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SUMMARY

We consider Bayesian multivariate density estimation using a Dirichlet mixture of normal
kernel as the prior distribution. By representing a Dirichlet process as a stick-breaking process,
we are able to extend convergence results beyond finitely supported mixtures priors to Dirichlet
mixtures. Thus our results have new implications in the univariate situation as well. Assuming
that the true density satisfies Holder smoothness and exponential tail conditions, we show the
rates of posterior convergence are minimax-optimal up to a logarithmic factor. This procedure
is fully adaptive since the priors are constructed without using the knowledge of the smoothness

level.

Some key words: Bayesian density estimation; multivariate; rate-adaptive; Dirichlet mixture.

1. INTRODUCTION

Kernel methods for density estimation has been well studied in the past fifty years (Wand

& Jones, 1995). In the nonparametric Bayesian literature, the study of asymptotic properties of
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2 W. SHEN AND S. GHOSAL

posterior distributions received a lot of interest since the development of efficient Markov chain
Monte Carlo (MCMC) methods (Escobar & West, 1995). A general result on posterior consis-
tency was established in Ghosal et al. (1999) and then applied on the univariate Dirichlet mix-
ture of normal prior; see Tokdar (2006) for an improved result. General posterior convergence
rate theorems were obtained in Ghosal et al. (2000) and Shen & Wasserman (2001). Ghosal &
van der Vaart (2001) considered univariate Bayesian density estimation problem using Dirichlet
mixture of normal kernel and studied the case when the true density is a location-scale mixture
type while its standard deviation is bounded away from zero and infinity. Although the poste-

rior rate is nearly the parametric rate n~1/2

, the assumption of “super smooth”true density with
the bounded range of standard deviation is quite restrictive. Using a new general rate theorem,
Ghosal & van der Vaart (2007) obtained posterior convergence rate of univariate Dirichlet mix-
ture of normal kernel when the true density is only twice continuously differentiable. Though the
number of mixture components increases, the minimax rate is still obtained. These results need
a prior on the bandwidth parameter that scales appropriately with increasing sample size.

In recent studies, rate-adaptive estimators based on posterior distributions have been con-
structed to accommodate different levels of smoothness of the underlying true function of in-
terest. Belitser & Ghosal (2003) considered the problem of estimating a signal with Gaussian
white noise and showed that the posterior rate automatically adapts to the unknown smoothness
condition if the “smoothness parameter’only takes values in a discrete set. Huang (2004) and
Ghosal et al. (2008) showed that appropriate mixture of priors based on spline expansions or
wavelets yield optimal posterior rates for a finite or countable range of smoothness parameters

for density estimation and nonparametric regression problems. Alternatively, van der Vaart &

van Zanten (2009) constructed a prior based on a randomly rescaled smooth Gaussian process,
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Bayesian density estimation 3

which automatically adapts for a continuous range of smoothness parameters. They treated the
multidimensional case as well.

A technical challenge in proving adaptation of the posterior distribution based on mixture pri-
ors is to find an approximation of the true function within the model, whose accuracy increases
appropriately with increasing smoothness level of the true density. An interesting approximation
idea proposed by Rousseau (2010) in the context of beta mixtures prior turns out to be very
helpful for constructing the required approximation and subsequent adaptive posterior distribu-
tions. A similar idea for normal mixtures was proposed by Kruijer et al. (2010). An analogous
approximation in the multi-dimensional situation was constructed recently in de Jonge & van
Zanten (2010). They used a special type of Gaussian process to construct an adaptive procedure.
However, their constructions apply only to compactly supported densities. The issue of unbound-
edness of the support was resolved in Kruijer et al. (2010) for univariate Gaussian mixtures by
imposing appropriate tail conditions on the true density.

The adaptation results in Kruijer et al. (2010) used a prior based on finite mixture of the
normal kernel in a univariate setting. In practice, Dirichlet mixture priors are popularly used
in the univariate density estimation problems; see Ferguson (1983) and Lo (1984), as well as
in the multivariate situations (Miiller et al., 1996). Posterior consistency results in terms of the
L;-distance were studied in Wu & Ghosal (2010) under a multivariate setting. An extension to
multivariate mixed-scale density estimation has been recently discussed in Canale & Dunson
(2011).

In this paper, we study the posterior convergence rates for Bayesian multivariate density es-
timation. We extend the approximation result in Kruijer et al. (2010) to the multi-dimensional
setting assuming local S-Holder smoothness and exponential tail conditions. Using the stick-

breaking representation (Muliere & Tardella, 1998), we approximate a Dirichlet process by a
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4 W. SHEN AND S. GHOSAL

finite sum of mixtures while the error is controlled within a pre-determined level, which helps
us construct appropriate sieves for the problem. Similar technique has been used in Pati et al.
(2011) to prove posterior consistency for conditional density estimation. We calculate the en-
tropy and prior concentration rate around the true density. The posterior rate is shown to be
n~P/28+d) (log n)*, where £ is determined by the smoothness level, the dimension of the sam-
ple space and the tail behavior of the true density. The rate coincides with the minimax rate up
to a logarithmic factor.

To the best of our knowledge, most frequentist approaches for adaptive estimation are focused
on using wavelets under a regression model setting; see Donoho & Johnstone (1995) and Rigollet
(2006). The performance of adaptive multivariate kernel density estimation depends heavily on
the choice of the bandwidth matrix and the smoothing kernel (Scott, 1992). Our model considers
kernel based Bayesian adaptive estimation procedure that achieves optimal rates using product
kernel.

