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1. Introduction
1.1. Statement of the problem

We motivate our problem with an example from clinical trials. Let Q = {dq,d>, ..., dg} be a discrete space of K treatments and
let X1,X>, ..., Xn € Q be the treatments assigned to a sequence of n patients. Let Y1, Yo, ..., Y be patient responses. The responses
are assumed to follow a location-scale model:

Yi|Xi = dj ~ Bernoulli(Fy(dy)),
Fy(dy) = F((dy, — o)/ B),

where F(-) is a known distribution function with density f(-) with respect to Lebesgue measure, 0<f(x)<M for all x ¢ R and
some positive constant M and the parameter 0 = (o, 8) belongs to R x R™. A design for this model is a probability measure
E=(&1,89,..., &) belonging to the K-dimensional simplex

k=1,2,...,K, (1)

K
= é:Ogékgland Zék:l ,
k=1

which puts weight & on treatment d,. An optimal design is one which optimizes a function of the Fisher information matrix for
the parameters of the model over all possible choices of designs.
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More specifically, suppose I(0; d;) is the information at a single dose level dj, € Q. For model (1) the information (cf.: Silvey,
1980) is given by

0:d0=a0) (5 %), @

where a;,(0) :fz(zk)/[,B2F(zk)(] —F(zi)), 2z = (dy — o)/ and 0 = (o, B The information matrix is given by

K
Mg(@) = ,; kal(el dk)'

An optimal design will then maximize an appropriately chosen concave function of the information matrix M, 5(0)' However, for
such nonlinear problems one needs to have knowledge of the unknown parameter 0. One solution is to substitute a best guess for
0 in the optimization criterion. This leads to a locally optimal design. Another choice is to optimize an expectation of the criterion
function with respect to some prior probability distribution of the parameters. This leads to a Bayesian optimal design. Let 7(0) be
a compactly supported prior probability distribution on R x R™, i.e., (@) = 1, where @ is a compact subset of R x R™. Let the
true value of the parameter, g, be an interior point of @. The criterion we will consider in this paper is D-optimality, where the
design is found as a solution to

& — arg max /@[log det(Mg(0))](60)d0.

EeZ

Now consider a sequential experiment where patients arrive sequentially in time and each is assigned one of the K treatments,
conditional on all previous treatment assignments and responses. Let

Qr=O'{X1,X2,...,Xr,Y1,Y2,...,Yr}

be the g-algebra generated by the first r treatments and responses. Also let N(r) = (N1(r), No(r), ..., Ng(r))', where Ny (r) is the
number of patients assigned to dose level dy, after r treatments have been allocated and let &, , =N (r)/r be the observed allocation
proportion for dose level dj.. Then after r patients we can define

K
MHO)= 1 3" N(rI0:di). 3)
k=1

Silvey (1980, Chapter 7) expressed unease about what M;(0) actually represents. It is technically not the Fisher information
because of the dependence structure of the sequential procedure. We consider that treatments are allocated through a sequential
Bayesian D-optimal design by maximizing the posterior expectation of the log determinant of the information at each stage of
allocation. Let (0| Z;) denote the posterior distribution at stage r for r = 1,2, ...,n. The (r + 1)th patient is then assigned to the
dose level X, { where

X411 = arg max f [log det(rMy(0) + I(0; d))|n(01Z) dO. (4)
deQ ()

At the end of the experiment, we are interested in computing Bayes estimators 0n = Ex(0|Zn) = Jo 0n(01Zn).
Before we pose the main questions that are answered in this paper, we introduce the following notation. Let Qy(&) denote the
determinant of M 5(9). Also let

Q(¢&) := det(Mg(6)) = Qq, (&). (5)
Simple algebra shows that Qy(&) = &' Q& where elements of Q are defined as

Q = ((g;)) = 0.5~ (di — d;Yai(0p)aj(0o). (6)
and a;(0) are defined following (2).
In this paper, we answer the following questions:
1. Does the sequential Bayesian D-optimal design converge to the local D-optimal design at the true parameter value 6,

given by

&0 = arg maxlog(Q(&))? (7)

[<=5)

We refer to this problem as convergence of the design measure.
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2. Are the Bayes estimators consistent and asymptotically normal, and if so, what is the correct asymptotic variance?
3. How do we characterize the limiting design (a problem which takes on additional subtlety since €2 is discrete)?

Optimal designs in nonlinear experiments have a rich literature. Earlier work include those by Box and Hunter (1965), Fedorov
(1972), Ford and Silvey (1980), Abdelbasit and Plackett (1983), Ford et al. (1985), Minkin (1987) and many others. Ford et al. (1989)
provide a comprehensive review of the optimal design literature in nonlinear experiments. Also see Chaudhuri and Mykland (1993,
1995) for other references.

Sequential Bayesian optimal designs stem from earlier work by Tsutakawa (1972, 1980), Zacks (1977), Leonard (1982) and
Chaloner (1989). The form of the allocation function in (4) is in Haines (1998) and Haines et al. (2003) use the form for a particular
application to phase I clinical trials. The allocation function induces a response-adaptive allocation procedure, in which the response
sequences are dependent random variables. Convergence and estimation must then be viewed in this context.

Sequential D-optimal designs have a long history in the non-Bayesian context, where at each stage the local optimal design
is computed at the current maximum likelihood estimates of the parameters. The problem was explored by White (1975) in her
doctoral thesis. Silvey (1980, p. 64) notes the difficulty of proving convergence of the sequentially constructed design to the locally
optimal design measure determined at 6. He suggests that techniques used to prove convergence of standard algorithms to
sequentially compute D-optimal designs (cf. Wynn, 1970; Fedorov, 1972) could be useful in proving convergence in the sequential
design context also. In the frequentist case the problem is largely solved by Wu (1985), Lai (1994), and Chaudhuri and Mykland
(1993, 1995) who prove convergence of the sequentially computed maximum likelihood estimators (MLEs) or least squares
estimators, give their asymptotic distribution, and show convergence of the sequentially computed information matrices under
various assumptions about the regularity of the problem, the asymptotic of the eigenvalues of the observed information matrix
and the sample size of the pilot design.

Our goals here are to show similar asymptotic properties of the posterior distribution of the parameter 0 and estimators
in a Bayesian context and also show convergence of the information matrices. Most of our assumptions are basic regularity
assumptions which are similar to those in Wu (1985), Lai (1994) and Chaudhuri and Mykland (1993, 1995). However, to apply
the results of Chaudhuri and Mykland (1993, 1995) we would have to assume that the size of the initial sample goes to infinity.
This is not the case in our problem, specifically for the clinical trial example considered here. We prove our results when the pilot
sample size is fixed. Due to our specific binary structure with compact parameter space we are able to show boundedness of the
eigenvalues of the observed information rather than imposing conditions on them. This leads to stronger form of convergence of
the optimality criterion.

