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SUMMARY

We propose a new method for making inference about an unknown measure Γ(dλ) upon observing
some values of the Fredholm integral g(ω) =

∫
k(ω, λ)Γ(dλ) of a known kernel k(ω, λ), using Lévy

random fields as Bayesian prior distributions for modeling uncertainty about Γ(dλ). Inference is based
on simulation-based MCMC methods. The method is illustrated with a problem in polymer chemistry.
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1. INTRODUCTION
Fredholm (1900) initiated the formal study of integral equations of the first kind, in which we
try to impute an unknown measure Γ(dλ) from finitely many observed values of the integrals

G(ωi) =
∫

Λ
k(ωi, λ) Γ(dλ) (1)

of a known kernel k(ω, λ). The problem is difficult in part because the integral operator
K : Γ �→ G is smoothing, making the “inverse problem” K−1 : G �→ Γ ill-posed in the sense
that small changes in G may be associated with large changes in Γ.

The most common approaches to solving Equation (1) for the unknown Γ begin by ap-
proximating this infinite-dimensional continuous problem with the finite-dimensional discrete
one

Gi =
∑
j∈J

kij Γj. (2)

The approximate solution of Equation (2) is available from the normal equations as Γ ≈
[K ′K]−1K ′G (see Kirsch (1996) for a discussion of such discretization methods and of the
numerical obstacles that arise in trying to solve the resulting linear systems). Typically the
matrix [K ′K] is ill-conditioned and so Equation (2) remains ill-posed— if J is small there
are no solutions, while if J is sufficiently large there are infinitely many which differ wildly.
Commonly this is addressed through the inclusion of some form of “roughness penalty” (see
for example the method of regularization of Tikhonov (1963)).
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2. A NEW BAYESIAN NONPARAMETRIC APPROACH

Our approach is to treat the solution of Equation (1) as a Bayesian statistical inference problem,
that of estimating the uncertain element Γ of the spaceM+(Λ) of positive measures on a set Λ
upon observing, perhaps with error, the quantities Gi ≈ G(ωi) ∈ G at some finite set of points
{ωi}i∈I ⊂ Ω. To complete the Bayesian model specification we must select a prior distribution
π(dΓ) onM+(Λ), making Γ a random measure, and we must select a measurement error model
for Gi given gi ≡ G(ωi), leading to a likelihood function L(Γ).

In many applications (including ours in Section (3) below) localization arguments suggest
that the uncertain positive measures Γ(A) and Γ(B) assigned to disjoint sets A, B ⊂ Λ may
be regarded as stochastically independent a priori. Under mild regularity conditions this leads
to a Lévy-Khinchine-like representation for stochastic integrals Γ[φ] ≡

∫
Λ φ(λ) Γ(dλ) of mea-

surable functions φ : Λ→ R of the form

log E
[
eiΓ[φ]

]
=

∫∫
R+×Λ

(
eiuφ(λ) − 1

)
ν(du dλ)

for some positive measure ν(du dλ) onR+×Λ satisfying the integrability condition
∫∫
R+×K(1∧

u)ν(du dλ) <∞ for compact K ⊂ Λ. Jacod and Shiryaev (1987, Chapter II, §4c) give details
about this generalization of the usual Lévy-Khinchine formula to non-stationary processes and
random fields. The Inverse Lévy Measure (ILM) algorithm of Wolpert and Ickstadt (1998a,
1998b) offers an explicit construction of such random fields, predicated on the representation

Γ[φ] =
∫∫
R+×Λ

uφ(λ)H(du dλ) =
∑
j∈J

ujφ(λj)

of Γ(dλ) in terms of a Poisson measure H(du dλ) on R+×Λ with Lévy mean measure E[H(du
dλ)] = ν(du dλ); here {uj, λj}j∈J represents an instance of the (at most countable) random
support of H(du dλ).

If ν(R+×Λ) < ∞ then H(du dλ) (and hence Γ(dλ)) will have only finitely many points
of support. If ν(du dλ) has a density function ν(u, λ) with respect to some finite reference
measure m(du dλ), then Γ will have a probability density function

π(Γ) =


∏
j∈J

ν(uj, λj)


 em(R+×Λ)−ν(R+×Λ)

with respect to the random field with Lévy measure m.
If recorded measurements Gi ∈ G may be taken to differ only by independent measurement

errors from the true values

gi ≡ G(ωi) =
∫

Λ
k(ωi, λ) Γ(dλ) =

∑
j∈J

k(ωi, λj)uj,

with probability density functions f(Gi | gi), then the likelihood function is simply L(Γ) =∏
i∈I f(Gi | gi) and by Bayes’ theorem the posterior distribution for Γ has a probability density

function

π(Γ | {�Gi}i∈I) ∝
[∏
j∈J

ν(uj, λj)
] [∏

i∈I
f(Gi | gi)

]
em(R+×Λ)−ν(R+×Λ). (3)



Nonparametric Bayesian Inverse Problems 3

This posterior distribution forms the basis for statistical inference about the solution Γ of
the inverse problem in Equation (1). Features of Γ that are well-determined by the data (or the
prior) will show little posterior variation, while the system’s ill-posedness will be expressed in
wide posterior variability of features that are undetermined by the prior and data.