The paper is organized as follows. In Section 2, some notations and assumptions on the true
density are introduced. The main results on posterior convergence rates are presented in Sec-
tion 3. Approximation results are given in Section 4. Section 5 gives the proof of the main rate

theorem. A few auxiliary lemmas and their technical proofs are presented in the Appendix.

2. NOTATIONS AND ASSUMPTIONS
2-1.  Notations

Throughout the paper, we consider estimating a density f on R? based on n independent and
identically distributed (i.i.d) samples X7, ..., X, taking values in R%. Let X = (X1,..., Xy)
stand for a generic observation from density f. We define marginal density functions of f for X;

as fi(xz;),1=1,...,d. Let N={0,1,2,...} and let Ay be a k-dimensional unit simplex. For
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Bayesian density estimation 5

keN, xeRy lethk. = ki +ko+ ...+ kg k! = Kyl kgl and 2% = 2% ... 2% Similarly,
for a real-valued function f on R?, let f(x)* = f(z1)* --- f(x4)". We define partial order for
jandkasj > kif j; > k;fori =1,...,d. Let |z|, = {Zle |2;|P}1/P stand for the £,-norm
of a vector x € R%; 1 < p < 00 and ||x||c = maxi<j<q |7;|. Moreover, for p = 2, we simply
write ||x||2 as ||x||. For b > 0, let r,, stand for the largest integer strictly smaller than b.

We use o = (01,...,04)" € Ri as the scale parameter and define a d x d diagonal matrix
¥ = diag(o). Let ¢(z) = (2m) /2 exp(—x2/2) be the standard normal density and ¢, (z) =
o~ 1¢(x /o). The corresponding multivariate normal density with independent components is
denoted by ¢y (x) = H?Zl G0, (Ti).

We use < for inequality up to a constant multiple, where the underlying constant of propor-

tionality is universal or not important for our purposes. We define a linear operator K, as

(Ka,-f)(m):/ flor, o i1, — Yis Tige 1, - - -, Td) Do, (i) dyi. (1)

Then a composition operator is defined as K" = Ko, (Kg’jiil f)- Note that these convolution
operators commute with each other. We extend this notation to the multivariate case as K* f =
(Km ... K) f. For simplicity, we define K, = K5

We use D(e, T, d) to denote the packing number, which is defined as the maximum cardinality
of an e-dispersed subset of 7" with respect to distance d. Similarly, we write N (e, T, d) for the
covering number, the minimal cardinality of an e-net for 7" in terms of the distance d. We define

log, (z) = max(log x,0).

2-2.  Assumptions on the true density

Let fy stand for the true density. We assume the following conditions on fj.
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6 W. SHEN AND S. GHOSAL
e (Cl) Smoothness: The function log f is assumed to be locally S-Holder with derivatives
dlog f(x)
@) =
Oxy' -+ - Oz

such that for 7 = rg,

. We assume the existence of a polynomial L and a constant v > 0,

(@) = U(y)] < ()]l — )7

forall k. = r and x, y satisfying |z — y/|| < 7. Moreover, there exists a constant {; > 0 such

that for all 3. < r,

/fg(cc)]lj(zc)](2’3+£0)/j‘dw < 00, /fg(w)\L(a:)\2+§°/5dw < 00. 2)

e (C2) Marginal-joint relationship: There exist a constant Cy and density functions g1, ..., gq
such that fo(z1,...,24) > Co H?Zl gi(x;), and ffo(:c)(l/g(m))gmax(l, |||?)dx < oo
for some & > 0, where g(x) = H?Zl gi(x;).

e (C3) Tail monotonicity: On a region D = [—a, a]?, where a > 0, we have that infcp g(z) =
co > 0, g; is nondecreasing on x; < —a and nonincreasing on x; > a fort =1,...,d.

e (C4) Tail decay: The true density fy has exponential tails on D¢, i.e., there exist constants

C > 0 and 1, 72 > 0, which only depend on fj, such that
fo(z) < Ce =™ 3 € De. 3)

Remark 1. Conditions (C2) and (C4) imply [ fo(log, (fo/g))" < oo for any p > 0. Condi-
tions (C1), (C3) and (C4) imply [ fo(log, fo)” < oo for any p > 0.

A wide range of multivariate density functions satisfy Condition (C2), e.g., nonsingular mul-
tivariate normal distribution and their finite mixtures. To see this, consider k& multivariate normal
densities f;, j = 1,..., k, with mean 0 and covariance matrix ;. For any convex combination
of fi’s f* = Z?Zl wj f;, there exists A > 0 such that f*(x) > exp{—A\||z||?/2}. Define density

g* = (\/21)Y2 exp{—\||x||?/2}, then f* > g*. To see this, choose A to be the smallest eigen-
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Bayesian density estimation 7

value of all 3 's. Then forany 0 < ¢ <1, [ f*(l/g*)é max(1, ||z?) < oco. Hence Condition
(C2) holds for f*.
Condition (C2) also holds for product type densities fo(x) = H;lzl fi(x;) with g = fo, if

[ f5! max(1, ||z||?)dz < oo for some 0 < & < 1.

Remark 2. Condition (C2) is used to lower bound K fy as in Lemma 2. Condition (C3) gen-

eralizes the monotone tail condition in Kruijer et al. (2010) to the multivariate case.