A critical component in the analysis of sequential Bayesian designs is proving posterior consistency. Hu (1997) proves posterior
consistency under the product measure, which is weaker than consistency under the prior measure, and therefore cannot be
extended to derive any further asymptotic properties of estimators. Schwartz (1965) studies regular posterior consistency in
a general context. Her result has been extended in various ways; see Ghosh and Ramamoorthi (2003) for a detailed account.
Although our case is parametric, it is nontrivial because of the dependence structure of the sequentially computed posterior
distributions. Indeed, we shall use some techniques that are normally used to establish Bayesian consistency in nonparametric
problems. We also show asymptotic normality of the posterior distribution and of the Bayes estimators. We now discuss our
particular application to phase I clinical trials and review the literature on convergence of sequential designs.

1.2. Application to phase I clinical trials

In phase I clinical trials, patients enter sequentially in time, each is assigned one of K predetermined dose levels, and the patient
is observed for either a toxic or nontoxic response to the dose level. One of the goals of a phase I study is to find a "maximum
tolerated dose,” which in the parametric case is defined as a quantile of the dose—response curve. Rosenberger and Haines (2002)
present a comprehensive review of the literature on phase I clinical trial designs. There has been some controversy in the literature
as to whether accurate identification of that quantile through a stochastic approximation-type approach or efficient estimation of
the quantile through an optimal design-type approach is more appropriate. The former stochastic approximation-type approach
is the basis for the continual reassessment method (CRM; O’Quigley et al., 1990) and escalation with overdose control (EWOC;
Babb et al., 1998). There has been some theoretical work dealing with asymptotic properties of these procedures (see Shen and
0’Quigley, 1996 for the CRM; Zacks et al., 1998 for the EWOC procedure). The estimation and optimal design-type approach has
been described by Whitehead and Brunier (1995) and generalized by Haines et al. (2003). In this paper, we also concentrate on
estimation issues in an optimal design setup.

When response is toxicity and experimentation is on human beings, it is unethical to assign patients to highly toxic doses. Thus
the procedure in (4) may not be appropriate. Haines et al. (2003) introduced an overdosing constraint (similar to one described by
Babb et al., 1998), given by

Pr(ug(0)>d)<e (8)

for >0 small, where pp is some quantile corresponding to a probability of toxicity I'g; that is, ugp(0) = o + BF~1(I'g). This leads
to their suggested procedure that solves the optimization given in (4), subject to the constraint (8). Note that the constraint in
(8) is computed with respect to the distribution of ug(0) induced by 7. In order to ensure nonsingularity of the design resulting
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from application of the sequential scheme under the constraint (8), we need the following assumption. Suppose the constraint
Ug(0g) <d is satisfied by K*( <K) doses, i.e.,

K* = #{dj € Q : ug(0g)<di), (9)

where # denotes the cardinality of the set. Without loss of generality let the doses be d1, ..., dg+. We will assume throughout that
K* > 2. Any sensible choice of the dose levels and the value of ¢ in the constraint (8) will satisfy the condition K* > 2.

Practical problems that need to be addressed in a sequential design procedure include initial patient assignments based solely
on the prior distribution and appropriate prior elicitation. These and computational issues are addressed in Rosenberger et al.
(2005).

1.3. Organization of the paper

In Section 2, we prove consistency of the posterior distributions computed under the sequential design framework. We also
comment that all results hold for the clinical trials problem with an overdosing constraint. In Section 3, we prove convergence
of the design measures. In Section 4, we derive posterior asymptotic normality. Because we are operating on a discrete design
space, characterization of the limiting design measure is different from the usual consideration of continuous designs. In Section
5, we outline a characterization of the limiting design measure for the clinical trial application. We draw conclusions in Section 6.

2. Consistency of the posterior

As given in Silvey (1980, Section 7.3) the general heuristics in deriving the asymptotic justification for a sequential procedure
is the following. First, one shows strong consistency of the estimator, then, for large enough samples, the stochastic procedure for
choosing the next design point can be essentially replaced by the corresponding deterministic algorithm for finding the optimal
design for a known value of the parameter. Then one needs to show convergence of the deterministic algorithm to the optimal
design and hence show the convergence of the information corresponding to a design measure based on n observations to the
Fisher information for the optimal design. This in turn will guarantee asymptotic normality of the estimators. Wu (1985) followed
this approach in the non-Bayesian case, and we will also follow this approach. In this section we discuss strong consistency of the
estimator. First we give conditions for strong consistency under the unconstrained sequential Bayesian design. Remark 1 argues
how strong consistency continues to hold when the sequential Bayesian design is performed with the overdosing constraint (8).
The proof of the main theorem in this section relies on the following lemma which is a variant of a theorem by Schwartz (1965).

Lemma 1. Let X1, ...,Xn be random variables with arbitrary joint distribution Pg, 0 e @ c RY. Assume that every Pg admits a joint
density In(x1, ..., xn; 0) with respect to a o-finite measure. Let I1 be a prior on 6 and 0y € © be the true value of 6. Suppose that

1. for every >0, there exists a 6 >0 such that whenever ||0 — 0|/ <9, 0 € ©, we have

ln(Xl,...,Xn;e)

lim infn~! log
n— 00 In(Xl,...,Xn:HO)

> —-n as. P“(’),
2. for every &>0, there exists a test function ®n = ®n(Xq, ..., Xn) for testing Hy : 0 = 0 against H : ||6 — 0| > ¢ such that for some
B,b>0,

Py @n < Be~bn, sup  Py(1— dp)<Be n,
0c0O:10-0g|1>¢

3. II(0 € © : |6 — Byl <J)>0 for all 6>0.

Then for every ¢>0, I1(0 € O : |0 — Oyl >¢elXq,...,Xn) — as. PBZ.

We now state our main theorem.

Theorem 1. Let 9 be the data generated by the sequential Bayesian scheme (4). Let 0y € © and U be an arbitrary neighborhood of 6
in @ where @ is a compact subset of R x R™. Let 0 have prior n such that n(©)=1 and & has positive density for some neighborhood of
0p. Suppose there exists My >0 such that supy_ g max,. 0F(x)/00|| = My < co, where 0Fy(x)/00 is the vector of partial derivatives
OFy(x)/00;. Then, the posterior probability n(0 € U|Zn) — 1 as.

