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Complete Convergence of Martingale Arrays
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We study complete convergence of martingale arrays under rather weak condi-
tions. Our results considerably strengthen many of the results available in
the literature. As a tool, we establish a martingale analogue of an inequality of
Hoffman-Jprgensen which was earlier known only for independent random
variables.
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1. INTRODUCTION

Let {(X,i» Fp): k>=1,n>1} be a triangular array of martingale differences
with finite moments of appropriate order. Modifying certain ideas of Li et
al,® we show that under certain natural conditions, 3, X, converges
completely to zero, ie., for any e>0, 32 | P{I32_ X,x| >¢} <co. This
result is then applied to certain special arrays to obtain important exten-
sions of some of the existing results on complete convergence.

The notion of complete convergence was introduced by Hsu and
Robbins.® The importance of complete convergence arises from the fact
that it gives additional information on the rates of convergence in an
almost sure convergence. For a discussion on complete convergence, more
references and a general review, Gut® may be consulted. Our results
extend considerably the results of Hsu and Robbins,® Chow,® Yu*" and
several of the results of Li e al.®> We establish a new martingale inequality
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(see our Theorem 1), which is a variation of an inequality due to Hoffman-
Jorgensen® for independent random variables. This inequality is then used
as the principal tool for establishing the results on complete convergence.
With the help of this inequality, we are able to extend many results pre-
viously known for sum of independent random variables. Since we consider
variables which are neither independent nor identically distributed, no
attempt has been made to show the necessity of the stated conditions.
Study of complete convergence in the dependent setup has begun only
recently. Yu'" considered the case of martingale differences and Shao® '
studied complete convergence under mixing conditions; see also the
references therein. Complete convergence for moving average process
has been studied in Li et al.”’ Like Yu,"'" we also consider martingale
difference sequences. However, our results are much more general than
Yu’s,™) and moreover, the techniques used are completely different.

2. MAIN RESULTS

In this section, we present all the main results. The proofs are deferred
to Section 3.

Our first result is a martingale analogue of an important inequality
due to Hoffman-Jgrgensen,'> which is elegantly used in the proof of com-
plete convergence for independent random variables [see Li et al®].
A result somewhat similar to our Theorem 1, part (a), called “the good A
inequality,” was earlier obtained by Burkholder® [Eq. (12.3)]. A stronger
form of Burkholder’s result, with exponential rather than quadratic decay
of the constant on the right-hand side of the inequality, was obtained by
Hitczenko™ [ Prop. 3.2]. However, both results need the assumption that
the martingale-differences are dominated by a predictable process which we
do not assume. Moreover, it turns out that the particular form presented
here suits better for the purpose of establishing the results on complete
convergence. Finally, by repeated applications of part (a) of Theorem 1, we
can obtain decay rate faster than any given power in part (b).

Theorem 1. Let {(X,, %), k>1} be square-integrable martingale
differences such that for some constant M, 3, E(X?| % ;) <M as.,
where %, is a trivial o-field.. Let S, =X, + --- + X, k= 1. Then

(a) fort,r,s>0,

M
P{sup |S;| =1+ r+s} <P{sup |X,|=s} += P{sup |S,| >} (2.1
k=1 k=1 r k=1
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and

(b) for t>0 and an integer m > 1,

I — (M/2ym— 1 (M)m
P SelZz2mt} K —————=5—P Xzt +-—= 22
(R I8l > 20t} <5y PR Xz 4o (5] )

The next result is on complete convergence of square-integrable mar-
tingale-arrays and is an L2-martingale analogue of Theorem 1 of Li ez al.®

Theorem 2. Let {(X,,, Z,), k =1} be sequences of square-integrable
martmgale differences. Suppose that there exist constants { M,} such that
YR EX2 N F 1) S M, as., where Z is trivial for all n. Let {¢,} be
a sequence of nonnegatlve numbers satisfying >, ¢, M%< oo for some
A>0 and

P{| X, | >¢} <o Ye>0 (2.3)

1

I8
I 18

X

Then

k
> X
i=1

Y ¢, P {sup

n=1 k=1

>s}< € Ye>0 (2.4)

The following couple of examples show that Theorem 1 is actually
applicable to martingales distinct from the sequence of partial sums of
mean-zero independent random variables also. The same remark applies to
the other results in this paper also.