3. MAIN RESULTS

We construct a prior for f as follows:

* Pro = Jpabo(@ — p)dF (p);

e [ follows a Dirichlet process D,, with base measure a.. Denote @ = a/c/(R?). We assume that
there exist constants a1, as > 0 such that 1 — a([—z,7]¢) < exp{—a;12%2} for sufficiently
large x > 0.

* 0; X G for i = 1,...,d, where GG is a fixed probability distribution satisfying G(x) <
exp{—Ciz™®} as ¢ — 0 and 1 — G(z) < z% as x — oo, where C; > 0 and a3 > 1 are

fixed constants. This condition allows a wide class of distributions, e.g., an inverse gamma

distribution for 02 when a3 = 2 or an inverse gamma distribution for o when a3 = 1.

We have the following result for posterior convergence rates:

THEOREM 1. Let fy satisfy Conditions (C1)—(C4). Then the posterior rate of convergence
with respect to Hellinger or Li-distance is given by €, = n~8/(d+25) (logn)t, where t > (% +

d+1)25%.
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8 W. SHEN AND S. GHOSAL

The assumption on the base measure & is analogous to (11) of Kruijer et al. (2010). Our tail
conditions on the prior of o is weaker than the one in Ghosal & van der Vaart (2007). Both sets
of conditions are needed to control the prior probability of the model.

The results also holdif 0y = ... = 04 = 0 and 0 ~ G. It will be interesting to consider other
types of location-scale kernels instead of normal kernel in the future study. The techniques de-
veloped in our paper might be helpful.

Our result also applies for finite-mixture priors. We consider the prior for f as follows:

* m(w; ka“awaa) = Z?:l qubo'(m - H’j);

e There exists constants ¢; > co > 0 and c3 > 0 such that
exp{—cik(logk)?} < TI(k) < exp{—cak(logk)*}.

e Given k, pi,...,pp are ii.d realizations from a distribution, which satisfies II(u ¢
[—2, 2]%) < exp{—c42°} for sufficiently large z > 0 and constants cy, c5 > 0.

e Given k, the prior on weights w = (wq, ..., wy) satisfies
II(Jjw — woll1 <€) 2 exp{—cek(logk)* log_ €}

for any wo € Ay and constants a4, cg > 0and 0 < € < 1/k.

e Bandwidth o1, ..., 04 (i.i.d) follow an inverse gamma distribution.

Then we have the following rate theorem, which is a generalization of Theorem 2 of Kruijer

et al. (2010).

THEOREM 2. Let fy satisfy Conditions (C1)—(C4). Then the posterior rate of convergence
with respect to Hellinger or Li-distance is given by €, = n*B/(d”ﬁ)(logn)t, where t >

% (% + d + max{cs, 1 + aq, %’}) + max{0, (1 — c3)/2}.



385

386

387

388

389

390

391

392

393

394

395

396

397

398

399

400

401

402

403

404

405

406

407

408

409

410

411

412

413

Bayesian density estimation 9

4. APPROXIMATION RESULTS

The following proposition helps prove the main theorem on posterior convergence rates. It is
also of interest on its own as it bounds the Kullback-Leibler (KL) divergence between fj and its

approximation. The proof is given in Appendix.

PROPOSITION 1. Let fqy be the true density satisfying Conditions (C1)—(C4). Then there ex-

ists a density hg such that for all sufficiently small o,

/ fo(x)log - (Z()a:)da::O(azﬁ), 4)

where o = (o,...,0).

In order to prove approximation result, we use the expansion technique in Kruijer et al. (2010)
and its multivariate modification described by de Jonge & van Zanten (2010).

Let r and 3 be defined as in Condition (Cl). For k € N we define moments my =
J y]fl e ysdqb(y)dy. Then we recursively define two collections of numbers ¢, and d,, as fol-
lows:

Forn € N, if n. = 1, then ¢,, = d,, = 0. For n. > 2, define

-1 k.41 m
n= ) %mkdl, dn = 1+ n. (©)
n=l+k,l.>1,k>1 ’ ’

Since the Gaussian kernel is symmetric about 0, all odd moments are 0. Hence ¢, can be

simplified as ¢, = — 2,y op 1 51 .51 Makdi/(2K!)

1 d

& van Zanten (2010) shows that the supremum distance between fo and f3 is O(c?).

However, this type of construction does not guarantee that f is a density function because

it may take negative values. To overcome the problem, we define a truncated version of f3 and
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10 W. SHEN AND S. GHOSAL

then standardize it to obtain a density function:

W) = o1 fs > 3 fo(@)} + 5 o(@) s < 5 fole)}

ha(@) = hy(@)/ / W (w)du )

Remark 3. From (7), we get hg < his S fs + fo. Using the same arguments in Kruijer et al.
(2010), we can show f3 < fo. Then combining these two facts, we conclude that hg is upper

bounded by a multiple of fj.

Remark 4. From the definition, fz can be expressed as a linear combination of Kf, fo’s:

f3=Cafo—>_ ¢; KL fo, ®)

§.>0

where U and ¢; are constants determined by fy and 3. The coefficients c; satisfy >, 5o ¢j =

Cp — 1. Hence K, f3 is also a linear combination of Kf, fo’s.

The approximation mixture in Proposition 1 can be discretized without changing the order
of the approximation error. The following lemma is a multivariate generalization of Lemma 4
in Kruijer et al. (2010). This will be used to lower bound the prior probability on the KL-ball

around fp. Its proof is given in Appendix.