The role of the Lévy prior distribution is analogous to that of the roughness penalty in
conventional regularization methods, resolving features left unspecified by the data, but with
the important benefit of easy interpretability and coherence.

3. A RHEOLOGY EXAMPLE

A Newtonian fluid suspended between two horizontal plates exhibits viscous behavior: a tan-
gential force applied to one of the plates leads to a velocity gradient in the fluid proportional to
the force per unit area, τ = η ∂v

∂y (here τ represents the stress, or force per unit area, and v the
horizontal velocity at any height y). The proportionality constant in this linear relationship, the
viscosity η, is measured in pascal-seconds (“pascal” is the SI unit for pressure or stress, equal
to one newton per square meter or one kilogram per meter per second squared, so one pound
per square inch (p.s.i.) is about 6.89 kPa). The viscosity of familiar fluids ranges from about
10−5 Pa·s for air to 10−3 Pa·s for water to 1 Pa·s for glycerine.

A tangential force applied to one side of a springy or elastic substance induces a proportional
deformation, τ = Gγ, where (unitless) γ represents the relative length change induced and the
proportionality constant G (measured in Pa) is called the elastic modulus.

Polymers are gooey non-Newtonian compounds whose behavior lies in between highly
viscous Newtonian fluids, with viscosities in the range of 102–105 Pa·s, and elastic compounds.
Boltzmann (1876) had the idea of modeling these visco-elastic compounds by introducing
time-dependence to the stress τ(t), elastic modulus G(t), and deformation γ(t) (with time-
derivative γ̇(t)), and relating all of them by a time-dependent extension of the elasticity equation,
τ(t) =

∫ t
−∞ G(t− s)γ̇(s) ds or, upon changing variables,

τ(t) =
∫ ∞

0
G(ω) γ̇(t− ω) dω. (4)

Boltzmann took G to have a “fading memory,” i.e., to be completely monotonicly decreasing
and so, by Bernstein’s Theorem (see Feller (1971), §XIII.4) representable in the form

G(ω) =
∫ ∞

0
e−ω/λ Γ(dλ)/λ (5)

as the Laplace transform of some positive measure Γ(dλ) on R+ called the relaxation spectrum.
For infinitesimal stresses the behavior is approximately that of a viscous fluid with zero-shear
viscosity ν0 =

∫
G(ω) dω = Γ(R+). For periodic strains γ(ω) = γ0 sin(ωt) the solution to

Equations (4,5) is available in closed form:

τ(ω) = γ0

[
G′(ω) sin(ωt) + G′′(ω) cos(ωt)

]

where the elastic, in-phase, energy-conserving storage modulus and the viscous, out-of-phase,
energy-dissipating loss modulus are given (respectively) by

G′(ω) ≡
∫ ∞

0

ω2λ

1 + ω2λ2 Γ(dλ) G′′(ω) ≡
∫ ∞

0

ω

1 + ω2λ2 Γ(dλ). (6)
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Table 1. Experimental measurements of storage modulus G′(ωi) and loss modulus G′′(ωi), both in Pa,
at various frequencies ωi (s−1) for a polybutadiene melt at 23◦C, from Berger (1988).

ω G′(ω) G′′(ω) ω G′(ω) G′′(ω)
2.493× 100 2052 34526 7.680× 101 432105 359952
3.670× 100 4156 50445 1.144× 102 534678 343388
5.373× 100 8847 73294 1.654× 102 619214 327629
7.864× 100 18834 105329 2.433× 102 701325 307419
1.144× 101 37737 149699 3.539× 102 772708 290069
1.695× 101 74730 206936 5.238× 102 841878 278292
2.451× 101 136257 266220 7.529× 102 897344 264055
3.608× 101 223611 313420 1.114× 103 956262 249131
5.218× 101 324937 345321
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Figure 1. Measured G′(ωi) (×) and G′′(ωi) (+) from Berger (1988)

For small periodic strains both G′(ω) and G′′(ω) can be measured experimentally using an
oscillatory shear rheometer; our analysis below is based on measurements of Berger (1988),
reproduced in Table (1) and plotted on both linear and logarithmic scale in Figure (1).