Remark 1. Theorem 1 also holds under an overdosing constraint, given in (8). It will be clear from the proof of Theorem 1,
consistency of the posterior is achieved as long as there are at least two design points that have positive allocation proportion.
The following proposition establishes that even under the overdosing constraint, the allocation proportions of at least two design
points stay bounded away from zero.
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Proposition 1. Let &, = (&1, Eop, ... €k ) be the sequence of observed proportion vectors for design points dq,dy, ..., dg for the
sequential Bayesian design with an overdosing constraint (8). Let the initial allocation be an interior point of the K-dimensional simplex
E. Then there exist a positive constant 0<n <1 and a positive integer N, possibly depending on n, such that if n>N then for all 0 € @
we have

1€ —epll >n/2, k=1,2,...,K, (10)

where e, is the vertex of = with all zeros except a one at the kth place.

The following corollary of Theorem 1 provides insight into the limiting structure of the design vector for the sequential
Bayesian design with an overdosing constraint.

Corollary 1. Suppose 2 <K* <K, where K* is defined in (9). Then, under the sequential Bayesian optimal design with overdosing
constraint (8), the allocation proportions & ;,i=K* + 1,...,K, converge to zero almost surely.

3. Consistency of the design measure

Given that the posterior is consistent under the Bayesian sequential design, the limiting properties of the design can be studied
under deterministic allocation, which is essentially a quadratic optimization problem. In this section we show that the optimality
criterion under the sequential design converges to a limiting value and the corresponding design measure has limit points that
are all locally D-optimal. In view of Corollary 1, the limiting values of the design measure are all in a K* dimensional simplex, i.e.,
at least K — K* components are zero.

We will prove the result in slightly more generality as it may be of interest as an optimization result. Suppose the goal is to max-
imize a continuous function Q(&) which admits bounded second partial derivative over the simplex Z, i.e., [02Q(&)/0&0¢ | <M”
for all & € E, for all 0 € @ and for some constant M”. In our special case, Q(&) = € Q¢ over the K-dimensional simplex where Q
is a symmetric matrix with zeros on the diagonal and arbitrary positive off-diagonal entries . Suppose the algorithm chooses to
move from a point &, at the nth iteration to

ln+1 =(1-/In)én + /nei, (11)

where e; is a vertex of the simplex which is chosen in the direction in which the Q(&) is maximized. Suppose we have diminishing
stepsize Ay satisfying the following assumption.

Assumption (SS). >-7° ; An=ocand ) 2° ),% <oo.

Then the following theorem shows that the iterations &, converge to a point in the simplex.
Theorem 2. Let {&,} be the sequence of iterations defined by (11) and let iy satisfy Assumption (SS). Then there exists £* € = such
that

Jim Q&) = (&),

and limp_, o0 d(&,, A(E¥)) = 0, where A(E¥) = {&€ : Q(&) = Q(&™)} where for any set A and a point x, d(x,A) = inf{|x —y|| : ¥ € A}.
Remark 2. We have proven convergence of the design criterion to an optimal value. The design measure need not converge if
there are multiple optimum values, i.e., if the set of optimal values A(&*) is not a singleton set. If there is a ridge in the design

space whose height is Q(&*), then the iterations can travel along the ridge without converging. Thus, the design measure need
not converge to a single optimal value in the presence of such ridges.

4. Asymptotic normality of the posterior distribution

Next we derive asymptotic normality of the posterior and that of the Bayes estimators. Let [;(0) be the log-likelihood obtained
from the data (X7, Yq), ...,(Xn, Yn). Let the observed information matrix be defined as

2
-1 a—ln
0000’
aZ

n
—n1 : i —Y; - i
=" 3 o 1108000 + (1 = Y logl1 = Fy()), (12)

M;(0)= —n (0)

where I(0) is the log-likelihood function. Let 0y, be the MLE, i.e.,

0y = arg max In(0). (13)
0cO®
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Note that there is a direct relationship between the "observed” information matrix M} (0) and the matrix Mn(0) in (3). If we write
the expression (12) as Mj;(0) = n-1 Zf;] I#(0), then

n
Mn(0)=n"1 3" E(F(0)Z;_1).
i=1

Thus, the matrix Mp(0) is not the actual Fisher information matrix, but rather an intermediate quantity between the observed
information matrix and the Fisher information matrix. See Silvey (1980, Chapter 7) for more discussion about the matrices Mu(0),
M;(0) and the Fisher information matrix.

The proof of asymptotic normality of posterior uses the fact that the MLE is asymptotically normal. There are many results prov-
ing asymptotic normality of the MLE in similar adaptive sequential designs. The most relevant are by Wu (1985) and Chaudhuri
and Mykland (1995). Also, Lai (1994) provides conditions for asymptotic normality of least squares estimators in nonlinear re-
gression models with adaptive sequential designs. Chaudhuri and Mykland (1995) show that the MLE is asymptotically normal
if the data are generated by an adaptive sequential design in a nonlinear experiment. In order to use their result we need to
assume that the initial allocation size ng tends to infinity as the sample size increases. This is not directly applicable to the
particular application of phase I clinical trial considered here. Also, Chaudhuri and Mykland show a weaker form of consistency
for the MLE by assuming a weaker condition on the eigenvalues of the observed information. Due to the binary form of our
experiment we are able to show boundedness of the eigenvalues of the observed information directly in Proposition 2. A key
step toward the proof of asymptotic normality of the MLE is proving consistency of it. Consistency of some suitable solution
of the likelihood equation may be shown using Hall and Heyde (1980, Section 6.2). However, unless the solution is unique, the
convergent solution is unknown, a well-known problem associated with the solution of the likelihood equation (cf. Serfling,
1981). To avoid this difficulty, we use a global maxima. Our approach is useful even in the absence of a martingale structure. Due
to the differences in the set of assumptions from those considered in the literature and due to the general appeal of our proof
in situations where martingale structure is not applicable, we present the proof of consistency of MLE as a separate theorem in
the appendix. Once consistency is established, asymptotic normality follows relatively easily by Taylor’s expansion, a martingale
central limit theorem and Proposition 2.

Hu et al. (2005) show asymptotic normality of a sequence of solutions of the likelihood equations in a response-adaptive
randomization procedure under an exponential family model and the assumption that the design measure converges almost
surely to an optimal value. Most proofs require the convergence of the design measure to a unique value. The convergence of
the design measure is not necessarily guaranteed for our problem (cf. Remark 2). We circumvent the problem of convergence
of the design measure by normalizing the MLE sequence with the observed information. First we prove the boundedness of the
eigenvalues of the observed information matrix.