LEMMA 1. Let fy be a density satisfying Conditions (C1)—(C4). Then there exists a finitely
supported probability measure F' with at most C4a_d] log U]d/ m2+d support points from the set

{x: fo(x) > co1+28}, where Cy > 0 is a constant such that

[ foros o —00®). [ 1o(108

Pro

f
F

. 0y = 0(6%). 9)

g

5. PROOF OF THEOREMS

5-1. Some useful results

We first state a few results that are helpful for proving Theorem 1.
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Since a Dirichlet process F' ~ D, can be represented by a Sethuraman’s stick-breaking pro-
cess as y .~ Vidg,, where V; = H;;ll(l Y;)Y:, 0; %jG y; % ~Be(1,M),i=1,2,...,Gisthe
cumulative distribution function of @ and M = «(R). We truncate the stick-breaking proce-
dure after a certain level such that the error is within a predetermined level. Define the num-
ber of terms needed in the finite mixture as N = inf{m >1:>"" V; > 1 —¢}. Let F, =
Zﬁ\f:el V89, + Vibg,, where V, = Hf»vzel(l —Y;) and 0y ~ G independently of everything else.

By Lemma 3 of Muliere & Tardella (1998), it follows that

drv(F, Fe) <, (10)

N, — 1~ Poi(Mlog_e), (11)

where dry stands for the total variation distance. It is easy to see from (10) that ||prs —

PF..o|l1 < €. The following lemma lower bounds Ko fj.

LEMMA 2. Assume fq satisfy Conditions (C2) and (C3). Then given o sufficiently small,

K fo > Csg for some constant Cs > 0 and density function g defined in (C2).

We need the following inequalities to help lower bound the prior probability in the KL-ball

around fo.

LEMMA 3. Let R% = Uj‘v:o Uj be a partition of RY and F' = Z;V:1 p;jo; be a probabil-
ity measure with zj € Uj and ||z; — zi||1 > 2¢ for j,k=1,...,N, j # k and € > 0. Define
Vi(zje) =lzj1 — €251+ € X+ X [2j4— € 254+ €| and x(1) = miny<j<qx; for © € R%

Then for any probability measure F on R?, o,0" € Ri, we have that

/
o; — 0,
Iprer - progrl S max (7% p +Z}F (z5.0) =i,  (12)

i=1,...d 0; \ 0O} (o1 o) (1) =
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12 W. SHEN AND S. GHOSAL

and

d d /
€ | [Ti=1 00 — [Tiy o
||pF,U - pF’,o"Hoo ,S + : < :
(o) A aEl))M (o) A 02 ))2d
+( Ao d§ |F(V(zj,€)) — pjl- (13)

The following discretization result gives multidimensional extensions of Lemmas 3.1 and 3.3
of Ghosal & van der Vaart (2001). Their proofs are technical and included in Shen & Ghosal

(2011).

LEMMA 4. (1) Let 0 < € < 1/2 be given. Fix o, ' € [0y, 50]? satisfying |of — o] < Gde,
then for any probability measure F on a region D' = [—aj,a1] X -+ X [—aq,aq), where
max; a; < L(log_ €)%, v9 > 1/2 and L > 0 are constants, there exists a discrete probabil-
ity measure F' on D with at most N < gam(logf €)1 support points such that ||pro —
P otllos S €06 /a3’

(2) Define o = ol. If o — O, then for any probability measure F on [—ac, ae]d with a. =
L(log_ €)', where y1 > 0,0 < € < 1/2 and L > 0 are constants, there exists a discrete proba-

)71 d+d

bility measure F' on [—a., ac]? with at most N < o~%(log_ € support points such that

IPFo — Prrollo S 0 %, (14)

Ipro = Pl S (o (log_ €)/? v (log_ e)")"e. (15)

5-2.  Proof of Theorem I (Part 1)

We apply Theorem 5 of Ghosal & van der Vaart (2007) for &, = n~?/(28+d) (logn)'t, €, =

n~—B/(28+d) (log )™ for t5 > ¢1. We construct appropriate sieves J, j and verify the following
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three conditions:

220 VN (En, Frujr d) /T (F j)e "% — 0 (16)
I, (K (fo, &) > e (17)
L, (FS) < e~ 1nén, (18)

where K(fo,€) = {f : [ fo(log fo/f) < €%, [ fo(log fo/f)* < €*} is the KL ball around fo of

. 1
size €. Choose 01 = ... = 0y g = en/ﬁ. Define

o, =n"", 6, = exp{né,(logn)’}, rp = [n¥ ) (logn)' | 41 (19)

and by, > n%2(4+28) for A > 1, a, t,, 6 > 0. First we consider the collection of finite mixtures:
k
Fp = {ZWi¢U($—“i) tk < rpyw € Mg,y € [y, by)% 0 € Syi = 17,,.’]{}
i=1

as in Kruijer et al. (2010), where S,, = [0,,, 5,]%.

Define the sieve
Fn = {pre : there exists ppr ,» € F,, such that dry(F, F') < &,}. (20)

Notice that F;; C F,,.

We first verify equation (18). From the construction of priors of ¢; as in Section 3,

IL(0; € (¢,5)°) S exp{—C1n"*} + exp{asné (logn)’}

< exp{—Cgné2}

fori =1,...,d and some constant Cg > 0 when n is sufficiently large.

