and shape parameters o and «v respectively. How-
ever, due o some limitations of the measuring instrument, obscrvations
greater than an unknown threshold value # (which is assumed to be much
targer than the mean «/@) cannot be detected and are completely lost.
Thus, we have observations {rom the truncated gamma family

o O 0 1
fletoa) =— o U< <t (4.11)
Jo e 7y tdy

and our aim is to make inference about o and «v, with # as a nuisance pa-
rameter. LetI'(:2) denote the incomplete gamma integral [ ¢ " 1o
and set
Du(,z2) = / e T logr)de., k=12
Jo

It then follows that

¢=c(l,0.0) = —0% 0T (0 08) (4.12)
and F' = F(#.0,0) = ((Fji))1- k=2, where
o th{l“(oﬂr 2,00) <F((? + 1"”0))2}«
[(w; o) INGRaD)
Fuo = Fyy — 0\1{@1(0 +Lof)  Tla+1iob) Pi{aiof). |
I(a; 0f) Tlaiof)  T(a:od)
- Dy(ov; 08) <(I>1((z'; nf))>2

=T T(v:of)  \ T(a:ah)
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These expressions are very complicated and it seems impossible to im-
plement the Berger-Bernardo algorithin described by Procedure 1. Pro-
cedure 2 the use of the prior (det F(6. 0. «))"/2, but this is still com-
plicated and wractable. In what follows. we suggest an approximation
to the refercnce prior. Since of is large, we replace all the incomplete
integrals with the corresponding complete integrals to obtain the approx-
umation ¢ for ¢ given by

¢ == T () (4.14)
and F'" for F given by
oo o2 o (Wl + 1) — W(a))
o ta(Tla+ 1) — Tla)) T’ (v) ‘
(4.15)

where W() = 7,(1—, log T'(/3) is the digamma function and ¥’ is its deriva-

tive.
To implement the Berger-Bernardo algorithm, we first put
0.(,1
e o) = ——e P a0, (4.16)
C{ev)

For a given A, we find a “reasonably non-informative™ prior for (7. )
based on F and then “average it with respect to 7 (f)o. «v) in the sense
desceribed in Procedure 1. Finally, the overall reference prior is obtained
by multiplication. However, as F'' is independent of #, the prior for
(0. ) given # will not depend on 6, and hence the “averaging™ is su-
perfluous. The prior tor {#.a) may be taken as the “Jeltreys™ prior”
(det F*{~.cvo = i both @ and « are of similar importance or a further
Berger-Bernardo algorithm (of the regular case) may be applied to the
“information matrix” Fim a). Inthe first case, we obtain the reference
prior

THoa =7y 7\ Wa)— (}'(\IJ<(,/+ 1) — \ym))'z
- (4.17)
— W Ao >0
When o is eh parameter of interest. the reference prior is
‘/_A-%(H,‘ﬁ,!l = - T_IJ N -—()(\I}((}%_ l) “@((\‘))2
- (1.18)

- Hoooao> 0.
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while, when the parameter of interest is o, the relerence prior is

1)
i a

\D/((L)F((Y)

T(Hoa)=0" N o> 00 (119)

In both cases, the choice of the compact sets does not matter. We note
that, although the conditional reference prior for # given (o. «) is proper
(in fact, gamma), the “marginal” is an improper mixture of gammas
and, hence, is improper. In addition, the prior for # is supported on
(0, 0¢) even though we have assumed in the derivation that # is large.
We may impose a lower bound for #, but this will not have much effect
on the inference as the posterior for # given Xy, .... X, is supported
on [Xyux. o¢). The “marginal” lor o is ¢! in cach case and this is
a reflection of the fact that o is a scale parameter in the absence of a
truncation. The prior for « is complicated and, in practice, we may
prefer to make a suitable subjective choice.

APPENDIX
Proof of Proposition 3.1. By the results of GS,
PUX" 0+ u/n. ¢+ P)

P(X"0.9) (A.1)
1 .
= explew + 0T A, — ;vl Foll{u < a,} + o,(1),

Zy(u.v) =

uniformly on (u.v) belonging to compacts, where ¢ = ¢(#, ), F =
F(6.¢), 00 = 0,6) and A, = A, (6, ). Furthermore, convergence
is uniform over (u, v) belonging to compact sets. Now, for any H > 0,

/ (64 u/n.p+n V202, (u.v)

. 1 ,
— (0. o) explew + vl A, - 517'1 Foll{u < a, }|dudv
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is smaller or equal than

/ S+ u/np+n ) — w022, (u.v)du dv
(.

