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Abstract. We show that Bayes estimators of an unknown density can adapt to
unknown smoothness of the density. We combine prior distributions on each
element of a list of log spline density models of different levels of regularity with a
prior on the regularity levels to obtain a prior on the union of the models in the
list. If the true density of the observations belongs to the model with a given
regularity, then the posterior distribution concentrates near this true density at
the rate corresponding to this regularity.
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1. INTRODUCTION AND RESULTS

Consider the problem of estimating a probability density p on the unit interval
based on a random sample Xi,...,X, from this density. If p is known to
possess « derivatives, then it is well-known that p can be estimated at the rate
€n,o = n~%/(22+1) relative to, for instance, the Hellinger or Ls-distance on the
set of probability densities. A variety of methods achieve this rate, which is
known to be optimal in a minimax sense if nothing more is known concerning
p- Furthermore, it is well known that the rate €, o can be achieved even if the
value of « is not known a-priori. So-called rate-adaptive estimators achieve the
rate €, if p is a-smooth for a selection of values of a simultaneously. The
purpose of this paper is to investigate such rate-adaptation within a fully
Bayesian set-up, and whether it can be achieved through Bayesian model



selection.

We investigate this in the setting of log spline density estimation, as first
described by Stone (1990). Log spline density models are exponential families
constructed as follows. Fix some “order” ¢, a natural number, throughout.
For a given number K partition the half open unit interval [0,1) into K
subintervals [(k —1)/K,k/K) for k = 1,... ,K. The linear space of splines
(with simple knots) of order g relative to this partition is the set of all functions
f:[0,1] — R that are ¢— 2 times differentiable on [0, 1) and whose restriction
to every of the partioning intervals [(k—1)/K, k/K) is a polynomial of degree
strictly less than ¢. It can be shown that this is a J = ¢ + K — 1-dimensional
vector space. A convenient basis is the set of B-splines B 1,... , Bj,j, defined
e.g. in De Boor (1978). More precisely, let By1,... ,Bs s be the B-splines of
order g for the knot sequence

q times q times

—_— ]l 2 K -1 —m~~—
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as defined on page 108 of De Boor (1978). The exact nature of these func-
tions does not matter to us here, but their properties are used in a sequence of
lemmas in Section 2, which show that various norms of a linear combination
of the base elements are comparable to the corresponding norms on the coef-
ficients. This is roughly due to the fact that the basis elements are supported
inside intervals of length ¢/K, which is very small if K is very large relative
to q.

For § € R’ let "By = . 0;B,; and define

1
pjg(.’L') — egTBJ(z)ch(G)’ ecJ(G) — / egTBJ(m) der.
0

Thus py,¢ belongs to a J-dimensional exponential family with sufficient statis-
tics the B-spline functions. Since the B-splines add up to unity, the family
is actually of dimension J — 1 and we can restrict 6 to the subset of § € R’
such that §71 = 0. The true density py of the observations need not be of
the form p;jg for some (J,6).

We assume that the true density po belongs to a Holder space C*[0,1],
but the order of smoothness a is a-priori only known to belong to a range
{1,2,...,am}, which we take to be integers, for simplicity. We shall construct
a prior on the set of log spline densities in two steps. First we construct for
each fixed a a prior on the set of log spline densities of a suitable dimension
depending on a. Next we combine these priors by putting weights on the
different values of a in {1,2,...,amn}.

For given a we need to choose the dimension of the log spline space at least
Jn,e = [n*/(2tD] to achieve good approximation properties for functions
belonging to the Holder space C%[0,1]. We abbreviate the densities py, _ o

n,a)
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for 8 € R/ne to Pn,a, O €Ven Py g. We may also drop the index n in other
notation such as €p q-

It is shown by Stone (1990) that the maximum likelihood estimator p,, , 5
(where én,a maximizes the likelihood 8 — [[, Pn,a,e(X;) over 8 € R e
such that 871 = 0), achieves the rate of convergence €, . if the true density
po belongs to C*[0,1], i.e.