Given the number of mixtures Ne, fixed, from the assumption, we have

T (g & [—bn, bo]?| Ne, = k) < KLy (g1 & [~bn, bp]?) S ke 1)
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14 W. SHEN AND S. GHOSAL
Therefore, using E(NNg, ) = O(logn), we have

o0

I, (1 ¢ [_bmbn]d) = ZH(NE = k)L, (1 ¢ [_bnvbn}d‘NEn =k)
k=1

< gmarbn’ log n. (22)

~

Using (11) and tail estimates of Poisson distribution P(X > r) < exp{—rlogr} if X ~ Poi(\)

and r > \e, we have the following results for X = N¢, andr =,
II,,(Ng, > 1) Sexp{—rplogr,} < exp{—nd/(d+25)(log n)tr (23)
All three bounds together give

I (Fy) < o (F¥) < M (S5) + o (Ne > ) + (o € [=bn, b))

< exp{—C7nd/(d+2ﬁ) (log n)"”Jr1 } (24)

for some constant C'; > 0, which decreases faster than e4nE, if t, + 1> 2tq.

5-3.  Proof of Theorem I (Part II)

In order to verify (16), we split (g,,, 7,,) into .J,, 4+ 1 disjoint subsets
Jn . .
(@0, 70) = | (@0 (1 + &)™ 2, (1 +&)) U (2,(1 + &), ) (25)
i=1
for J, = |(log5n/0,)/ log(1 + &,) |. Hence we obtain a partition of S, with (.J,, + 1)? subsets.
Denote S, j = ®?:1[gn(1 + &) o, (1 + &) Vay,], where j; = 1,...,J, + 1.
Then define
k
]::;,j = {Zwi(ba(w - Ni) ik <rp,w € Ag, 4 € [_bmbn]daa € Sn,j}7
i=1

Fnj = {pFo : there exist ppr » € f;’j such that dry (F, F') < &,}.
We can bound the prior probability on F;, ; by

I, (Frg) < In(Sny) S (14 &) oded (26)

— -—n-n
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In order to calculate the entropy, we further decompose F * j into

Tn
_ >k
=UFnin

=1
Tn k

= U {Zwiqbo'(m - Hi) 2 € [_bnabn]dvai € Sn,j}- (27)
k=1 =1

Using the following general results on bracketing numbers taken from Ghosal & van der Vaart

(2001) and Kruijer et al. (2010),

5\ k—1
Die, Ay, |- |1n) < (%) , (28)
k k
k’! H'— (dz —b; + 26)
bi, di], =1 , 29
D(e, QI L (29)
=1
we obtain the following estimates of packing numbers

5 rn—1
Dien, Ary - 1) < (2) " (30)

—rpd
D [=ba, bl | - 1) < (rad)! (260) " (200 + 26,)74, 31)

D(Ens Sngs || - 1) < dN(26) " Ty (@ (L + &@)F = 0y (1 + &)1 +26,),  (32)

D(&n; s oo | 1) < D(Ens A, || 1) D(Ens [=bns bl ™% || - [[1) D(Ens S [ - [11)- (33)

Combining (30), (31), (32), and using the relationship between covering and packing numbers,

we have
N3, Frgo I - 111) < maD(&n, Fr iy - 1)
< P (rnd)!(€,) T AACT (A (L + 8,)T T 4 2)T (34)

for some constant C's > 0. Combining (26) and (34) and applying Stirling’s formula on (r,d)!,

we find that \/ N (&, Fnj.d \/ I1,,(F ;) is bounded by a multiple of
and/2(1 +gn)j./2(7,n)rn/2+3/4(gn)(1+d)(17rn)/262nd/20§n/2(an(l _i_gn)j.fl +2)d/2
< n—Ad/Q(l + gn)j-/2(rn)”“n/2+3/4(gn)(1+d)(l_rn)/Qb;"d/Qan/Q (n_A(l + €n)j'_1 \% 2)d/2

< exp{Cyrn(log n) H(1 + &,)7/2 (n™A(1 + &,)7 1 v 2) 2, (35)
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for some constant Cy > 0. Observe that n=(1 + &,)7~' < 2 implies (1 4 &,)3/2 < n4/2,

Therefore from equation (35), we have the following:

d Jn
> \/N(En,fn,j, d)\/Hn(]-“nJ.)
i=1 ji=1

Jd )
S Z Z exp{C1orn (log n) }n?/?24/2

i=1 j;=1

d Jn
+ Z Z Cy exp{CHrn (log n)}niAdﬂ(l + gn)(1+d)]~/2
i=1 j;=1

< exp{Ciarn(log n)}(nA/QJff + n_Ad/2(1 + €n)(1+d)dJ"/2Jff) (36)

for some new constants Cqg, Ci1, C1o. Since J, is defined that n*A(1—|—€n)J" <

exp{né2(logn)®}, the r.h.s of (36) is bounded by a multiple of
exp{C137n (log n) 4+ né2 (logn)’ (1 + d)d/2}. 37)

In order to let (37) increase slower than exp{né2}, we need 2ty > max(t, + 1,2t; + 6).
Finally, we verify (17) using similar arguments as in Ghosal & van der Vaart (2007). For

sufficiently large b > 0.

d Ny N,
NN {(F.o): Y IFU) —pil <&, F(U;) > &, |oi — ol < &0}
i=1j=1 j=1

Do \k
C 1 (F, : Py(log ——
{(F,0): Py(log pF,U)