Equation (6) is a two-dimensional Fredholm inverse problem of the form of Equation (1)
with ω ∈ Ω ≡ R+, G(ω) ≡ [G′(ω), G′′(ω)] ∈ G ≡ R

2
+, Λ = R+, k : Ω × Λ → G with

k(ω, λ) = [ω2λ, ω](1+ω2λ2)−1, and Γ(dλ) unknown. To proceed with the Bayesian modeling
approach of Section (2) we will need to specify a measurement-error model for{Gi = G(ωi)}i∈I
and a prior distribution for Γ.

Berger’s choice of sampling frequencies ωi and the general form of both G′(ω) and G′′(ω)
in Figure (1) suggest that the logarithmic transformation simplifies the relation and may stabilize
the variance, leading to our choice of a bivariate lognormal measurement error model

logG′i ∼ N(log g′i, σ
2) logG′′i ∼ N(log g′′i , σ

2)

or, more succinctly, �Gi ∼ LN(�gi, σ2I2) for some fixed σ2 > 0 with �Gi ≡ [G′i, G
′′
i ]. In the
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absence of repeated measurements which might let us validate the log-normal model and help
select a value forσ2, we based our choices on an exploratory study of the residuals{(�Gi−Ĝi)}i∈I
from the best fit {Ĝi}i∈I of Equation (6) to Berger’s data.

For a prior distribution we have chosen the Gamma random field with Lévy measure

ν(du dλ) = αu−1λ−1 e−βu du dλ

with uniform shape measure (on a logarithmic scale) on the interval Λ ≡ (λ−, λ+) with λ− =
e−7, λ+ = e−1, a convenient approximation to the interval 1/ωmax < λ < 1/ωmin that the
localization principle argument of Davies and Anderssen (1997) suggests is the widest range
on which we can hope to learn from the data about Γ(dλ). The localization principle is also the
basis for our choice of an independent-increment prior distribution.

With our choice of prior distribution the zero-shear viscosity
∫∞
0 G(t) dt = Γ(R+) has a

Ga(α log(λ+/λ−), β) distribution. Values for the parameters α, β were chosen to ensure that
the mean and variance of Γ(R+) would be approximately 6α/β ≈ 13, 500 and 6α/β2 ≈ 502,
as suggested by the empirical evidence of Berger’s observations (the zero-shear viscosity is also
the slope dG′′/dω at ω = 0). See Wolpert, Hansen and Ickstadt (to appear) for a wider range
of prior distributions and measurement error models and see Anderssen and Hansen (to appear)
for a more specific rheological treatment and discussion of the sampling localization theorem
in the context of relaxation spectral analysis.

In summary, the complete Bayesian model specification is:

Data: �Gi ∼ LN(�gi, σ2I2) in G = R
2
+

Model: �gi =
[∫ ∞

0

ω2
i λ

1 + ω2
i λ

2 Γ(dλ),
∫ ∞

0

ωi

1 + ω2
i λ

2 Γ(dλ)
]

Prior: Γ(dλ) ∼ Levy(ν(du, dλ)), u ∈ R+, λ ∈ Λ ≡ (λ−, λ+)

= Ga(αλ−1 dλ, β)

and our goal is to estimate Γ(dλ) upon observing �Gi ≡ [G′(ωi), G′′(ωi)] ≈ �gi for several
frequencies ωi.

4. COMPUTATIONS
Our choice of the Gamma Lévy prior features an infinite Lévy measure ν(R+×Λ) = ∞ and,
therefore, almost surely there are infinitely many terms in the representation

�gi =
∑
j∈J

[ω2
i λj, ωi] (1 + ω2

i λ
2
j)
−1 uj.

For any ε > 0 the number Mε = |Jε| of points with uj > ε (indexed by Jε = {j ∈ J : uj > ε})
is a random variable whose prior distribution is Poisson with mean

E[Mε] =
∫ λ+

λ−

∫ ∞
ε

α u−1λ−1 e−βu du dλ = αE1(βε) log
λ+

λ−
<∞,

where E1(x) ≡
∫∞
x t−1e−t dt is the exponential integral function (Abramowitz and Stegun

(1964), §5.1). The expected total mass
∑

j∈Jε{uj : uj ≤ ε} of all points (uj, λj) with uj ≤ ε
is only

E
[
H

(
(0, ε]× Λ

)]
=

∫ λ+

λ−

∫ ε

0
αλ−1 e−βu du dλ = αβ−1 log

λ+

λ−
(1− e−βε),
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a fraction (1 − e−βε) of the total prior expected mass E[Γ(R+)] = αβ−1 log λ+
λ− . In our

implementation we select ε small enough that this represents 0.5% of the total mass, and include
only the mass points uj ∈ Uε ≡ (ε,∞). The posterior distribution of Mε is not Poisson, of
course.