1
/ (pn,a,gn - po)Q(m) dzr = OP(Gi’a).
0 ,

In Ghosal, Ghosh and van der Vaart (2000) it is shown that a suitable Bayes
procedure achieves the same rate. Given a sequence of flat priors I, o, on
R7»= the posterior distributions

fa:pn!(,’g €B H:LZJ. pn7‘1’9 (X") dﬁnaa(a)
f H?:l pn,a,G(Xi) dﬁn,a (9)

concentrate almost all of their mass on Ls-balls of radius proportional to €, q,
i.e. for sufficiently large C

I, .(B|X1,...,Xn) =

I, /(p po)%(z) dr < C’ena|X1, . ,Xn) — 1,

almost surely, if the true density po belongs to C*[0,1]. (In both results it is
assumed that the true density is also bounded away from zero.)

Both the maximum likelihood estimator and the Bayesian estimator described
previously depend on a. They can be made rate-adaptive to a by a variety of
means. In the Bayesian set-up, which interests us in this paper, a natural and
elegant method to make the procedure rate-adaptive is to put prior weights
Ao on every of the log spline models P o = {pn,ae : 6 € R7ma}, where
a€{1,2,...,an}, or equivalently put prior weights on the possible degrees
of smoothness a = 1,... ,a,, and view the previous priors as conditional
priors given the model indexed by a. Equivalently, this means using the prior

= Z Aozl_['n,,oz;

where II, . is the image of fIn,a under the map § — pn,a,0, On the union
UaPra = {Pryap: 0 € R7= a=1,... ,a,} of the models P, ,. (We view
Dn,a,0 and p, g ¢ as different whenever oo # 3, even if the densities may be
the same.) The posterior relative to this prior is

» | p(Xy) dIL,
L, (B|X1,...,X,) = ffBH i 1;’ T ((1;)

_ Ea )\Ck fa:Pn,a,geB H’i:l pn,a,g(Xi) d]-:-[n,a(e)
Za )\OL f H:Lzl pnyaaa(Xi) dHnaa (0)
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Given our finite list of models {1, 2, ... , a@n } the naive choice of model weights
Aq are the uniform weights Ay = 1/a,. In our asymptotic setting any set of
fixed, positive weights A, will achieve the same result. It could be benificial
to allow the weights to change with n, but we shall not pursue this possibility
in this paper.

We assume throughout the paper that the prior measures I:In,a concentrate
inside a (big) block [—M, M]’m=. It is shown in Lemma 5 that restricting
6 in psg to a rectangle [—M, M|’ is equivalent to bounding pje above and
below, the upper and lower bounds approaching infinity and zero if M — oco.
Thus our prior charges only densities that are bounded above and below, and
our Bayes procedure cannot be consistent if this is not true for pg. On the
other hand, by making M sufficiently large, we can accomodate any po that
is bounded away from zero, no matter how small it may be. With a given,
very large M, we can accomodate all “reasonable” pgp.

Furthermore, we assume that the order of the splines involved in the con-
struction of the ath log spline model is at least a. Since we consider only
a < an,, we can achieve this by choosing all splines to have order q > a,,.

We assume that the prior distributions II, , are Lebesgue absolutely con-
tinuous on the restricted space {§ € R/»« : 11 = 0} with densities that
vanish outside a big block [—M, M]’== and are bounded above and below
by d/m= and D7, respectively, for given constants 0 < d < D < oo. Let
I, 1(:|X1,...,Xn) be the posterior relative to this prior.

THEOREM 1. Ifpy € CP[0,1] for some B € {1,2,... ,am}, and py is bounded
away from zero and M is sufficiently large, then there exists a constant C such
that, in probability under Pg,

I, . (p : /(p—p0)2(a:) dz < C’(\/lognen,ﬁ)2|X1,... ,Xn) — 1.

The factor y/logn that precedes the rate €, g in this theorem is disappointing.
We would have liked to prove the theorem without this factor, but have not
been able to. As can be seen by studying the proof, the logarithmic factor is
caused by models P, for a > 3 that approximate the density py € C*[0,1]
within the range €, g[1, v1ogn]. If po were really of smoothness level g (and
not smoother), then the distance between py and P, o is guaranteed to be
(1/Jne)? by the approximation properties of splines (see Lemma 4), which
is much bigger than €, gv/logn. If the distance of py to P, . were really this
large, for every n, then the logarithmic factor need not appear, because the
posterior would not charge P, .. However, it appears to be not excluded that
the model P, o is much closer than the upper bound would predict, infinitely
often in n.