Sonl k=12},
where N,, < 0~%|logo|?%™¢ is obtained using Lemma 1. Applying Lemma 10 of Ghosal &
van der Vaart (2007) with N = N,, and € = €2, the prior probability is lower bounded by a

multiple of

exp{—C14N, log_¢€,} 2 exp{—Cl4nd/(2’8+d) (log n)d/72+d+l_t1d/f3}, (38)

which decreases more slowly than e~ if % +d+1-— % < 2t1. Combining with ¢ > %1,

t, + 1 > 2t; and 2ty > max(¢, + 1,2t; + 0), we obtain toy > g + (T% +d+ 1)%, where ¢

is an arbitrary positive number and hence can be absorbed in the remaining terms.
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Bayesian density estimation 17

The proof of Theorem 2 uses a multivariate modification to the proof in Kruijer et al. (2010)
except the number of finite mixture terms changes into k, = O(n%/(4+26) (1og n)4/7+d—td/B),

Details are discussed in Shen & Ghosal (2011).

APPENDIX

The following three lemmas are helpful in controlling the KL divergence between f, and K,hg with
o =(0,...,0). Lemmas 5 and 7 are multivariate generalizations of Lemmas 1 and 2 in Kruijer et al.
(2010). The proofs follow those in the univariate case with some modification. To save space, we skip the

proofs here. Details proofs are given in Shen & Ghosal (2011), the full version of the paper.

LEMMA 5. Given 8 > 0, let fo satisfy Condition (Cl). Then for all sufficiently small o and all x

contained in the set
Ay ={z € R?: |l;(z)| < Ba~I|loga| /2, j. =1,2,...,r,
IL(@)| < Bo~?|log o|~F/2d-9/2},
we have
Ko fs(z) = fo(z)(1+ O(c”)R(z)) + O(c™) (1 + R(z)), (A1)

where R(z) = spi1|L(2)| + 305 _; 81l (x)|?/7-, H is a positive number that can be chosen arbitrarily

large, and s, 1 and sj are nonnegative constants.

LEMMA 6. Define E, = {x : g(x) > o1}. Assume that f satisfies Conditions (C1)—(C4). Then for

all all i € N, sufficiently small o and € > 0:

Kf,fo(:c)d:c = O(aw"’s), Kf,fo(w)dw = O(U26+6) (A2)

Ac Ec

provided that Hy is sufficiently large.

Comparing with Lemma 2 in Kruijer et al. (2010), We obtain an extra o¢ at the right hand side (r.h.s)

of (A2), which is needed in Proposition 1.
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Proof. Observe 4 = Zi:l Jk» Jr € N% 4 =max{iy,...,iq}, where each component of jz only
takes two values 0 and 1. If some components of ji are 0, then we can remove these components
from our problem and consider a corresponding convolution operator in a low-dimension case. There-
fore it is good enough to prove (A2) when i; = ... =iy = m for m € N. The proof for other cases
can proceed in a similar way. In order to bound the first integral in (A2), we consider sets A, 5 =
{z:|lj(z)| < 6Bo~I|loga|™3/2, j.=1,...,r, |L(z)| < §BoP|logo|~#/2d=#/?} indexed by § <

1. Using Markov’s inequality and Condition (C3),

/ (KO fo) () dax
< P{L(x)| > (3B)2F+29/8 =282 1gg 5| ~25+2/2)

+ Z P{|l;(z |(2B+2e /3 > (53)(2B+2e)/1 o (26+2e)| logo|™ (B+e) }
j.=1

= O(a%°9), (A3)

provided that c=¢|log o|~#~¢ > 1 and € > 0, which is the case if o is sufficiently small. This completes
the proof for m = 0.

If m =1, consider independent random vectors X and U with densities f; and standard normal
¢ respectively. Then X + XU has density K, fo. We want to prove X € A, 5 together with ||U|| <
k'|log o|*/? are in contradiction with X + XU € A when § is sufficiently small.

We observe that X + XU € Ag ; implies
|L(X 4+ 2U)| > Bo~P|loga|~#/2dP/? or |I;(X + SZU)| < Bo~*|logo|~*/?

for some ¢ satisfying 2. < 7.

From Condition (C1), if § is sufficiently small, then forallz. =1,... 7,

(X + =U))| <‘Z 2U“1‘+

X)l|sU)

=r _7>7,
< Bo~ \1oga'\ /2, (A4)
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Therefore it has to be a large value of |L(X + XU)| that forces X + XU to be in AS. Hence it
suffices to show |L(X)| < §Bo~?|logo|~#/2d=8/2? and ||U|| < k¥’|log o|*/? are in contradiction with
|L(X + 3U)| > Bo|loga|~#/2d=8/2,

From Condition (C1), we assume L is a polynomial of degree ¢ and has roots 2z1,...2z4. Let =
(max; |z, ..., max; |z4]). If | X;] <m; +1fori=1,...,d, then each component of | X + XU | is
bounded by corresponding component of ) + 2 when ¢ is sufficiently small. As aresult, | L(X + XU )| <

BoB|logo|#/2d—P/2. Alternatively, if there exists a 1 < i* < d such that | X;.

> i« + 1, then we

consider the Taylor expansion of L(X + 3U):

LU(x a|U||e
D), U]

1. 59U
(X +30)| < 5]+ | 30 5= .

j.=1

|L(q) (n) — L@ (X)|

q
< 6B(do?|logol) " "* + 3 0(o% P |log o] =)/2), (A5)

j=1
which is less than Bo—?|log 0| 7#/2d~F/? when ¢ < 1 and § < 1 are small enough.