Proposition 2. Let M (0) be the observed information matrix as defined in (12). Let Amin,n(0) and Zmax,n(0) be the smallest and the
largest eigenvalues of Mj;(0), respectively. Then there exist constants 0 < Lmin < Lmax < oo and 6 >0 such that Lmin < Zmin,n(0) < Zmax,n
(0) < Lmax for all n and for all 0 e N5(0p) where N5(0p) = {0 : |60 — Og | <3}

Define
wn(0) =1(0) - [(On). (14)
Then by Taylor expansion
wi(On + (M)~ V2u) = — Ju'u + Rn(u), (15)

where u= JﬁM,’;l/Z(Q - @), M = Mﬁ(@n) is the observed Fisher information matrix (12) evaluated at the MLE On, and Rn(u)is the
remainder term. We shall show that the L{-distance between the posterior density of u

eWnWn(On + (nM)~V2u)

mh(u) = n(u|Zn) = = OBy + (a0 ey ar (16)
and the multivariate normal density ¢(u) = e—“/z)“/“/fRz e—(1/2)'t gt converges to zero a.s. [POO I
Theorem 3. If Yy, satisfy all the assumptions of Theorem 1 and Lemma 1 and if, in addition, Assumption (SS) holds, then

lim. /RZ i) — P du=0  as. [Py, . 17)

The asymptotic normality of the Bayes estimator follows directly from the asymptotic normality of the posterior and the
asymptotic normality of the MLE (cf. Bickel and Yahav, 1969).
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Corollary 2. Let On= Ex(01%n) be the Bayes estimator of 0 with respect to a prior 7. Then

(nM3)"%(0n — ) — N(O,) (18)
where M}, = M,ﬁ(@)n) is defined in (12).
5. Characterization of the limiting design

In this section we characterize the limiting design obtained following the sequential Bayesian optimal procedure. Kiefer and
Wolfowitz (1960) give the general equivalence theorem for finding the global D-optimal design. For example, one can show that if
the design space is large enough, the D-optimal design for the logistic link is a 2-point design, with equal weights at two symmetric
quantiles in the z scale. If the design space is not wide enough, the design is still a 2-point design with at least one of the points
falling on the boundary of the design space. However, when the design space is discrete, the optimal designs for the continuous
design space are no longer optimal. In order to find the design that is D-optimal over the design space Q = {d1,d>,...,dk} one
needs to solve the following optimization problem:

max Q(&) := max &£Q¢, (19)
EeZ EeZ
where Q is defined in (6). Then, the Lagrangian of the problem can be written as
K
L&A p) = -EQE - (&) - Y pici(&), (20)
i=1
where c(&) = A(J'E - 1), ci(§)=¢&;, i=1,2,...,K, and J is the vector of ones. Because Q is a matrix with arbitrary positive off

diagonal entries, (19) is not a convex optimization problem. Thus, the Karush—Kuhn-Tucker (KKT) conditions are only necessary
provided the linear independence constraint qualification (LICQ) conditions are satisfied. However, clearly not all &; can be in
the inactive set (inequality constraints) as J'¢ = 1. Suppose, without loss of generality, the first I(< K) components of € are in the
active set. Then, the LICQ conditions require the vectors in {Vc(&), Vci(&), ..., Vi (&)} = {J,eq, ..., e} to be linearly independent.
Thus, the LICQ are clearly satisfied. Then the KKT first order necessary conditions can be written as

ch(év/l‘/“”):ov ]/6:1v 6201 2201 l‘l’>0v Hf:O, (21)

where a - b is the Hadamard (componentwise) product between two vectors @ and b and a > 0 means that all components of a are

* 9%k

nonnegative. The last condition in (21) is the complementary slackness condition which implies that at the solution (&%, A*, u*),
for each i, either uf = 0 or & = 0 or both are zero. This in turn implies that there exists a permutation matrix P such that

() o m-(3)

2

where p could be identically zero. From the first condition in (21) we see that a solution must necessarily satisfy PQP'PE =],
or

Q& =41, (22)

where Qq is the upper left block of PQP’ corresponding to £7. Then, the set of points satisfying the necessary conditions is
7. ; &1 7
o/ ={& e Z: 3 permutation P such that £ = 0 and PQ¢ = x for A1>0¢.

Let ./ be the set of all r x r principal minors of Q for r > 2. Since diagonal elements of Q are zero, the principal minors for r =1
are all zero. In order to look at the solution more explicitly we make the following assumption:

Assumption (C). All r x r (r > 2) principal minors of Q are nonsingular.
Consider the set 2 ={M : M e .#; M~1J>0}. Then from (22) we have

6* — U,M*il_’)ilM*il_’v (23)

where M* = arg min{J/M~1J : M € 2}. Thus the D-optimal design has positive weights for the components corresponding to the
principal minor M € 2 for which the sum of all the entries in the inverse is minimum among all minors in 2. Note that 2 has at
the most 2K — K — 1 elements. Of course even for moderate K this could be excessively large for the characterization (23) to be
useful. However, for some simple cases it can be insightful.
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Proposition 3. Suppose K =3. Suppose the entries of Q, 12,413 and g3 are all distinct. Then the D-optimal design is a 3-point design
ifq12,qq3 and qy3 are the three sides of a triangle, i.e., the sum of any two is greater than the remaining third. Otherwise, the D-optimal
design is a 2-point design with equal weights at d; and dj where g;j = max{q12, 913,923}

Proof. For simplicity, let 13 =a,qq3 = b and gy3 = c. Then
ca+b-rc)
Q y=(abc) ' | bic+a—b)|.
alb+c-a)

Clearly if a, b, c are the sides of a triangle then Q € 2. The inverses of the 2 x 2 minors are a~!R,b-1Rand ¢~ 1R where R= ((1] 6)
All 2 x 2 minors belong to 2. Then the design will be a 3-point design if

JO Yy<2min(a1,b~1,c 1.
Equivalently, the D-optimal design is a 3-point design if

2(ab+bc+ca)—a2—b2—c2< 2
2abc max{a, b, c}’

Without loss of generality, if a=max{a, b, c}, the above claim is true because (b+c— a)2 >(0.If the triangle inequality is not satisfied
with a = max{a, b, c}, then the maximum value of the criterion is a/2 corresponding to the (%, % 0) O

Proposition 4. Let Q be as defined in (6). Then rank(Q) = min(K,3) and all 2 x 2 and 3 x 3 principal minors of Q are nonsingular.

Proof. Note that Q = ADA where A is a diagonal matrix with ith diagonal entry J; = 2~1/2 [3_1 ai(0), D is the matrix with (i,j)th
entry dij =(dj — dj)z, i,j=1,2,...,K, and aj(0) are defined in (6). Because A; >0 for all i, rank(Q ) = rank(D). Now,

D=d% +Jd? - 2dd, (24)

where d" = (d},d}, ...,dIQ)/. Because all matrices on the right side of (24) are of rank one, we have rank(Q)< 3. Algebraic
computation shows

2 : —
—d12 if K=2,

dEt(D):{ diydyzdys if K=3.

Since the design points are all distinct, we have the result. [

Proposition 5. The D-optimal design is either a 2-point or a 3-point design, where the nonzero weights &, are of the form & =
(‘]’M”])‘]M*l] and M is the principal minor of Q corresponding to the components with nonzero weights.