The space Θ of configurations we model may be represented as the countable union of
Cartesian powers

Θ = ∪∞M=0(R+×Λ)M,

where the measure Γθ(dλ) ∈M+(Λ) associated with index θ ∈ Θ is

Γθ(dλ) =
M∑
j=1

ujδλj (dλ),

the sum of M point masses of magnitudes uj ∈ R+ at points λj ∈ Λ. From Equation (3) we can
compute the probability density function of the posterior distribution of θ ∈ Θ (with respect to
the Poisson random measure on Θ with rate m(du dλ)) upon observing the N ≡ |I| vectors
�Gi = [G′i, G

′′
i ]:

log π(θ | {�Gi}i∈I) = c +
∑
j∈J

log ν(uj, λj) +
∑
i∈I

log f(�Gi | gi)

= c + M logα−
∑
j∈J

log ujλj − β
∑
j∈J

uj

−N log 2πσ2 − 1
2σ2

∑
i∈I

[
log2 G

′
i

g′i
+ log2 G

′′
i

g′′i

]

where c = m(Uε×Λ)− ν(Uε×Λ) does not depend on θ.
To implement the Metropolis-Hastings version of the Markov Chain Monte Carlo method

(see, e.g., Tierney (1994)) we must select an irreducible transition probability distribution
Q(dθ∗ | θ) on Θ. Our choice reflects our intention to model uncertainty about Γ(dλ) using the
Gamma random field with its infinite Lévy measure, even though our implementation permits
us to simulate only the finite number Mε Gamma masses of magnitude uj > ε.

The heuristic behind our proposal distribution is to imagine infinitely many particles at
locations (uj, λj) ∈ R+×Λ all undergoing simultaneous ergodic diffusion with the posterior as
a stationary distribution. At any given time only finitely many points Mε will lie above the line
uj > ε; now and then one of these will diffuse below that line, causing Mε to fall by one, while
now and then one of the infinitely many points below the line will rise above it, increasingMε by
one. Sampled at discrete times this would be a random walk similar to that we propose below,
with three types of steps— those with Mε unchanged (∆Mε = 0) and those where Mε increases
or decreases by one (∆Mε = ±1). For fixed logarithmic step size δ (we use δ = 0.25), re-entry
probability 0 < p < 1 (we use p = 0.01), and re-entry distribution with density f(u, λ) on
(0,∞)× Λ (see below), the move proposals are:

∆Mε = 0 With probability 1−p, choose j uniformly from the integers 1:M and propose
the lognormal step u∗ = uj exp(δZ1), λ∗ = λj exp(δZ2) with Z1, Z2 ∼
N(0, 1). Reflect at the boundaries if necessary to ensure that λ∗ ∈ Λ =
(λ−, λ+). If u∗ > ε, then the proposed new Mε remains unchanged. Other-
wise,
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∆Mε = −1 If u∗ ≤ ε above, remove j from J and decrease Mε by one; the resulting
proposal is to delete the single point (uj, λj) from the ensemble θ.

∆Mε = +1 With probability p, increment Mε by one and introduce a new index M to
J and draw a new mass point (uM, λM ) ∼ f(uM, λM ) from the re-entry
distribution.

For our re-entry distribution we draw λ from the uniform distribution on a logarithmic scale on
Λ and, independently, draw u from the exponential distribution with mean µ = E[H]/E[Mε],
conditioned to satisfy u > ε, giving f(u, λ) = (λµ log λ+

λ− )−1 exp ( ε−uµ ) on Uε × Λ.

The conditional p.d.f. Q(θ∗ | θ) of the proposal transition probability distributionQ(dθ∗ | θ)
(again, with respect to the Po(m(du dλ)) Poisson random measure) is easily calculated from
this prescription. Finally the MCMC algorithm proceeds as follows:

0. Initialize t = 0, M (0) ∼ Po(E[Mε]), J = {1, ...,M (0)}, {(uj, λj)}j∈J ∼ f(u, λ), and set
θ(0) = {(uj, λj)}j∈J .

1. Find a proposed new point θ∗ ∼ Q(dθ∗ | θ(t)) and compute the Metropolis-Hastings log
acceptance probability

ζ(t+1) = log π(θ∗ | {�Gi}) + logQ(θ(t) | θ∗)− log π(θ(t) | {�Gi})− logQ(θ∗ | θ(t))

2. Generate a standard exponential random variable Z ∼ Ex(1) and set

θ(t+1) =
{
θ∗ if Z + ζ(t+1) ≥ 0
θ(t) if Z + ζ(t+1) < 0

.

Adjust M (t) and J if necessary. Increment t← t + 1.
3. Periodically (e.g. at 100 evenly-spaced times following “burn-in”) store θ(t).
4. If t < TMAX , repeat steps 1–4.