Because P(||U|| > ¥'|log o|'/?) = O(c?+¢) for € > 0if &’ is sufficiently large, we have

P(X + XU € 4;)
<P(X +ZU € Ag, |U| < K[loga]'?) + P(|U]| > K| log o]'/?)
=P(X +3U € A, X € Ag 5, |U| < K'|loga|t?) + O(c?+)
+P(X + XU € A2, X € AL 4, |U|| < K/ |loga|'/?)

<04 0(c*P*) +P(X € AZ )

< O(c?P%9). (A6)

This completes the proof of first equation in (A2) for m = 1. For m > 1, we can redefine the density of
Xas K t(,mfl """ m=1) fo and apply the same arguments above with a decreasing sequence of §’s.

Now we bound the second integral in (A2). If m = 0, using Condition (C2), we have

(g(a:))fda: < ot = 00?1 (A7)

By eyt = A fole (9(2))°

when Hy > (20 + €) /€.
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Consider m = 1, we define sets E, 5 = {z : fo(x) > 0°H1} indexed by § < 1, random vectors X
having density f, and U following standard normal distribution. Observe X + XU € ES N A, con-
tradicts with X € E, 5 N Ag: on the one hand, X + XU € ES and X € E, 5 imply [[(X + XU) —
I(X)| > (1 —0)H; logo. On the other hand, X, X + XU € A, implies that [[(X + XU) — [(X)| <
Bo~?logo| 20 | log o|'/? = O(1).

Similarly with the previous treatment, for a sufficiently large constant &’ and Hy > (48 + 2¢) /6, we

have

/ Ky fo(x)dx
< [ Keflwyizt [ Kep()de
< EiNAs
<O(@**) +P(X + XU € ESN A,)
<O(* ) +P(X + XU € E£NAg, X € ES 5N Ao, |U| < K| logo|*/?)
+P(X + XU € EENAg, X € Eg 5N Ag, |U|| < k'|logo|'/?)
< O0(c**) + P(X € EZ 4)

= O(c¥). (A8)

This completes the proof for m = 1. The above procedure can be repeated in the same way when H; is

chosen sufficiently large for m > 1. Hence we obtain (A2). U

LEMMA 7. Assume that fy satisfies Conditions (C1)—(C4). If 3> 2, © € Ay N Ey and o is suffi-

ciently small, then
Kyhg(x) = fo(ac)(l + O(O’B)R(:I:)) + O(UH)(I + R(w)), (A9)

where R(x) is defined in Lemma 5.
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Remark 5. The density function hg(x) is lower bounded by a multiple of g(x) because

/h(:c)d:c =1+ LC(%fo — fs)dx
~1+ [ (Gh=Cofot X ko, o) do

j.>0
=1+ 0(0%) (A10)

Therefore K, hg is also lower bounded by a multiple of g(x).

Proof of Proposition 1 . Using inequality logx < x — 1 for all z > 0, we have

_ _ 2
/Splogzg/sppqq:/s@ q‘” +/S(p—q). (A1)

for any densities p and ¢, and any set S. We apply this result for p = fo(x), ¢ = Kshg(x) and S =

AN E,:
[ fotaiog I%dw </ L, Tolatos %dw «f o, ohs(@) ol
(o(@) — Kohs(@))?
+[AGQEU K(,hﬁ(a}) dx. (A12)

Using Remark 5, K,hg(x) is lower bounded by a multiple of g(«). Using Holder’s inequality and

Remark 1, the first term of (A12) is bounded by

fo(z)
/AguE; fO(m){ o8+ 9(z) |dm

< {/fo(ac)<log+ ];)(%))pdw}l/p{ /f;;;UE; fo(a:)}l/q

<of [0z )"+ [Cana(s)ae} "{ [t}

for constants C7,Cy >0, ¢ = (28 +¢€)/28, p = (20 + €)/e and ¢ as defined in Condition (C2). By

choosing H; such that equation (A2) in Lemma 6 holds for ¢ = 0, the first integral of the r.h.s of (A12) is
O(a?P).
Since hg is a linear combination of K2, fy’s, so is K,hg(x). Therefore by another application of (A2),

we obtain the second integral is a finite sum of O(c2%+€), which is still O(a2#+¢).
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For the last integral of the r.h.s of (A12), we apply Lemma 7. Observe that when z € A, N E,, K5 ()

is bounded by a multiple of f; given H > H;.

(/AUOEG folw) B (z)d ) O(0*7) + (/AamEa

+2(/A i R(:c)(1+R(w))dw)o(aﬂ+H) (A13)

(1+ R(@))?)/f(@)dw) O (s*")

Condition (C1) implies [, . fo(x)R*(x)dx = O(1) for k = 1,2. By choosing H satisfying H >
H, + f3 and using fy(x) > o' on E,, these three integrals in (A13) are O(c2?), hence (4) follows.