We make the observation in the preceding paragraph mathematically precise
in the following theorem.
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THEOREM 2. In the preceding theorem the numbers v/logn e,z may be re-
placed by the numbers €}, 5 defined by, for a sufficiently large constant D,

. Viognens, if h(po,Pn,a) < Dy/logne, g, for some a > f3,
f,n 3 = .
’ €n.3 if h(po, Pn,a) > Dy/logney g, for all a > S.

Thus, for many pg, the logarithmic factor is unnecessary, as soon as we are
in the second case of the definition of €, ;. We conjecture that to remove the
logarithmic factor altogether it is necessary to use more involved priors, for

instance based on weights A, that change with n, or coefficient-priors 1I, g
that are not uniform.

Because we allow only a finite number of models, it is not unreasonable to
expect that the posterior probability of the “correct model” converges to one.
The posterior probability of model « is given by

/\a f H?:l pn,a,G(Xi) d]-:I'n;,a(g)
2o Aa f H?:l Proa,0(Xi) dll; o (8)

This expectation of “automatically choosing the right model” may not be
justified. A complicating aspect is that the finitely many models in our list
are not fixed, but change with n. Furthermore, they may overlap. These
same facts also render the proof of the theorem a little delicate.

The remainder of the paper consists of proofs of the theorems. We use the
following notation. The symbol < means “smaller or equal up to a constant
times”, where the constant is universal or at least fixed within the set-up of
the paper (i.e. it may depend on pg, am, or M, but not on J or n). We let || f||
and || f||eo be the L2[0,1] and the supremum norm of a function f : [0,1] — R,
and similarly write ||f|| and ||0]|« for the Euclidean and maximum norm of
§ € R7. Because all densities in our set-up are bounded away from zero and
infinity, the Ly-norm |[p — ¢|| between two densities p and ¢ is equivalent to
the Hellinger distance ||\/p — \/q||, which we denote by h(p,q). Let P denote
the measure corresponding to a density p, and let Pf = [ fdP.

2. AUXILIARY LEMMAS

In this section we list a number of lemmas that will be used in the proofs of
the main theorems.

The usual definition of the space C?[0,1] (with a an integer) is the set of
functions that are (o —1) times differentiable with a Lipschitz (« — 1)th order
derivative. For simplicity, we use the same notation here for the slightly
smaller set of functions that are a times continuously differentiable. We let
f(® denote the ath order derivative of f.
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LEMMA 3. Let ¢ > a > 0. There exists a constant C depending only on q
and « such that for every f in C[0,1]

inf 678, — f|| . < CT |-
6eR’ o

LEMMA 4. For any § € R/,

16lloc S 1167 Blloo < [181]0o
16l S V71167 Byl S l16ll-

LEMMA 5. For any 6 € R’ such that 671 =0,

16llcc < 110g P 0lloc S 116]loo-

LEMMA 6. For every 61,0y € R’ such that 17(0; — 65) = 0,

zl,%,fJ b (.’E)

161 — 62 < 72 < 161 — 62|
<f A 1) S h(Ps,6,,P0,0,) S ZS};,I?IPJ,a(@") (f),

where the infimum and supremum are taken over all 8 on the line segment
between 61 and 62 and all z € [0,1].

The first lemma in this list is the basic approximation lemma for splines and
shows that splines of sufficient dimension are well suited to approximating
smooth functions. Its proof can be found in De Boor (1978, p170). Note that
the order of the splines must be at least the Holder exponent of the smooth
functions. This is fine for our purpose as we seek to adapt only to a maximal
degree a., of smoothness. Lemmas 4-6 are (partly) implicit in Stone (1986,
1990) and can be explicitly found in Ghosal, Ghosh and Van der Vaart (2000).
The equivalence of the Lo-norm or infinity-norm on the linear combinations
of splines and the Euclidean or maximum norm on the coefficients (up to
constants) given by Lemma 4 are consequences of using the B-splines, with
their special properties, as a basis.