Example 1. Let {Y,} be an array of row-wise independent mean-
zero random variables satisfying | Y, | < ¢, a.s. for some positive constant
satisfying sup,s; S pn <K< and Y, EY% =0(n"*) for some
a > 0. Consider the martingale M,, = H"= (1+7,) and the corresponding
difference sequence X,, =M, — M,, x_ with the natural filtration. Then
EX% | F i) =T12 (14 Y,)> EYZ, and so

Y EX | T DS T (T +ey)? Z EY, =0(n™"
k=1 i=1 =

Hence by Theorem 2, the sequence []°_, (1 + Y,,) converges completely
to 1.
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Example 2. Let {Y,.} be an array of row-wise independent positive
random variables. Let (>0 and ,.(¢) = E(exp[ —tX,.]). Consider the
martingale M, =exp( —IZ,=1 W /]_[]=1 W,;(1) and the corresponding
differences X, =M, — M, ,_,. Assume that inf,. 1>, Yu(t)>0
and 32 (W 20/(Yul1))* —1) = O(n~) for some a>0. (For example,
Poisson variables with parameters 4, satisfying >, 1,, = O(n~*) meet
the condition.) Then the array {X,,} satisfies the hypothesis of Theorem 2
and so exp[ — ¢ 27, Y I/T17- ¥.(t) converges completely to 1.

We now consider complete convergence for L?-martingales. Theorem 3
and Corollaries 1 and 2 have been formulated by the referee. Theorem 3
allows us to unify and extend the results we originally obtained as martingale
analogues of (the direct halves of) Theorems 2-4 of Li et al.®

Theorem 3. Let {(X,., Zu) k=1} be sequences of square-integrable
martingale differences satisfying sup,, , F(X | mi—1) <K as. Let {b,}
be an array of real numbers such that Zk=1 o =0(n"%) for some a>0.
Let Uy, V, and W be random variables satisfying

sup P{| X | = x} < CP{|U,| = x} Vx>0, Vkzl1 (2.5)

nzl

sup P{|X,| =2 x} < CP{|V,| = x} Vx>0, Vn>1 (2.6)

kz1

sup P{|Xu|l=x} <CP{|W|=x} Vx>0 2.7)

nkzl

for some finite constant C. Let £: [0, c0) > [0, o) be a function such that
¢(x)=1 for all x> 1. Set

fve]

Calx)= 2 Elbmex]),  &uulx Z (16 mex])
n=1

- (2.8)
n=1 k=1
Then any one of the following four conditions
< < |bnk nkl
> ) E¢ < oo Ve>0 (2.9)
n=1 k=1

i Eé,k<|lik|><oo Ve> 0 (2.10)
k=1
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® V
> Efn,<l——8”—l><oo Ye>0 (2.11)
n=1
w
E¢.. <%>< e Ye>0 (2.12)
implies
Yo X P{buXul>el <o Ve>0 (2.13)
n=1 k=1
and hence
') k
Y P{sup Y b Xl >e} <o Ye>0 (2.14)
n=1 kzlli=1

Remark 1. Set R(x)=sup, ; P{|X,.| = x} forall x> 0. Then R(0) = 1
and R(-) is decreasing and left-continuous. Since EX?, <K, we have
R(x) < Kx~? for x> 0. Hence, in particular, R(x)—0 as x - cc, and so
there exists a nonnegative random variable W satisfying (2.7) with equality
and C=1. Moreover, P{ W= x} < Kx~?and so, EWI<(2/(2—q)) K?* for
all 0 < ¢ <2. In the same way, we see that there exist nonnegative random
variables U, and V,, satisfying (2.5) and (2.6) with equality and C=1.

Corollary 1. Let {(X,, Zu) k=1} be sequences of square-
integrable martingale differences satisfying sup, , (X7, | 7, r_1) <K as.

for some constant K. Let p>0 and {a,,} be an array of real numbers such
that

Y ak.=0(n°) forsome J<2/p (2.15)
k=1
If
A= sup |a,l and  A,=sup Y |a,l4 g>0 (2.16)
n k=1 nzl k=1

and U, V, and W are chosen according to (2.5)-(2.7) respectively, then
we have

n—lp |a,,kX,,k|>e}<oo Ye>0 (2.17)
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in either of the following five cases:

[eo} o0
Jg>0sothat Y > n 97 |au|?E|X,]|7< 0 (2.18)
n=1 k=1
p<2and 4, < {2.19)
A<ooand Y E|Ug* <o (2.20)
k=1
3¢ >0so that 4,<oo and ) n~PE|V,[|9< w0 (2.21)
n=1

E | W|max(p.a) < o, if p#¢q

222
E|W|?log(l +|W]) < 0, if p=g¢q ( )

3¢ >0so that 4, < © and{

The first two cases of this corollary generalize Theorem 3 of Li et al.®
from independent to the martingale case. In fact, the case p <2 is covered
and the conclusion is also strengthened. On the other hand, Theorem 2 of
Yu™ is generalized in various directions. First, we allow a double array
instead of a single martingale considered by Yu.*" Secondly, no condition
on the conditional pth moments are assumed as opposed to Yu;'! the
assumed conditions on the moments and conditional moments follow from
the condition that sup, . E(|X,x|? | %, —1) <K as. (in the case p>=2).
Thirdly, we need J < 2/p only unlike J < 1/p as required by Yu.'" Finally,
the assumption on the convergence of the infinite real series is weaker
than YwsV in the case of p>4. In particular, a result of Chow® [see
Theorem 1 of Yu'V] for p > 2 follows as a very special case. The case p =2
of Chow’s result (and hence the original result of Hsu and Robbins(®) is
contained in Theorem 2.

Corollary 2. Let {(X,x, Zu). k =1} be sequences of square-integrable
martingale differences such that sup,, 5, E(X2, | Z, «_,) <K as. for some
constant K. Let W be a random variable satisfying (2.7) and {a,,} be an
array of real numbers. Let p > 0.

(a) Assume that sup,., 250 ;lax|? <o and E(|W]|?log(]1+
|W])) < co. Further, if p>2, assume also that 3, a2, = O(n°) for some
0<2/p, g <p. Then

Y P {n‘”‘” sup

n=1 k=1

k
Z am-X,-<>a}<oo {2.23)

i=1
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(b) IfE|W|? < and if for some 8 <2/p, g < p, we have 3 °_, a2, =
O(n®) and sup, 5, 321 |a |9 < co, then

k
Y a,,iXi}>8}<oo (2.24)

i=1

Y P {n_‘/” sup
n=1

k=1

Corollary 2 generalizes Theorem 2 of Li et al.® to the martingale case
(consequently, also the aforementioned result of Chow in the case p>2)
and also removes a few restrictions. Part (I) of their theorem is extended
from p=2 to every p>0 and from Part (II), the restrictions p >2 and
g =2 are omitted.

Corollary 3. Let {(X,x, Fu), k =1} be a sequence of martingale dif-
ferences such that sup,, , E(X ﬁ « | Fn—1) < K as. for some constant K. Let
¢>0, p, g€ R be given numbers and let {b,,} be an array of real numbers
satisfying

bl <cn=2k=7  ¥n, kx1 (2.25)

and
Y bl =0(n"") forsome a>0 (2.26)
k=1

If U, V, and W are chosen according to (2.5)-(2.7) respectively, then we
have

© k
> P {sup Y buX,|>e) <o Ve>0 (2.27)
n=1 kzlli=1
in any of the following seven cases:
Ju >0 so that > nTHPkTRME | X 1# < o0 (2.28)
k21, by #0
p>iand g>} (2.29)
p>0and Y k~9PE|U;|"? <o (2.30)
k=1
g>0and Y nPUE|V,|Y"< 0 (2.31)

n=1



628 Ghosal and Chandra

p>0,9>0, p#qgand E |W|mxz"ha™h (2.32)
p=g>0and E(|W|"?log(1+|W|))< o0 (2.33)
2> ql, bl =0Vk>nand E|W|¥P+9 < oo (2.34)

Choosing p=1+f and g= —f, the direct half of Theorem 4 of Li
et al® can now be readily extended to the martingale case, with a some-
what weaker set of conditions.

3. PROOFS

In this section, we present proofs of all the theorems of the previous
section.