Proof. By the KKT conditions, the D-optimal design is necessarily of the form é=(&] : 0') and Qé=(/J' : ') (after arearrangement
of the doses to put the doses with nonzero weights at the beginning) for some positive constant 4 and some vector x. But by (4),
if Qq1 is the upper left 3 x 3 principle minor of Q; where

°-(g &)

then Q; = (é/) Qq1(I : B) for some matrix B. Then solving Q; €1 = 4J, we obtain

11 +BE12 = Q). BQi1(&11 +BE2)=J. (25)

Therefore, J’B=J’. This implies A]’Qﬁlj =J'&11 +J'B&12 =] €11 +J €12 = 1. Thus, the maximum value over a r-point design can be
achieved over a 3-point design. However, because the choice of the 3-doses for Q11 within Q; was rather arbitrary, (25) implies
that 1=(J'Q; 1])*1 for any choice of 3 x 3 principal minor of Q. Simple algebra shows that this is not possible unless all elements
of Qq are zero. Hence, there are no r >3 point design that satisfy the KKT necessary conditions for local maxima. By Proposition 4,
if for some 3 x 3 principle minor, the elements above the diagonal form three sides of a triangle, then the design with positive
weights corresponding to the rows in the principal minor is a 3-point candidate for the D-optimal design and one can eliminate
the three 2-point subsets of the 3-point design. The form of the design by the KKT conditions is &; = (I/M*1])’1M* 1] where &
is the subvector of the design vector with positive weights and M is the corresponding principle minor of Q. [J



A. Roy et al. / Journal of Statistical Planning and Inference 139 (2009) 425 - 440 433

Proposition 3 characterizes the candidate set of D-optimal designs. In the case of design space with K design points, one needs
to search within only (’é) possible designs. Typically the search will be over an even smaller set as the optimal 2-point design
among all possible 2-point design is the one that puts equal weights to the two design points corresponding to the indices of
the maximum element in Q. Because the link function is quite arbitrary, there are cases when a 3-point design gives a solution
with a higher value of the optimality criterion even though no principal minor involving the maximum element of Q satisfies the
criterion for a 3-point optimal design.

6. Discussion

We have shown that the sequential Bayesian D-optimal design approach generates data that allows parameters of the
model to be estimated consistently. Also the design criterion converges over the iterations. A pertinent question is what is the
rate of posterior convergence. Given the finite dimensional parametric structure one can expect to have classical /n rates for
convergence. However, the link distribution function is often unknown. Consistency and rate questions become more challenging
if one assumes only such a semiparametric model. Specifically, if the distribution function F is assumed to be arbitrary except
for some conditions on the quantiles to make the model identifiable, then one can mimic the approach of Haines et al. (2003)
by adding some process prior on F. Also error rates for estimation of specific quantiles will be of interest. It seems that in the
semiparametric case, the design space must be continuous to be able to retrieve full information about F and the discrete design
space at each stage must become gradually dense everywhere in the overall design space. Haines et al. (2003) demonstrate by
simulation that the procedure works quite well with n = 35 patients, even with a misspecified prior distribution.
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Appendix

Proof of Lemma 1. The above result follows by proceeding as in the proof of Schwartz’s theorem (cf. Schwartz, 1965) by
observing that for any b >0,

lim inf eb" Mdﬂ(6)> lim inf eP" / Mdﬂ(@)
n—00 In(Xq,...,Xn; 6g) n—00 10-01<6 In(Xq, ..., Xn; 60g)
> / lim inf ebn K100 X0 0) 4y
10-0)<§ n—>o0 In(Xq,....Xn; 0p)

=0
for ¢ sufficiently small, by Fatou’s lemma, since
In(X1, ...,Xn; 6) )

— " | > 0

ln(X] yeee ,Xn; 00)

for all 0 sufficiently close to 6y by Condition 1. [J

n (b +n1 log

We also require the following lemma in the proof of Theorem 1. The proof of the lemma follows immediately from Taylor’s
expansion.

Lemma 2. Let 0<¢g < % and ey <y, <1 — &g. Then there exist a constant L depending only on &g such that

V(log i)m +(1- “/)<log 11_;1///)’” <Ly -y, m=12.

Proof of Theorem 1. First, we show the existence of a test function @y, satisfying Condition 2 of Lemma 1 in the appendix.
Consider a pair of hypotheses Hy : 6 = 0 versus Hy : 6 = 0. Let the design space be partitioned as Qp = Qp(01)={x € Q :
Fy (x)>Fp (x)} and Q1 = 21(671) = Q\Q((01 ). Consider the test & = 1{T > ne*}, where

0o 0, 0

To=Ta(01)= D [Yi—Eg,(YilZit)l = D [Yi—Eg,(YilZi-1)]. (A1)
iZXiEQO i:XiGQl

e =inf{0(0) : |0 — Ol > &}, 6(0) = min{|Fy(x) — Foo(x)\ : x € Q) and 1{A} denotes the indicator of the set A. Note that &, >0 by the
identifiability of the family Fy, continuity of  — Fj and the compactness of ©.
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Let

—Eg-(YilZj_1), Xi € Qo(01),

[ O* _
AOO0=1(1 V) Epe(1 - V@i, Xi € Q(0y).

Then Z; is a martingale difference sequence for Py« and —1<Z; < 1. By Azuma’s inequality (cf. Ross, 1996, p. 307),
Py, (Tn > ne) < e~ 6%/2,
To bound PO(Tn < ney), note that
n
Tn= ZZi(HL )+ Y. (Fg, (Xi) — Fy, (Xi)) - > (Fg, (Xi) — Fg, (Xi)).
i=1 i:XieQq i:Xje(q
Therefore

n
Pg,(Tn<nes) =Py, > Zi(01,01)<nex — Yy (Fgy (Xi) — Fg, (Xi)) + > (Fg, (Xi) — Fg, (Xi))
i=1 i:XjeQo i:XjeQq

n
< Py, (szﬂ, 01)< - ng*) <e—"85/2.
i=1

In order to remove the dependence of 01 on the test, where ||01 — 0g|| > ¢, consider 6* such that ||0* — 01| <#. Then > oxeQ IFpr(x)—
Fgl (x)] < MKn, and thus

-

Il
-

Ta(01)= ) Zi(0",001)+ ) (Fg,(Xi) = Fpe(Xi) = Y (Fge(Xi) — Fp (Xi)
i:XjeQg i:Xjeq
n

> Y0500+ Y (Fp (X) —Fgr (X)) = 32 (Fge(Xi) — Fy (X0)

i=1 leEQO lXiEQ]
n

> D Zi(0%,01)~ Y g, (Xi) — Fye(Xi)l
i=1 i:Xier

Zi(0%,01) — MKn.