The following lemma is a consequence of the preceding lemmas.

LEMMA 7. Let ¢ > B. If po € CP[0,1] and po is bounded away from zero,
then the minimizer 5 of 6 — ||logpse —logpo|leo over 8 € RY with 611 =0
satisfies

h(psz5,,p0) S Nogpyg, —logpolles S T7°.
B. y Lemma 3 there exists 7% such that

165)" By —logpolles S T 7.
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In particular, (6%)7 B, is bounded above by a multiple of ||logpol|eo + J 77
and hence is bounded above. Taking exponentials we see that this implies
that

1D 52— polloe S TP

By integrating this inequality, we obtain that |e°(?7) — 1| < J=7, whence
|cJ(0j)| <J —B. Because the set of pJ,e is the same whether 6 is restricted to
satisfy 871 = 0 or not, we obtain

llogps g, —logpollee < [[1logps,es —logpolleo
< [1(83)" By —1ogpolloo + | (87)| S T77.

This proves the second inequality of the lemma. The first inequality follows
from the fact that log po, and hence logp; 5, by the preceding display, is uni-
formly bounded, combined with the inequality |/p—/g| < (1/2)eM/?|logp—
log g|, uniformly in p, q € [0,eM].

The following lemma gives a sufficient condition for the existence of certain
tests in terms of the local entropy of a statistical model. For € > 0 and a
given metric space (D, d) let D(e, P, d) denote the e-packing number of D, i.e.
the maximal number of points zi,... ,2, in D such that d(z;,z;) > € for
i # j. The lemma is proved in Ghosal, Ghosh and Van der Vaart (2000),
following work by Le Cam (1973) and Birgé (1983). The numbers D(e) in the
condition of the following lemma are related to the measures of dimension
used by these authors. Up to constants Le Cam (1986) calls the numbers
D(e) the dimension of P for the pair (h,€,).

LEMMA 8. Suppose that for some nonincreasing function D(e), some €, > 0
and every € > €,

logD(g, {peP:e<hpp) < 26},h) < D(e).

Then for every € > €, there exist tests ¢, (depending on po and € but not on
i) such that, for a universal constant K and every i € N,

1

D — Kné?
F'pn < ePOem M s,

sup P'n(l _ ¢n) S efKneziQ’
PEP:h(p,po)>ic

For models P that are indexed smoothly by a finite-dimensional parameter
the number D(¢) in the preceding lemma can be taken equal to the ordinary
dimension and hence does not depend on €. This follows from the following
lemma, which can be proved by volume arguments. (Cf. Pollard (1990),
Lemma 4.1.)



LEMMA 9. For any norm on R’ and any J, we have, for n > e,

(1) <p(efor’ ol <n},0-1) < (25)".

€ €

Next for ease of reference we recall an approximation to the volume of the
Fuclidean unit ball as the dimension tends to infinity, which is a direct con-
sequence of the explicit formula and Stirling’s approximation to the Gamma
function.

LEMMA 10. For vy the volume of the unit ball for the Euclidean norm in R”,
as J — oo,

7 \/7.]\/7_1_] \/%J
VI = R - Vil (1 +o(1)).

A final lemma, also taken from Ghosal, Ghosh and Van der Vaart (2000),
gives a lower bound on averages of likelihood ratios of product measures.

LEMMA 11. For every € > 0 and probability measure Ilconcentrated on the
set {p: hz(p,po)Hpo/pHoo < €2} we have, for a universal constant B > 0,

([ TI 2 an(p) < e) < ebne

3. PROOFS OF MAIN RESULTS

We drop the index n in expressions such as €n o, Pn,q,0, €tc. In the proof there
will appear constants A, Ag, A1,...,B,Bg,... that are universal or fixed in
our set-up.