The parameters δ, µ, etc. are adjusted in trial runs to ensure that the rate of accepting proposed
moves is approximately 20-50%. On contemporary small computers (2GHz dual-processor
Unix workstations), our MatLab implementation can complete approximately two million steps
per hour.

5. RESULTS
Figure (2) shows a representation of the posterior distribution of the model’s predictionsG(ω) =
[G′(ω), G′′(ω)], with the measurements (× for G′(ωi), + for G′′(ωi)); the figure shows the
25%, 50% and and 75% percentile bands along with 100 MCMC iterations (equally spaced
from among one million). These curves lie so close together that it is difficult to distinguish
them in the plot, showing that there is little posterior uncertainty about G(ω).

Figure (3) shows the prior (dotted line) and posterior means of the spectral densityΓ(dλ)/dλ,
and Figure (4) the prior (again, dotted) and posterior cumulative spectral distribution H[(0, λ)]
with the 25%, 50% and and 75% posterior percentiles and 100 MCMC iterations to illuminate
the distribution. Evidently the spectral density is unimodal (or, if not, has no strong second
mode), centered at about λ ≈ 0.020s, with half of its mass in the interval [0.015, 0.027] and
90% in the interval [0.004, 0.086].

Figure (5) displays the posterior distribution ofMε, the number of mass points for the spectral
measure of magnitude u > ε, with the posterior mean E[Mε | {�Gi}i∈I ] = 303.9 indicated with
a vertical line (the prior distribution was Mε ∼ Po(118.0)).
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Figure 2. Posterior distributions for G′(ωi) (×) and G′′(ωi) (+).
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Figure 6. A single configuration θ(t) from the simulation

Figure (6) shows a single state θ(t) from the simulation (the final one, with t = 1, 000, 000).
This step features Mε = 290 mass points (uj, λj) (dots represent recently-moved points, stars
represent recently-added points from the re-entry distribution). Following the 100,000-step
burn-in phase in this simulation run, Mε ranged from a minimum of 247 to a maximum of 458,
with a mean of 303.9. Magnitudes uj are represented on a logarithmic scale, so a very large
fraction of the mass is represented by the largest few points; the 30 points above u > 100 hold
50% of the total mass, and the 186 points above u > 10 hold about 95%. Here ε = 2.57 was
chosen to ensure that 99.5% of the prior mass exceeded ε.

6. DISCUSSION

The nonparametric Bayesian approach to inference in inverse problems allows us to model
explicitly our prior beliefs or expert understanding about features of the solution Γ(dλ), and to
represent honestly and coherently whatever uncertainty remains about these features following
the observation of our data. The prior distribution serves the same role as the roughness penalty
in the regularization approach, but with the added benefits of interpretability and coherence.

The specific choice of Lévy prior distributions leads both to (usually welcome) prior in-
dependence of the spectral measure of disjoint sets and to tractable computational problems.
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Note that the posterior distribution of Γ(dλ), while still discrete, is not Lévy— the point pro-
cess H(du dλ) in the representation Γ(dλ) =

∫
R+

uH(du, dλ) assigns independent random

variables H(Ak) ∼ Po(ν(Ak)) to disjoint sets Ak ⊂ R+×Λ but the likelihood function induces
dependence among the {H(Ak)}.

Our nonparametric Bayesian approach offers a number of advantages over earlier methods,
including

Flexibility : Different choices for the Lévy measure ν(du, dλ) will lead to “smooth” or
“bumpy” measures, allowing the analysis to reflect any expert opinion about fea-
tures of Γ(dλ) such as smoothness, uni- or multi-modality, zero-shear viscosity
Γ(R+), etc.

Tractability : The MCMC approach described here works equally well for any of these
choices of Lévy measure (and measurement-error model). Posterior distributions
of any quantity Γ[φ] =

∫
φ(λ) Γ(dλ), including interval measures Γ(A) and

zero-shear viscosity Γ(R+), are easily computed.
Parsimony : Some choices of ν(du, dλ) will almost-surely have finite numbers M of mass

points, and can even have E[M ] as small as two or three, leading to strikingly
parsimonious representations of Γ(dλ) as a sum of a small number of point
masses, similar to the representations of Anderssen and Davies (2001).

In our work with the Gamma prior we found no apparent sensitivity to the choice of the
cut-off ε > 0. We settled on a value small enough that our truncated approximation includes
99.5% of the prior expected mass, but in a sensitivity analysis we varied ε over a wide range.

We also explored a similar algorithm modeling a fixed number M of mass points (uj, λj)
diffusing over Uε×Λ with reflecting boundary conditions at u = ε, rather than the free boundary
conditions of the present implementation. Model fit and posterior distributions of Γ(A) for
intervals A were very similar to those found in the present study, for a wide range of values of
M .