WV
.M=

Il
_

Thus, if = &,/(2MK), another application of Azuma'’s inequality gives

n
Py+(Tn(01) <nex) <Py (ZZi(H*, 01)< - ns*/Z) <eme/8,
i=1
As O is compact, we can cover {0 : |0 — 0Op| > ¢} by finitely many balls of radius &./(2MK). Construct tests as in (A.1) for 04
equal the center of each ball. Each such test has type I error probability bounded by e1¢}/2 and type Il error probability on the
respective ball bounded by e~1¢2/8_ Then the maximum of these finitely many tests satlsfles Condmon 2 of Lemma 1.

To verify Condition 1 of Lemma 1, note that the log-likelihood ratio is given by Al (60, 0)= Ai(0g, 8), where
(X ) —Fy (Xi)
e,e_ylo +1Y1070
Then
Fy (Xi) — Fpy (Xi)

E(Ai(QOv9)|9i7])=F00(Xi)IOg FHO(Xi) +(1 FOO(XI))IOg W

which is bounded above by a multiple of ||0— 0|2 by Lemma 2 and the assumption that sup{ [0Fy(x)/30]|| : 0 € Op,x € Q}=M < cc.
Because

n
AM(0o,0 Z{A (0. 0) — E(Ai(0g, 0)Z;_1)} + 3" E(Ai(00,0)|Z;_1)
i=1
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and

n
n! ;{Aiwo,m — E(4i(00, 0 Zi-1)) > 0 as. [Py]
1=
by the strong law of large numbers for martingales, it follows that for some constant Cj, we have n‘lA(”)(HO, 0)< C052 a.s. for

all sufficiently large n and ||0 — 0|| < d. Thus Condition 1 holds.
Condition 3 of Lemma 1 is clearly satisfied. Theorem 1 then follows. [J

Proof of Proposition 1. We will first show that the design vector is bounded away from the vertices in the unconstrained case.
It is enough to prove (10) for k = 1. Fix 6 € @. Consider Qo(fz]m) - Qo(élnH) for j#1 where

) n ]
e E LA RS (A2)
and Qg(-) is defined just prior to (5). By simple algebra,
; . -2 ,
Q(&ns1) — Q&)= malaj(dl —dj)* (&1 —Sjn)
2np 2 K B
+ 28 > aidinlay(dy — di)* - ai(d; - di)?]
(n+172 .. %= .
ij=2;i#j
2nf~
o f] Zali, nlay(dy — di)? — aj(d; — di)?]
2nf~
T 1R f )2 H(en) (A3)

The linear function Ij(fn) converges to a negative limit as &, tends to eq, i.e.,

lim ll(fn)——ala(dl ) <0 forj=2,3,...,K.

Sn—er

Thus there exists 0 < ’1]'(9) <1suchthatfor &y, >1— ;1]-(9) we have

Qy(EL1)< Q& ).

Letn = sup{nj(Q) : 0 € ©,2<j<K}. Because O is compact we have 0<y<1.Now if &1 , >1 — i then &; 1 =néq 5/(n+1). Thus
E1nt1 —S1n=E&10/(n+1)>(1 —n)/(n+1). Because the harmonic series _ n—1is divergent, we have ¢1,n <1 —ninfinitely often.
Choose Ny j; such that N17;17 <n/2.Let Ny =inf{n : n>Ny ;, and &1,n <1 —n}. Then for n>Ny we have

(=D& g +nt<l—n2 if 1-n<&pq<1-n/p2,

(1-n"N&p1<1-n/2 if {1 p1<1—n.

Clearly, the constraint bounds the design vector away from any of the vertices ey, 1,...,eg, where K* is defined in (9). To
see that the design vector is bounded away from the vertices ey, ..., e« one needs to only consider j € {1,2,...,K*} in the
above proof. Thus, (10) continues to hold even when the iterations in the design space are performed in conjunction with the
constraint (8). [J

é],n:

Proof of Corollary 1. By continuity, there exist a neighborhood U* of 0y such that ug(0)<dj,i=1,...,K* and ug(0) >di, i=K* +
1,...,K, for every 0 € U*. By Theorem 1, there exists N*, possibly depending on ¢, where ¢ is defined in (8), such that for n > N*
the posterior probability n(U*|%y) is greater than 1 — ¢/2. Hence, by the constraint (8), for n > N*, the allocation will be restricted
to d], ...,dK*. O

To prove Theorem 2, we require the following lemma.

Lemma 3. Let {sp} be a real sequence and let sp <Mp < oo for all n. Let Ap =Sy 1 — sn. If >, Anl(4n <0)> — oo then limp_ oo Sn =S
for some s € (—o0, 00).
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Proof. Let M3 = )", 4nl(4n <0). Then sp = ZZ:z Ay, + s1>Ms3 + sq. Therefore, {sp} is a bounded sequence, and, hence have
accumulation points. Suppose limp—, o Sn does not exist. Then s, has at least two distinct accumulation points. Let t1 <t be two
accumulation points of {sp}. Let for each n, mp denote the number of crossings from [t5 —(t; —t7 )/4, 00) to (—oo, t1 +(t3 —t1 )/4]. Then,
2}3:] A 1(4), <0)<—mp(ty —t1)/2. Because t1 and t; are accumulation points, limp_, o Mp=o00. Hence, lirnn_)oozz=1 A, 1(4;,<0)=
—o0, and we have a contradiction. [

Proof of Theorem 2. Define the partition of N, the set of natural numbers, N =[UJ, where I ={i : Q(&;)— Q(&;_1)>0}andJ =1I¢
in N. Because Q(-) is bounded above, by Lemma 3 it is then enough to show that the sequence {Q(fjH )—Q( fj)}]ej is summable.

Letn e J. Let le =(1-7n)éy + 4ne;,1=1,2,...,K, be the K possible candidates at the nth iteration. Let Al — (an) Q&)
and Ap = (A,]q, . A'n<)’. Because Q admits a bounded second mixed derivatives we have Ay = An(I — 1/6)6Q(€)/6‘g'|§:§n + O(i%).
where 1 is the vector of ones and I is the identity matrix. Therefore Zf(:l én_lAf1 = O(Zﬁ). By assumption there exists a positive
constant My such that Q(&)<My for € € =. Let —M4<A$1])<A£12)< <A$1K)<O be the ordered values of qu, 1=1,2,....K.
Also max{&; : 1<i<K}>(K + 1)_1 for all n. Let i’ be the index of the ordered A% corresponding to max{&,; : 1<i<K}. Then

1Q(€n1) — Q&) = \A;K)\ < |A$1i )| so that |Q(&,, 1) — Q(&p)I < (K + 1)|Z{<=1 én’lAfﬂ = O(/l?,). Because {)v%}nej is a subsequence of
the summable sequence {;“%}jeN we have