Proof of Theorem 1. By Lemma 5 there exists a universal constant Ay such
that Aol|0]lcc < ||logp,slleo for every 6 € RY such that 671 = 0 and every
J € N. Therefore, for ; as in Lemma 7, we have, for sufficiently large n,

_ 1 1
10, |0 < A—Olllogpa,g,a —logpolloo+A—Olllogpo||oo <A TP+ (1/2)M < M,

eventually, if ||logpolleo < (1/2)AoM. We shall assume that po and M are
matched to each other in this way. We also assume that M > 1.

Given the value of M that is now fixed, the numbers || log pa,¢ /oo are uniformly
bounded in a and in § € R/= such that ||§]|.c < M, by Lemma 5. In other
words pq,s is bounded away from zero and infinity, uniformly in 6 and a
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with ||€]loc < M. For simplicity of notation we redefine P, as {pg,o : 0 €
R, [6l]oe < M}.

Let 6, minimize the Hellinger distance 6 — h(pa.9, o) over § € R7= such that
671 =0 and ||0]|cc < M. Thus h(pa,e.,po) is the Hellinger distance of the true
density to the model P, consisting of all densities pg . Because |0, || < M,
we can conclude from Lemma 7 that h(pa,e,.,P0) < h(Pag, >Po) S J7B.

For every € > 0 we have

{pa,9 : h(pa,eap(J) S 6} C {pa,@ : h(pa,ﬂapa,ﬂa) S 26}

Indeed, either h(pa,e,,p0) > € and hence the set on the left is empty, or
h(pa,6.,p0) < € and then the inclusion follows by the triangle inequality.
Combining this with Lemma 6 we see that there exists a constant A such
that

_ 16 = all
{pa,ﬂ . h(pa,gapO) S €, ||0”OO S M} C {paﬂ . T

Because [|§ — 04| < VJall0 — Oalloo < 2M+/J, for every € with ||0||cc < M
we have the further inclusion

A< 6(1/2)A}.

{pa,a : h(poz,G;pO) S €, ”0”00 S M} C {pa,a : ||0 - 004” S A\/ZGM}a (1)

because {x > 0:zA1 < ez < M} C{z:2z < eM} for every € > 0 and
M > 1.

In view of this inclusion and Lemma 6 there exist constants B; such that, for
every € > 0,

D (5. {Pas : hlPas, o) < 26, [Blloc < M}, h)

< D(Boe\/z, {0 €R7™ : |10 — 0] < AV/Tu2eM}, || - ||)
< (BlA\/zeM)Ja _ B
eV T

where the last inequality follows from Lemma 9.

Let €, = €4 V €5. Because J, = ne2 < né2,

)

we may apply Lemma 8 with
€ = FEg, for a large constant E and D(¢) = eB% to obtain tests ¢ (not
depending on i € N) such that for every i € N

Py¢, S eB-KEIne, 2)

sup P (1= ¢) < e KE'nee, (3)
PEPath(p,po)>iEEa
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By (2), for every a, if E is large enough to ensure that B — KE? < 0,
EoTL (p : h(p, Do) > Cengl X1, , Xn)ba < Pi'pa = 0.
Set €a,3 = €3 V h(po, Pa,s.)- By the triangle inequality,

{P € Pa: h(Ppasp.) < €app} C {p € Pa: h(p,po) < 2€a,8}
C {p € P : h2(p,po)H% LS Fﬁi,ﬁ}v

for some constant F', because the quotients pg/p are uniformly bounded. By
Lemma 11 there exist events A, , with P (A,q) > 1 — exp(—anei,ﬁ) on
which

n

120 2y
/};[1 p_o(Xl) dHa(p) Z /p:h(p’pa’ga) H (Xz) dHa(p)

S\/Fea,[., i—1 Po
> e 20T, (p 2 h(P, Pay.) < VFeas)
Ja
> ¢ 2Fne inf 7o (8) (Gea,s)” Vs e,

where v, is the volume of the Euclidean unit ball in R”=. In the last step we
use the inclusion

{0 €R” 1 |0 — O] < €ap2G/To} C {0 € R’ : h(Payp, Par.) < VFearp)},

which follows from Lemma 6. We have not shown that the ball on the left side
is also contained in the set {6 € R’> : [|0]|c < M}, but because ||04|lcc < M,
we must have that at least (1/2)7= of its volume intersects {6 € R’ : [|f)]|cc <
M}.