We continue to explore the prior elicitation issues that arise in this modeling approach,
studying a range of different Lévy measures and seeing how they affect posterior inference. We
are also exploring inference for other inverse problems; some of this work will be described in
Wolpert, Hansen and Ickstadt (to appear).
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DISCUSSION

SUBHASHIS GHOSAL (North Carolina State University, U. S. A.)

First I would like to congratulate the authors for an excellent paper. It once again demon-
strates the usefulness of statistical, in particular Bayesian, methods in hard problems in numerical
analysis. Statistical, and in particular Bayesian, methods have a lot to contribute in numerical
analysis. Bayesian approaches to numerical analysis problems, in fact, goes back to Poincaré.
He considered a Bayes procedure for interpolation polynomials. His approach consisted of
putting a prior distribution on the coefficients of the power series expansions of the interpo-
lated functions. Despite the enormous potential of Bayesian approaches for numerical analysis
problems, it is somewhat surprising that the methods did not receive a lot of attention. Notable
exceptions are Bakhvalov (1959) and Diaconis (1988). The former author considered numeri-
cal quadrature problems and put a prior that is supported on finitely many functions. Diaconis
(1988) formulated a Bayesian approach for a general numerical problem and considered several
examples. In particular, he showed that for a quadrature problem, if the prior on the functions
is taken to be a Brownian motion, then the trapezoid rule is the Bayes solution. The paper of
Ickstadt, Hansen and Wolpert renews the hope of a revival of Bayesian methods for numerical
analysis.

The authors consider certain inverse problems and offer Bayesian solutions. If variables
are measured with errors, statistical methods considering the presence of random errors must be
employed. Since an inverse problem is ill-conditioned, small changes in the observation lead to
large changes in the solution. Only a small rounding error in the observations can also make a big
difference in the solution. Therefore, even if the observations are deterministic functions of the
parameters, Bayes solutions may offer the desired stability of the solution. Bayesian procedures
are expected to be much more stable than many common frequentist methods such as the least
square estimate in ill-conditioned problems. For instance, the ridge regression estimator, which
is an approximate Bayes procedure, gives much more stable solutions than those given by the
ordinary least squares.

In the continuous analogue of the regression problem considered by the authors, a nonpara-
metric Bayesian approach is natural. The authors argue that a random field prior based on a
Lévy process is natural for this problem.
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It seems that the main question in this context is whether the Bayes procedure leads to a
stable solution. We believe it does, since a Bayesian method has an inherent smoothing property.
A formal verification would probably consist of the computation of the norm of the linear map
given by the derivative, at a given vector of observations, of the map relating the observations
to the Bayes estimate. This computation may turn out to be too difficult. In that case, at least
the stability property should be checked by numerically computing the variations in the Bayes
estimate for small perturbations of the observations.

The authors argue that a Lévy process is a natural candidate for the prior distribution on
the space of the function to be found. We partly agree with the authors. The independence
structure is certainly helpful for writing down the joint posterior density of the weights and the
location of the support points up to a normalizing constant. Then it is relatively easy to apply the
Metropolis-Hastings algorithm to calculate the posterior distribution. However, independence
has a price to be paid in terms of the roughness of the sample paths of the underlying function.

Perhaps it is not unreasonable to think that a priori the sample paths of these functions are
smooth. In particular, this means that the random measure Γ(ds) considered by the authors is
absolutely continuous and the density is in fact a smooth function. In that case, one should use
a prior for Γ(ds) that sits on the absolutely continuous smooth densities. If the same symbol
Γ(s) stands for the density of Γ(ds), then Γ(s) should be a random process that takes values in
(0,∞) and has smooth paths. Then a possible alternative to the Lévy process prior could be
a Gaussian process prior for log Γ(s), where the covariance kernel for the Gaussian process is
chosen in such a way that the sample paths have the desired smoothness properties. Another
attractive alternative is to consider a mixture prior of the form

∫
ψk(s, z)dU(z), where ψk(s, z)

is a probability kernel, k is a smoothing parameter and U(z) is an increasing process on (0,∞)
without any smoothness restriction. Note that the total mass of Γ(·) on (0,∞) is equal toU(∞).
Now a Lévy process prior can be used for U(z). Using the notion of a Feller approximation,
Petrone and Veronese (2002) argued that the gamma kernel is a natural kernel when the domain
is (0,∞) as in this case. We agree that the kernel can be combined with the likelihood at the
computation stage. However, in this case, one is not interested in the posterior distribution of
U(·) but in that of