Proof of Theorem 1. (a) For t>0, define a stopping time T =
inf{k>1:|S,| =1}, where inf() = co. Set ||S|| =supss, |Si|. Note that,
by the assumption, {S, % is an L>-bounded martingale and so ||S|| < oo
a.s. Given ¢>0, choose k, (depending on the sample point) such that
ISk, | > IS —e. Thus on {T=1 ||S| =¢+r+s,supssy [Xel <s}, we have
SUPg 5 [Se—Si 2 lSk(,—S1| 2 'Sk0| =S, =X > [S|—e—t—s2r—¢
the third inequality holds because |S;_;| < ¢ on the relevant set. Since ¢ >0
is arbitrary, supy.,|Sy— S| = r. Hence

P{T=1L|S|=t+r+s}
SP{T=Lsup |S,—Si|=r} +P{T=1Lsup |X|=s} (3.1)

k=l kz1

By (a conditional version of) Doob’s inequality,

P{T=1,sup|sk—s,|>r}=j P{sup [S,—S,| =7 |} dP

k=l {T=1} k=l

<2 [ y E(X,E|9'f})] ap
(T=1} Likz141

<r*2j S E(X2|F_,)|dpP
{r=1}

k=1

<Mr—2P{T=1} (32)

Combining with (3.1) and summing over [/, (2.1) follows since
©  P(T=1} <P{|S|>1.
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(b) For m=1, the result is true since by Doob’s inequality,

1 2 M
P{sup IS, 122t} <— ) EXi<-— (3.3)
k=1 4 /2 4t

For an m > 1, by Part (a),

P{sup [Si|=2(m+ 1)t} = P{sup |S;| =2mt +1+1¢}

k=1 k=1

M
< P{sup | X;| =1} +—t—2—P{sup [Se| =2mt}  (3.4)

k=1 k=1
The proof can now be completed by induction. a

Proof of Theorem 2. Find a positive integer m = 4 and apply Part (b)
of Theorem 1 with 7=¢/(2m). O

Proof of Theorem 3. By an application of Theorem 2 to the array
b X, With ¢,,=1, it is clear that (2.13) implies (2.14). The rest follows
from the following easy estimates: For any nonnegative random variable Z,

EE(Zle)2 ). P{lbuZl| > ¢}

EC,(Zle)2 ). P{l1buZ]>e}

k=1

EE.Z/)= S Y PllbwZl > 6}

n=1 k=1

E&(ZJe) > P{Z >¢) 0

Proof of Corollary 1. We set b, =n~""?a,, and note that 3°_, b2, =
O(rn~*), where a=(2/p) — . We now apply Theorem 3 with &(x) = x? for
x>1 and &(x)=0 otherwise. We need the following estimates (i)—(iii)
which are easy to verify. First note that 4 < co if for some ¢>0, 4, < 0.
We shall use this again in the proof of Corollary 2.

(i) If 4 <o, then

Culx) < A9x7 Z

n<|Ax|?

n-9r g {meu(p, o, %f p#4q
Cx?log(1 + x), if p=g¢

where C is a constant depending only on {p, g, 4).
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(i) If A, < o0, &, x) < A,n~9Px4,
(iii) If 4,< oo, then

Cxmax(p a), if p#gq

<A x —alr g .
L) <AxT Y {Cx”log(1+x)a if p=q

n<|Ax|q

where C is a constant depending only on (p, ¢, 4, 4,).

If (2.18) holds, then (2.9) verifies. If p <2, then (2.18) holds for ¢ =2,
since EX2, is bounded and n~%*? is summable. If (2.20) holds, apply (i)
with any g < p to verify (2.10). When (2.21) holds, (2.11) can be verified by
an application of (ii). Finally, if (2.22) holds, it is immediate from the
estimate (iii) that (2.12) also holds. This completes the proof. O

Proof of Corollary 2. If p<2 and sup,.; > |@x|? <oo, then
(2.15) trivially holds. Now we can verify (2.22) of Corollary 1. For case (a),
we choose ¢ = p whereas for case (b), we apply (2.22) with the same g. [

Proof of Corollary 3. 1f (2.28) holds, then (2.9) holds with &(x) = x*.
The next case is easily resolved as a special case by taking 4 =2. For the
rest of the cases, we choose &(x) to be the indicator of the interval (1, co).
Then the following estimates can be established:

p>0= EL00< c\/Pj—a/py1/p
g>0=¢,.(x)< cVay —rlay /e

-1

Cxmax(p q")’ if p#g

0, LX) i
p>0, ¢>0=c..(x) {Cx‘“’log(HX)a i p=q

Moreover, if b,, =0 for all k>n and |q] < p, then

Lo (x) S Cx¥rt o

It is now easy to see that the result follows from various cases of
Theorem 3. O
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