. _ *

Jlim_ Q(&)=Q(&").
Clearly, by continuity of Q(-), d(Bg(&*),A(E*)) — 0 as ¢ — 0, where d(-,-) is a set distance and Bg(&*) = {€ € £ : |Q(&) — Q(&")| <¢&).
Hence the result follows. Suppose we define connectivity on the set A(¢*) as follows: two points &1 and &, are connected if there
exists a path Pé 1 & Eméy from & to &) such that Q(€) =Q(&;) forall & € Pé. Then the sequence of iterations must converge
to a connected subset of A(E*). O

Proof of Proposition 2. The observed information can be written as

K > —2
wooy oz | (Fzi) — F(zi)p f(zi) f(zi) +zif (zi)
Ma(0) = ;C”’[ F(zi)(1 - F(zi)) :|(f(zi)+zlif/(zi) ZZr;f(IZi)Jerzf’éZi))

Zi (1 — 2 Zj
+Zém|:F2(Zl) a ( i| (B~ f l))( zi le)
:= Bn(0) + Dn(0), (A4)

where zj = (d; — a)/f, F(zi) = Ti(n)/Nj(n) is the observed proportion of 1's at dose level d; and Tj(nn) and Nj(n) are the number of 1's
and total number of allocations to design point d;, respectively. We show that B (6p) — O a.s. [PQ0 ]. It suffices to show that for each

i, ém-(ﬁ(zi) —F(zi)) — 0,as. [P(,0 ]. Suppose &,; does not go to zero almost surely for some design point d;. Then, Nj(n) — oo almost

surely. Because, given the design point dj, the observations are i.i.d. Bernoulli(F(z;)), by the strong law, we have (F(zj) — F(zi))
tending to zero almost surely. Hence, Bn(6g) — 0 almost surely. The eigenvalues of By(6) and Dy(6) are continuous functions
of 0. Thus, for large n we can find a neighborhood of 6; where By(0) is arbitrarily small and the eigenvalues of Bn(0) + Dn(0)
are uniformly close to those of D(0). Specifically, given any ¢>0, we can find a 6 >0, such that|Amax(M3(0)) — Amax(Dn(0))I <¢
and [Amin(M;;(0)) — Amin(Dn(0))| <& for all 0 € N5(0p). Thus, it is enough to show that the eigenvalues of Dp(0) are bounded and
bounded away from zero. Now, Dy (0) is a convex combination of finitely many rank one matrices, i.e., Dn(0) = Zf; Enicni()Ai,
where A; are the rank one matrices (1,z;)'(1,z;) and

| F@) | Q-F@) |, p-252,..
cni(0) = |:F2(Z)+( F(Zi))2i|(’8 f<(z)).

The nonzero eigenvalue of cpi(0)A; is cni(0)(1 + 212). Thus, the largest eigenvalue of Dy(0) satisfies

Fmax(D(0)) < max cai(O)(1 +2f).

i

Since O is compact it follows that Amax,n <Lmax < oo for some constant Limax. The matrix Dp(6) is singular if and only if one of the
allocation proportions is one and the rest are zero. Thus, the minimum eigenvalue, Amin(Dn(0)) of Dy(0) is a continuous nonnega-
tive function of the design vector &, over the compact set = taking zero value only at the vertices e; of the simplex. By Proposition
1, the vectors &, are bounded away from the vertices. Thus, there exists a constant Ly 1 such that 0 <Ly 1 < Amin(Dn(0))
foralln. O
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Proof of Theorem 3. Observe that, with 7tp(u) = eWn(t)/ fRz eWn(t) dt we have
wn(u) x\—1/2 Wn(U) () +\—1/2
/lnn(u)fnn(u |du\/ eWnWr(By + (nME)"2u)  eWn (O + (nMp)” ") |
[ewnOn(Dy + (nMz)Vuyde [ ewn(On(0p)dt
+/ eWnWr(0y + (nM)~2u) B ewn(W ()
[ ewn(On(0n)dt [ ewn(On(0p)dt

zfeW”(“ |7T(9n)— n(@n +(nMj)~ 1/2u)|du
[ ewn(W)(0) du

Since O — 0p a.s. [P(0p)] and 7(0) is continuous and positive at 0, the left-hand side of the above display goes to zero. Thus,
we may replace 7j;(u) by mn(u) in (17). Let fo(u) = exp(wn(u)). Consider the ratio [f“ulmsx/ﬁfn(u)du/fszn(u)du]. The ratio is

the posterior probability P(0 ¢ N5 ,,(0n)|Zn), where Ny ,(0) = {0/ : (' — 0YM;(0' — 0)<0?). Since O — 0g ass. [P(0p)], there
exists &’ >0 such that for all sufficiently large n, Ng n(Ho) c N(;'n(@n) a.s. [P(0p)].By Proposition 2, there exists 6" >0, such that
Ny .(00) € Ny . (0p), where, as before, N5 (6g) = {0 : (0 — 0p)'(0 — 09) < (8")%}. Therefore,

P(e ¢ Né'n(én”@n)gp(g é N(S/,n(HO)L@n)gP(Q é N(5’/’n(90)|@n )
The uniform prior is proper because of the compactness of the parameter space. Thus, by Theorem 1, P(6 ¢ Ng» . (69)|%n) — 0.
Therefore we have |
S <o mfn(1)du

fRZ fa(u)du

We can choose J such that for large enough n, the region |lu| < J+/n is contained in a neighborhood of 6y where the derivatives
of the log-likelihood with respect to elements of 0 are uniformly bounded, i.e., there exists M5 such thatif € N 5',1( 0) then

(A5)

31,(0)
00;00,00,

-1 <Ms, ijk=1,2,

and 61 = « and 6, = f3. Also, we can choose ¢ such that, by Proposition 2, ||(6 — 9)|| < ”_1/2Lr_nli1/12 |u| for all 0 € Né,n(é)' Then, for

0 e Né‘,n(é) we have

Rn(u)) < 2Ms L2 n=V2u)® < 2Ms Ll 5(u').

We can choose ¢ such that 2M2Lr_n3i{125 <1/2. Then

gru Rt dus [ e {- (5 - 2msimi's)
expi—=uu+Ry(u)tdu<g | expi—| = —2MsLyin 0 | v'uy du
/\‘\uugé\/ﬁ P{ 3 n(ut) p 3 5Lmin

—2n(1 — 4MsL 325y 1<

Thus the sequence of functions I(||u|| < /1) exp{— u u + Rp(u)} are uniformly integrable and hence

it fawjau— fexp{-uul
expi—=u'u+Rp(u)}du expi—=u'ujdu=2m. A6
/”u”@ﬁ p{ 3 n(u); du — P1=3 (A.6)

Combining (5) and (6) we have that [ fy(u)du — 27. Therefore mp(u) — ¢(u) a.s. [P(0p)]. Thus, (17) follows from Scheffe’s
theorem. [

Next we prove the asymptotic normality of the MLE 0n which is required in the proof of asymptotic normality of the Bayes
estimator (Corollary 2). The proof of the theorem for asymptotic normality of the MLE (Theorem 4) relies on the following
proposition, which is a straightforward generalization of Theorem 5.7 in van der Vaart (1998, p. 45). The proof of the proposition
follows immediately from the proof of Theorem 5.7 of van der Vaart (1998, p. 46) and is omitted.