∫
ψk(·, z)dU(z), the smoothed out U(·). Smoothing is likely to have a useful

consequence in consistency and rates of convergence. The situation is similar to the difference
between the Dirichlet process and Dirichlet mixtures. Without the smoothing, one can only
hope consistency in the weak-star topology or a Kolmogorov-Smirnov type norm, while with
smoothing one would expect consistency in the stronger L1 or L2 distances. For instance, in
the case of estimation of a probability measure that has a density, the Dirichlet prior only gives
rise to consistency in the weak or Kolmogorov-Smirnov norm while Dirichlet mixtures are
consistent under the variation norm (Ghosal, Ghosh and Ramamoorthi, 1999). The effect of
smoothing is even more apparent in rates of convergence. For normal mixtures, one gets a very
fast rate log n/

√
n of convergence (Ghosal and van der Vaart, 2001). On the other hand, the

estimation of a mixing distribution is known to be a hard problem with only a logarithmic rate
of convergence.

The Inverse Lévy Measure Algorithm comes handy in the computations. As it is common
with most non-parametric Bayesian procedures, computations can be done only with the help of
Markov chain Monte Carlo methods. The authors use the Metropolis algorithm by first reducing
the infinitely many jump points of the Lévy process to finitely many jumps by ignoring all the
remaining jump points. Perhaps this is a natural way to resolve the problem. However, one
needs to be cautious about the number of terms to be taken. If one takes only a fixed number
of terms independent of the sample size, then for large sample sizes, the approximate posterior
will necessarily be very different from the actual posterior in the natural scale of accuracy for
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the sample size, since the former posterior is inconsistent (because the corresponding prior does
not have the full support) while the latter is expected to be consistent — see the next paragraph.
The small jumps ruled out in the prior stage may become important with increasing sample
size. Therefore, it seems natural to ask the question how many support points are to be taken
in the computation for a given sample size to guarantee a given level of accuracy. It seems
that one needs to take enough terms so that the remaining part has a prior probability that is
exponentially small with the increasing sample size.

It is important to know asymptotic properties such as consistency and rates of convergence
of the Bayes solution. Consistency questions are important not only to objective Bayesians
and frequentists, but also to subjective Bayesians since consistency is equivalent of merging of
opinion; see Diaconis and Freedman (1986) for a discussion of this topic and a striking example
of inconsistency. There seem to be two parameters — σ measuring the (lack of) precision and
n, the number of observations taken, both of which may control the asymptotics. Letting σ → 0
is the same as taking repeated measurements. Nevertheless, to estimate the whole function
accurately, the number of points where observations are taken must increase and fill up the
whole domain. Since a Lévy process can be chosen to have full weak-star support, consistency
is expected to hold under the weak-star topology. In order to have this, the Lévy measure ν(·)
must necessarily have infinite total mass. To have a stronger form of consistency or a rate of
convergence, one needs to use a prior that has smooth sample paths like the Gaussian or the
mixture prior.

Finally, we wonder whether the log normal error distribution used in the computation is the
most appropriate one. The log normal errors seem to have arisen because the measurements are
positive and one switches to the logarithmic scale. Since a log normal variable can be incredibly
large, and it is the actual variable rather than its logarithm that is measured, the log normal model
for measurement errors may not well represent the uncertainty in the present context.

REPLY TO THE DISCUSSION

First we would like to thank Professor Ghosal for his thorough discussion and encouraging
remarks about this work, and for the additional perspective he offers us on the interplay between
Bayesian statistics and numerical analysis.

Ghosal begins with a rousing endorsement of the application of Bayesian methods and
principles to problems in numerical analysis, for which we thank him and with which we
heartily concur. A large number of factors contribute to uncertainty in applied mathematical
problems such as those we consider— measurement error is the principal one we consider here,
but model simplifications or misspecification, minor recording and transcription errors and, as
Ghosal observes, even rounding can affect inference in ill-conditioned problems. The Bayesian
approach is ideal for reflecting all the sources of uncertainty that affect inference in applied
mathematics problems.

We agree with Ghosal that our Bayesian approach “leads to a stable solution” (we believe
he is referring to the relative insensitivity of inference to small variations in the observations),
but we would not characterize stability as “the main question.” Earlier regularization methods
also overcome the natural ill-conditioning of this and similar inverse problems by penalizing
roughness, trading off a small degree of model fit for the comfort of a smooth (or regular)
solution. What is new in the present approach is the interpretability of this trade-off (we
express our anticipation of regularity or smoothness through a prior distribution with an easy
probabilistic interpretation) and the opportunity to express coherently all the uncertainty in
model predictions and inference that arises from measurement errors and other sources, an
advantage inherent in our Bayesian formulation. The stability computation he suggests appears
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to be quite problem-specific, depending on details of the measurement error model used in
specific applications; our goal here is to present a widely applicable methodology useful in
many commonly studied inverse problems, with widely varying measurement error models.