4/ 7(H. )
D ;

1
\Z(u.v) — expleu + v A, - —UFFU]]I{U <y }dudv
+ / (0 +u/n.d+n" V0V Z, (u.v)dudv
" ’L" > ]

‘ | A Ly
+ / m(H. )Y Bn-3v FUH{U < o, pdu dv
) >
(A.2)

By choosing H large enough, we can make the third and fourth terms
small with arbitrarily large probability. For the third term, this follows
from Lemma 1.5.2 ol TH while for the fourth, it is a consequence of the
stochastic boundedness of o, and A,,. Furthermore, for any H > 0, the
first two terms converge to zero in probability by virtue of the continuity
of #(-) and (A.1). Hence, the right hand side (RHS) of (A.2) goes o
zero in probability and, thus,

bed 2 X (4 V(9 dj2 UAT ]
p o (X TR e SATF AL 4
PrXTH c(det F)1/2

Since m,oand A are stochastically bounded, can be seen that (1) follows
from (A.3).

The tact that the left hand side (LHS) of (A.2) goes to zero implics
that the posterier density =, (u. v) of (u, v) admits the approximation

/ Folnor oo on o < gy Yog(vi B YA, FY dude —, 0.
' (A.4)

Similar ar onts give

/ ' E e e T < ey toalvs FUA P T dudy ) 0
' (A.5)
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and
/ ”U"zfﬁ'/l(uu ’U) — (,t(‘}{p[(;"UJ]H{’U, < (Tn,}@d(’vth]A'n- F l) (A())
ldudv —, 0.

It then follows immediately that (A.S) and (A.6) imply part (ii).

Proof of part (a) of Lemma 3.2. Tt follows from Proposition 3.1 (i)
that

LP)o

R, (8. p) —q4log (M—f—)> — (¥

(8, )

(A.7)
Loar g d,
- ;A F (0. 9)A - 5 log(27),

where @ is an exponential random variable with mean 1/¢(. ) and A
is distributed as Ny(0, F'(4, ¢)). Hence, by Lemma A1 proved below,
we obtain

limsup £y R,(0.¢) < log
(A

(“s?)

— (8.5 o — SE(QATF (8. )A)
- gl()g(‘Zﬂ)

= log(c(f, )0, 0)x(f0. ) — (1 + d/2) — glog(i)?r),
) (A.8)

which completes the proof.

Lemma A.1. The sequence I, (6. ) is uniformly Py .-integrable
from above.

To prove Lemma A.1, we need the following definition.

Definition A.1. Ler nwo probability measures P and Q@ be defined
on a sample space (2, A). Let h denote the density of the absolutely
continuous part of Q with respect to P. The modified Kullback-
Leibler information number K*(Q, P) of Q with respect to P is
then defined by K*(Q, P) = — [ logh(w)I{h(w) > 0}Q(dw).
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Itis casy to see that K7 of the n-fold products P and Q" is related
o K(Q.P)by K*(Q".P") = nK(Q.P)Q{h >0} .

Proof of Lemma A. 1. We fix (6. ) and suppress it whenever there is
no chance of confusion. Let A > 0 and let n be sufficiently large. Then

B ‘ p'(X":t.s)
R, —l()o</ (X7 0. 0) (t.s)(l,f(ls)

< —log ( / Z,z('u,.'v) (A.9)
R L= U/}(n U‘\

7B+ u/n g+ 71"’1/21))([(1, (lU).
where 7, (A) = min(a,,. A). By application ol Jensen’s inequality, we
can bound the RHS of (2.16) by

—(A+ 0o, (A))"’lA"‘j(y““l / log Z,, (u, v)du dv
A<uon(A) U= A

—log(A+ 7,(A)) — dlog A — log «v
—log inf{w(6 4+ u/n, o+ n" ) ju| < A |lvf < A},

(A.10)
where «v is the volume of the unit ball in RY. The final term converges
wlog (6. o) > —nc as n — oc, whereas the intermediate terms are
clearly bounded as n varies. It therefore sulfices to show that

/ 1()g Zy (u.v)du dv
Ao (A v

is uniformly integrable.
Now, for any fixed (u, v), we have
og Z,(u.v) = (cu+v' A, — v Fo/2)|{u < 0,} —, 0. (A.11)
Il we vary (u.v) according to the uniform distribution v on [— A, A]
x{v: |v]| < A}.thenby Fubini's theorem, the LHS of (2. 18) converges
(o zero in (v x Py )-probability. We claim that {log Z, (u.v) — (cu +

vlA, - UTFU/Q JI{u < &5} is uniformly integrable with respect o
the joint distribution. It this is true, we then have

/ / |logZ, (u,v) — (cu + vT A, — v Fu/2)|
T{u < o br(du. dv)p™ (z"; 0. )dx" — 0,
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which in turn implies that

/ logZ, (u, v)I{u < o, }r(du. dv) — /((“u, + oA, — vl Fu/2)
I{u < g, }v(du. dv)

is uniformly Fj -integrable. The sccond term is, however, itsell” uni-
. . el . . -

formly integrable. Hence, it follows that the first term must also be
uniformly integrable which proves the lemma.