The integral in (5) can be treated in a similar way:

fo 2 fo(z) o (fo(z) = Kghg())?
/fo(log K,,Oim) : /AguEg fole)(1og Kcrohﬁ(m)) dw+/AaﬁEa : Kohp(x) @

(fol@) — Kohp(@))®
+/AmEa (Ko@)’ d (Al4)

where the first two terms on r.h.s are shown to be O(c?#), and the last integral can be bounded by a

multiple of

T ey pp—

AyNEq
—|—3/ R3¥(x)O (a2 / fo(z) + / R¥(x)O(0*) ) f3 () dz
AyNEq AyNEq
= 0(c%9)
by choosing H > H; + (. O

Proof of Lemma I . Define set E. ={z:hg(xz)> o2} with Hy > H; and ﬁﬁ(m) =

hgllg: (x)/ fE; hg(x)dx. Remark 5 implies E/. D E,. Using Lemma 6 and Remark 4, we have

/ hg(x)de =1 — / hg(z)dx = 1+ O(c??). (A15)
E!, Ele
and
fo / fo / Kohg Kohg / Kohg
log —— = lo + lo — + lo + lo Al6
/fo gpF,a Jo gK‘,h[; - fo( gKa'h,B g pro ) o folog pro (A16)

From Theorem 1, the first term is O(c2?). Using (A15), we observe

Kahﬁ _ thﬁ(m)
K,,Bﬂ KahB]lE[,(w)

(1+0(0*) = (1+ 0(c)) (1 + ) (A17)
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For ¢ € E, and y € E.°, we have g(z) > o't and hg(x) < o2, hence fE;, o (x —y)hp(y)dy <
olz < gH2=Hig(g), Using Remark 5, S, bo(x —y)hs(y)dy > Cog(x) for constant Co > 0. There-
fore (A17) is upper bounded by (1 + O(02#)) (1 + Cy 'oH2=H1) = 1 + O(c*’) when we choose Hy >
H; + 28. On the other hand, (A17) is lower bounded by 1+ O(c2#). Hence % =1+ 0(0%%) and

hg

therefore [, folog % = 0(c?P).
- ohs

—C1lloga| for some constant C and

Now we bound [, folog I;‘;—hﬁ Apply Lemma 4 part (2) fore = e
v1 = 1/79, let pp o be the finitely supported mixture approximating Bﬁ such that ||K,,ﬁﬁ —Prollo <
o~ %e=C111o27] and F has at most a multiple of o~¢|log o|% ™+ many support points, which are all

contained in F’ because of Condition (C3). Notice that these support points are also contained in {x :

fo(x) > cot2} for sufficiently small ¢ > 0 by Remark 3. Applying

p() _ |p(z) — q(z)| P — dll
log < — < — (A13)
(z) = min{p(x),q(z)} ~ (miny p(y) — [Ip — qll)
if ming p(y) — ||[p — ¢qllc > 0 forp = Kaill; and ¢ = pr o, we have
/ fO lochihﬂ < ||Ka-h/3 _?F,U||w SO_—HZ—de—Cl\logtﬂ (A19)
Eo PF,o E, CQO’H2 — ||Ko-h,3 _pF7a||oo

for some constant Cy > 0. When ¢ is small enough and C is large enough, the above estimate is O(o??).
Finally, we bound the last term in (A16). Using Lemma 3, we can add a mixture component with mean
0 and weight 02 without influencing approximation results. Combine this result with the fact that K hg

is upper bounded by a constant C's > 0, we have

K

oh
fo(z) log 76(:'3)&5 < ot fo(z) dx
Be Be

1
9* (@)

1
< 0H15/ T z||Po2dx
?)

log

C3
PF,o 028 (ba' (.’1})

— 0(o? (A20)

when H is chosen to be large enough. Hence the proof of the first equation in (9) is complete. The proof

for the second equation proceeds in the same way as in Appendix E of Kruijer et al. (2010). (]
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Proof of Lemma 2 . Choose oo = 2a/®~1(5/6) such that N (0, ) gives probability 1/3 to (0, 2a).

Leto < opand o = (o,...,0). Thenif x € D

Ko fola /fo 6o (@ — 6)d0

S RR—

_ H B a2 ]

0]
Co
= 37

(A21)

If x ¢ D, then at least one of x;’s are not in [—a, a]. We only consider the case z; > a, 3 < —a and

Z3,...,2T4 € [—a,a]. The calculation can be done for other cases in a similar way.

Ko fol@) > / /w:/m/f[giwi)asa(w—e)de

- C/Il 91(21)Paq (21 — 01)db /“ 92(22)boy (T2 — 92)(19235702
2 1\ /1 -2
> 3(;08291(1‘1)92(1'2)(@(;) — 5) (5 _ q)(T()Cl))

> Cog1(w1)g2(72)

> Cig(x)

for some positive constants Cy and C'.

(A22)

O

Proof of Lemma 3 . By an easy multidimensional extension of Lemma 5 in Ghosal & van der Vaart

(2007), we have

IPFo —Prolll S
(o(1y Aolyy)d o

+Z|F (z5.€)) — pjl
) Jj=1

€
||pF,o- 7pF/,cr||oo 5 + ‘F Z] pj|
(o) Aoiy)* - (o) /\"(1) ) le ’

Similarly, by a multidimensional extension of Lemma 3 in Kruijer et al. (2010)

|oi — i

max
1yd O3 N O'

N

d
|pF 0 —Prr o lli < |lde — dorll1 < Z [$0: — P11

=1

d d
1 | e | M) dIHm H%\
1

=1 % 5 i=1

(A23)

(A24)

(A25)

(A26)
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Using triangle inequality on (A23) and (A25) gives (12). Similarly, combining (A24) and (A26) gives

(13). 0
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