Define Bo(€) = {p € Pa : h(p,po) < €} and, for i € N,

Sa,i={p € Po :iE&, < h(p,po) < (i + 1)Eé, }.
Because €, = €g for a > 3 and €, = €, > €g for a < 3, we have

{p : h(p,po) > C’Eeﬁ}
CUa Ui>c Sa,i U Ua<g{p € P,: C’EEﬁ < h(p,po) < CEGQ}
CUa Ui>c Sa,i U Ua<gBa(CE€a).

By Fubini’s theorem and (3)

22
@

EO/ 11 L (X0)(1 = po) dla(p) < e KF M1 (Sa ).
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By Fubini’s theorem and the inequality Py(p/po) < 1, we have for every set
C,

Fo / IT 20 da(p) < (0.

Because ne? np P 00 we have PJ(A,,.) — 1 for each «, whence, because
they are only finitely many «, the events A, o satisfy PJ"(NaAn,e) — 1.
Furthermore,

IT,, (h(p, po) > C’Eeﬂ|X1, LX) (- MaX $n,a)ln. A, .

<EOZ chfs z,,o X)(1_¢a)dn (p)
h 2o a fl_L = (X;) dlla(p)
EoY acs [ cpeny i p—o( X;) dll. (p)
Yata [1]; £(X) dla(p)
£y Sisg e AL (Ba (i + 1) Eep))
a>p Aa e~ 2, 0 (dGeq,pV/ o) avg + Age™ 2Fneg, 8 (dGep, Bf Jpug
Yixo KE *ILa (Ba((i + 1) Eea))

+ Z —2F’I’L€2

Y 7.6 (dGep,p+\/Jp)"7vp
I, (Ba(CEe¢,
i Z ( ( € ))

4 Age 2 b0 (dGep 5/ T5) P vp

The proof of Theorem 1 is complete once it is shown that every of the three
sums on the far right converges to zero as C = C,, = y/logn. For each of
the three sums it suffices to consider one a-term at a time, because the set of
possible a is finite. In view of (1)

M, (Ba(€)) < D7 (Ay/TueM) v,

Furthermore, by the definition of 8, and Lemma 7, we have the inequalities
h(Po, Pas,) < h(po,Pag,,) S Jof. In particular, h(po,ps5,)) S J5" = €5,
so that eg < eg,g < Heg.

A typical a-term of the first sum (with a > ) is bounded by

5 e KPPt (D AT (i + 1) EegM) v,
i>C )\ﬂei2F1n€?’ (dGlGﬁ\/ Jﬁ)JﬁUﬁ

This converges to zero for C = C,, = /logn and sufficiently large E, in view
of Lemma 10.
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Next, consider a typical a-term of the second sum (with a < ). For a < 8
we have €, > €g and J, > Jg. A typical term is bounded above by

2

i>C )‘53_2FHM?’ (dGep\/Jp) e vp -

e—KEziznei 1

This converges to zero for fixed C in view of Lemma 10, as nei = Jy, >
Jglog(1l/eg) > Jg = ne%.
Finally, a typical a-term of the third sum (with a < ) is bounded above by

(DAVT.CEe, M) v,
A/@GiQFHnE%’ (dGegr/Js)"Pvg ‘

—LJslogmn

This converges to zero for fixed C' at the order e for some constant

L.

Proof of Theorem 2. In the conclusion of the proof of Theorem 1 it was shown
that three terms converge to zero. The second and third terms converge to
zero for a fixed value of the constant C, whereas the first term converges
to zero as C' = C,, converges to zero at logarithmic rate. We only need to
change the arguments for the first term. The term given by o = 8 does not
cause problems. If & > § and h(py, Po) > D+/log neg (which is necessary for
€ 3 # €n,p), then the balls B, ((i+1)Eeg) are empty for i < /logn and hence
their prior masses are zero. Thus the terms of the sum for C < i < v/logn
vanish, and it is not a loss of generality to assume C = C,, = v/logn.
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