Let © be a metric space with a metric d and let 0 be an interior point of 6.

Proposition 6. Let G, and Hy, be random functions of 0 such that for every ¢ >0 the following conditions hold:

1. sup{|Gn(0) — Ha(0)] : 0 € ©) 2> 0,
2. there exists a § >0, such that sup{Hn(0) : d(6, 0y) >0} <Hn(60p) for eachn>1.
Then any sequence of estimators On with Gn(0n) > Gn(0g) — 0p(1) converges in probability to 0.
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The generalization allows one to consider sequence of random functions Hy, instead of a fixed deterministic function of . This
is possible only for sequences of function satisfying Condition 2 which is quite restrictive in the sense that it requires all member
of the sequence to have a fixed maximum, 6. However, in our application Condition 2 is satisfied.

Theorem 4. Suppose the data are obtained following the sequential scheme where conditional on the first r observations, the (r + 1)th
design point is chosen as (4) and the corresponding response arises as (1). Let O be the MLE of 0. Then 0y, is consistent at 0y and
(nM3(00))2(0n — 0g) — N(O, 1) in law.

Proof. We will first show that the MLE is consistent. The asymptotic normality will follow almost immediately from the consis-
tency result. To prove consistency of the MLE, we will verify the conditions of Proposition 6. Note that 0, =arg max{Gn(0) : 0 € ©},

where
e Xi) (1 —Fy(Xi))
1 0
Z['l"gF x) Yl)lg(ngo(Xi))i|'

Let

e i Fy(Xi) (1= Fy(Xi)
_ -1 we 0 0
Hn(0)=n i}_:[EQO(Yl@1_1)log Fye%) +(1—Eg, (YilZi- 1))10gw}

. Fo(Xi) (1 - Fy(X)
-1 . 0
1=21 [Fgo (Xi)log Foo oy + (1~ Fgy(Xi)) log (1—F90(X1))}

= - Z &n,iKL(0o, 0; di),
i1

where KL(6g, 0; di) are the Kullback-Leibler divergence measures between the Bernoulli distributions with means Fgo(di) and

Fy(di), respectively, and &y ; is the observed proportion of allocation at dose level d;. By the property of the Kullback—Leibler
dlstance Condition 2 of Proposition 6 is satisfied for each function —KL(6y, 6; di) and hence for any finite convex combination
Z —1%n,iKL(0p, 0; d;). Let Zp(0) be the stochastic process (indexed by 0) defined as

n
Zn(0) = Vn(Gn(6) — Hn(6)) = =2 Y (¥ — Fy (XD)R(0, 0p: Xi), (A7)
i=1

where

Fyo(Xi)/(1 — Fy(Xi))

R(0.0: Xi) =lo Foo (X/(T = Fy (Xi)

is the log odd-ratio between Fy(X;) and F90(Xi)' Condition 1 requires that sup{n*]/2 1Zn(0)] : 0 € @}—P>0. We will apply
Theorem 2.2.4 of van der Vaart and Wellner (1996) to verify this assertion. Since 0<Fpy(x)<1 for all 0 and x and O is com-
pact, Taylor’s expansion shows that there exists a constant Ly such that

R(01,0; d)<Ly(Fg, (d) ~ Fg. (d))
for all 01,0, € © and for all d € Q. Another Taylor’s expansion then shows
R(01,05; d)< Ly (Fy, (d) - Foz(d))SﬁLlMl 101 — 021l := Cq 1107 — 021
for any d € Q where My is defined in Theorem 1. Fix 01, 6, € ©. Define
Vi = (Yi — FHO(Xi))R(Hl,Hz;Xi), i=12,...,n
Then,
E(V}12i_1)< G CHI01 — 0211 := G301 — 02114, (A.8)

where G = max{E(Wj - F90(df))4 : 1<j<K} for W] ~ Bernoulli(F(,O(dj)), j=1,2,...,K. Also, {Vj} is a martingale difference
sequence with respect to the filtration {Z;_1}. Hence, by Burkholder’s inequality (cf. Hall and Heyde, 1980, p. 23) and by the fact
that (Zl 1 al) < nz?:l a,2 for any aq, ..., an, we have for some absolute constant A,

n 4 n 2 n
AE(Z vi) gE(Z v,z) <n E(Vi)
i=1 i=1

i=1



A. Roy et al. / Journal of Statistical Planning and Inference 139 (2009) 425 - 440 439

By (A.8), we have E(}"I! ; Vi) <n2C410; — 054 for some constant Cy4. Let y(x) = x*. Therefore, the Orlicz norm || - Il coincides
with the L4-norm, and we have

4\ 1/4
n
1Zn(61) = Zn(02)lly = | E[ V23" vq <101 - 0311
i=1

By Theorem 2.2.4 of van der Vaart and Wellner (1996) and the comment following the proof and the fact that Z;(6g) = 0
for all n, we have

sup |Zn(0)|

diam @ 1
H <Kq / Yy~ (DG |- 1, ©))de,
0c® v 0

where K7 is a constant depending only on y and C3, l//il(X) =xY4 and D(., | - |, ©) is the packing number of @. Since @ is a
compact subset of R2, there exist a constant L3 such that D(g, || - [, @) < L3 ¢2. Thus,

diam ©&
sup |Zn(0)l|| <Kqls / e V2 de< 0.
0

0c® Hl//

Then, by Markov’s inequality we have

sup [Gn(0) — Hn(0)| = sup n~Y2|Zy(0)| = Op(n~1/2).

0ec® 0c®

By definition, Gn(@n) > Gn(6p). Hence, by Proposition 6 we have consistency of the MLE. By Taylor's expansion of the derivative
of the log-likelihood function at the MLE, we have

n
0= ui(0p) — nMj5(0p)(0n — o) + Op(Il0n — Ooll), (A.9)
i=1

where uj(0y)=0/00[Li(0)—L;_1(0)] and L;(0) is the log-likelihood of the first i observations. Then, by the fact that || On — Opll=0p(1)
and that (nM;‘,(HO))‘l/2 ?:] ui(6g) — N(O,I) (cf. Hall and Heyde, 1980, Section 6.2) we have the result. [
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