The frequentist question of asymptotic consistency (as the number n of observations in-
creases) is an interesting mathematical issue that would be fun to study further. We do not
know precise conditions on the prior distribution (i.e., on the Lévy measure), the likelihood
(i.e., on the measurement error model), and the specific problem (i.e., on the kernel k(t, s))
that would guarantee consistency. That problem is less interesting statistically, however, since
there is no opportunity here to acquire additional observations (the number n = 17 of data
points is fixed). What is interesting in practice is how accurately and honestly we can rep-
resent the uncertainty about quantities of interest in applications, such as the elastic modulus
G(ω) =

∫
Λ exp(−ω/λ) Γ(dλ)/λ and integrals of the uncertain relaxation spectral measure

Γ(dλ) over intervals. We feel that the method succeeds in representing the evidence contained
in the data and the prior about these issues of interest in this application.

Consistency, as Ghosal observes, can be expected to require an infinite Lévy measure
ν(du dλ), hence a random field with infinitely many mass points, while any digital implementa-
tion must necessarily be finite. In some sense our approach actually models infinitely many mass
points, though, explicitly keeping track of the locations and magnitudes of all of the Mε < ∞
points of macroscopic mass uj > ε for some small ε > 0 (these are the largest mass points),
and also modeling the total mass

∑{uj : uj < ε} (but not the precise locations or individual
masses) of the infinitely-many points with mass below ε. When a Metropolis-Hastings move
drops a mass point below the ε-boundary the number Mε decreases by one and the total mass of
small points experiences a corresponding increase; the re-entry distribution can be interpreted
as the occasional elevation of a small-mass point above the ε-boundary, entering the explicitly
modeled configuration and thus increasing Mε by one.

Our choice of the gamma prior distribution (with infinite Lévy measure) and very small ε
(ensuring that 99.5% of the prior Lévy mass will lie above the ε-boundary) lead to prior and
posterior means of about E[Mε] ≈ 118 and E[Mε| data] ≈ 304, respectively. For perspective,
the optimal fit of the data with finitely many points M shows virtually no improvement beyond
M = 8 or so (more precisely, there is negligible drop in deviance at the MLE for the 2M -
dimensional models with M masses {uj} and locations {λj} for M > 8). The data alone offer
no compelling reason to use more than a small handful of points— our implementation includes
many more points than are needed.

Ghosal takes issue with our choice of a lognormal measurement error model. He suggests
that such a model offers the possibility of huge positive deviations that do not appear in our
dataset, and asks if the data themselves were not measured (with possible measurement error),
rather than their logarithms, making a linear-scale measurement error model appear to be more
appropriate than the log-scale one we used. His concern appears to be well founded and we
will explore that issue further.

Finally, Ghosal suggests some alternatives to our approach, based on smoothed (or mixtures
of) Lévy processes or on exponentiating Gaussian processes. Of course there are many ways
to model uncertainty about the relaxation measure Γ(ds) in our application or, more generally,
about the measures arising in Fredholm integral equations of the first kind; we have offered and
illustrated one, and Ghosal suggests a few more of varying degrees of tractability. Part of his
motivation appears to be a concern with the discrete nature of the underlying measure Γ(ds)
arising in our Lévy formulation, a consequence of our insistence on independent increments.
The independent increment requirement was not made for our convenience, it followed from
the localization result of Davies and Anderssen (1997). We know of no reason to expect Γ(ds)
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to have a density Γ(s), let alone a continuous one; the objects of apparent interest are not Γ
itself but rather the elastic modulus G(ω) =

∫
Λ exp(−ω/λ) Γ(dλ)/λ and the partial viscosity

η(a,b) ≡
∫
(a,b) Γ(dλ)/λ associated with intervals (a, b) ⊂ Λ.

For investigators or problems where a continuous density function is required, it may be
useful to note that the Fredholm equation Gε(ω) =

∫
Λ k(ω, λ)Γε(λ)dλ for a smoothed density

Γε(λ) ≡
∫
γε(λ − t)Γ(dt) can be rewritten as Gε(ω) =

∫
Λ kε(ω, λ)Γ(dλ) with a discrete

Lévy measure Γ(dλ) and a smoothed kernel kε(ω, λ) ≡
∫
k(ω, t)γε(λ − t)dt. Thus, the

present formulation and implementation already includes the mixture-of-Lévy model, simply
by convolving the kernel k(ω, λ) with a smoother γε(·).

We would like to thank the audience, organizers, and our discussant again for a lively session
exploring new opportunities for Bayesian statisticians to make contributions in areas of applied
mathematics where the role of uncertainty and the need for statistics have not yet fully been
recognized. There are many more opportunities awaiting us.
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