It remains [or us to prove the claim that was made above. Note that

[~ logZ, (u.v) + (cu+v" A, — v Fo/2)]l{u < 7,}
= 9[—log Zt (u.v) + Z3 (. v) [T {u < o,}

+ [—22,12/2(11,. v)+cu+v A, —v Fo/2ll{u <o,)}.
(A.12)
The second term has a uniformly bounded second moment and so is
uniformly integrable. The firstterm is nonnegative and converges weakly
10

{(—(cu+v"A=vT Fo/2) + 2expleu/2 4+ v' A /2

) (A.13)

—v' Fu/4]}T{u < o}:
(see (2.1)). To complete the proof, it is enough to show that the limit of
the expectation (with respect to the joint distribution) of the first term of
the RHS of (A.12) is equal to the expectation of the expression in (A.13).
Itis therelore sutficient to show that the ). -~cxpectation of the first term
on the RHS of (A.12) converges to the expectation of the expression in
(A.13) uniformly in (u. v) belonging to compacts. We separate the two
cases v > O and w < 0. In the former casc, the expectation ol the
expression in (A.13) is

{—(cu—v Fv/2) + 2exp(cu/2 — v Fv/8)} exp(—cu). (A.14)
while in the latter case, this expectation is

{—(cu — v Fo/2) + 2exp(eu/2 — vl Fo/8)}. (A.15)
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Now, if # > 0, the expectation of the first term on the RHS ol (2.20) 18

0f ol
ey
-/[)” (Xx”.0+u/np+n" l /2U)>()

@O Fu/nop+n 1/249) It
108 pn(wn. ¢ ﬂ) x
: O

£ /(p”(w”; b+ u/n.p+n )

. /¢ .
P 0.9) e — 2P {0, > u}
which may be cxpressed as

nl’ ((0.2). (0 +u/n, g+ ,,’*1/21]))
ap (0 vu/n) .(1‘2(0) n—1
1— / flu b, o)de — / fla:6, g)de

ay (0) . (12(0—1 w/n)

n

1 ’ Iy - Sy B
+2 <l -3 /(fj/z(;zf: O+u/n.g+uv/n) —f7% 0, ¢))2cl;1,‘)
(A.16)
A Taylor scries expansion yields

K((0.2). (0 4+ u/n. o+ 0 Po))
=n Y—cu+ v Fv/2)+on™),

aq (0+u/n) -ap(0)
I - / (a0, )da — / fla; ) de

a| (0 . (1,2(0—{471,/17,)
=1 —cu/n+on b, /(fl/Q(;z'; O+u/n.+v/n)
P08 e = 0 w0 Foja) 4 ofn )
where the asvmptotic expansions are valid uniformly in (w. v) belonging

tocompacts. Substituting in (2.24), the claim follows by taking the limit.
The case v < O follows similarly. 4
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Proof of part (b) of Lemma 3.2. Taking By .-cxpectation in (2.17),
we obtain

Un(f. ) <o TATID / / pi(6. )
Jod A uan O A

| p(@" 0+ u/n.g+n l'/21))
x |log
a6, )

(1+d)logA—loga —loginf{=(t.s): (t.s) € K}

4B1+B2/ / Pz 0. )
l (A (TU ""Uu 1

(2l 4w/ o+ L/ 24
« llog P (e t/n.+n )
pr(Ei0.)

du dv dx”

du dvdzx".

(A.17)
where By and B3y are constants. If u < a,,, we can write
log Z,,(u. v)
U O
==Y Zlog f(X;: . V2N,
- l-,,l(f)y og f( ©) +n
2 2
9,122[)92 log f (X o' (b) 4
(A.18)

9,,,22 Zaeawh)" flXi:6. &)

d d

')HZZI IAZOYO o o X607 7).

where (8", ¢") lies between (6, ) and (64 u/n. o+ n~"v): here and
below o5 and o5 denote the jth components of v and ¢ respectively.

Thus, by (AY), we may write

4 U n 0
log Z, (u.v) = %Z B log f(Xii6.9) + n' A

1 n
1 ( 2N .
-+ o (u + E I Vi) 5 I Hy - (X)).
J =

(A.19)
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Note that E[v?'A, | < (E(wTA,)2)Y2 = (v F(8.¢)v)' 2. Hence

| ' 0
Y0 ) < By + By / {I“'] / t—(%‘ (it )|
Jlu| ALUELA .

d
+OTFO.0)0) " + S (u+ Y0 E(H (X)) | dudv
j=1

[NeRE

! ! ' 0 . .
< DB + Bz{ / |5;)—f(1 f. o) dv + 1111;1\(/ Jii(6.¢)

+ E(Hy (X))}
(A.20)
where B| and B) are constants. As a function of (#,), the RHS of
(2.28) is continuous, and so is bounded on compact sets.
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