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1. Introduction

Density estimation, especially multivariate density estimation, is a fundamental problem in nonparametric inference. It
serves as the basis of many other statistical methods, including semi-parametric regression, nonparametric regression [9],
clustering, discriminant analysis [3] and robust estimation [15]. A Bayesian approach to density estimation often uses
Dirichlet mixtures as a prior, as in [8]. On the space R¢, the d-dimensional normal density function

1
da(x, ) = 2m) "% 2|7 exp {—5x72—1x}

with mean (0, . .., 0) and variance-covariance matrix X is often chosen to be the kernel function. West et al. [ 14] developed
an algorithm to calculate posterior distributions for Dirichlet mixture priors with multivariate normal density as the kernel.
There are some other algorithms in the literature, such as that of Ormoneit and Tresp [10], for Bayesian estimation of
Gaussian mixtures.

We formulate Dirichlet mixture models in detail and introduce the notations used in this paper as follows. Let .# be the
space of all densities on R? with respect to Lebesgue measure. Let I7 be a prior on .Z. Given f € .7, let Xy, Xa, . .., X, denote
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a set of d-dimensional observations, which are independent and identically distributed (i.i.d.) with the density function f.
Also, let X, stand for (X1, X2, ..., Xy). Let F and Fy stand for the probability measure corresponding respectively to density
function f and fy. We denote [—a, a] x --- x [—a, a] by B,. Though any parametric family of probability densities can be
considered as a kernel in Dirichlet mixtures, we restrict our attention to the multivariate normal kernel in this paper. Let
¢4(x, ) be as described before, and let ¢ (x, o2) denote ¢ (x, o%), the one-dimensional normal density function with mean
0 and standard deviation o. Let 1{(X), ..., A4(X) be the eigenvalues of the matrix X' in the order from the smallest to the
largest. Let © = R? and .« be the set of probability measures on . If P € .#, then fx p will stand for the convolution of ¢
and P, i.e.,

frp(®) = (da(-, £) % P) (x) = /¢d(x — 0, 2)dP(0). (1)

We consider a prior  for X' and a prior IT* on .#. The prior ;v x IT* through the map (¥, P) — fx p induces a prior on
Z.We denote this prior by I7. Thus (X', P) ~ p x IT* and given (X, P), X1, Xz, . .., Xy are i.i.d. fx p.

Recall that an L;-neighborhood of probability density fy is a set containing {f € % : |f — foll < €}, where
IIf —foll = f |f (x) — fo(x)|dx. By Li-consistency of the posterior at f;, we mean that /7(V|X,) — 1 either in Py -probability
or almost surely (a.s.) [Py, ] for any Li-neighborhood V of f;. Note that the Hellinger distance is equivalent to the L;-distance,
so “Hellinger consistency” is equivalent to Li-consistency of the posterior. For any fy € .%#, we denote by K.(fy), the
Kullback-Leibler neighborhood {f : f folog(fo/f) < €}. We say that the Kullback-Leibler (KL) property holds at fy, or fy
is in the KL support of IT, if IT(K.(fy)) > Oforalle > 0.

For the Dirichlet mixture of multivariate normal priors as described above, however, asymptotic properties have not
been studied. For the univariate case, Li-posterior consistency and rate of convergence results for Dirichlet mixtures of a
univariate normal kernel have been thoroughly studied in the literature. For the univariate normal mixture, Ghosal et al. [4]
gave conditions under which the consistency of the Dirichlet mixture models for estimating univariate density functions
will hold. Tokdar [12] significantly weakened their conditions for consistency, especially if the true density is not compactly
supported. Ghosal and van der Vaart [5,6] gave the rate of convergence for Bayesian univariate density estimation using
Dirichlet mixtures of normal distribution as the prior.

The conditions for posterior consistency of Dirichlet mixtures in univariate density estimation are obtained by balancing
the size of some sieves in the parameter space and the prior probability of the component of the sieve. Such a balancing
technique cannot be applied to some widely used Dirichlet mixtures in multivariate density estimation, e.g., the Dirichlet
mixture of multivariate normal densities with multivariate normal distribution as the base measure of the Dirichlet process.
The technique only applies to some very restricted priors, e.g. the Dirichlet process with a base measure compactly supported
or the tail mass extremely small. This is due to the fast rate of increase of metric entropies of the component of the sieve
with increasing dimension; see Remark 4 in Section 4 for details. In this paper, we use a different technique to control the
size of the sieve, which allows us to address Li-consistency in the multivariate setting with only mild restriction on the tail
of the base measure of the Dirichlet process prior.

The paper is organized as follows. In Section 2, we state a theorem, which is similar to Theorem 2 of Ghosal et al. [4].
It applies to general Bayesian density estimation and is the key result towards the Li-consistency for Dirichlet mixtures in
the multivariate setting. In Section 3, we give sufficient conditions under which the Kullback-Leibler property holds. By
a theorem of Schwartz [11], this implies weak consistency. Note that Theorem 5 of Wu and Ghosal [16] for the Dirichlet
mixture with a scaled type multivariate normal density as its kernel is a special case of Theorem 2 in this paper. In Section 4,
we first state a lemma which gives bounds for metric entropies, then state another lemma which gives the sufficient
conditions to satisfy Condition (A1). As a consequence of these, our main result, Theorem 3, gives sufficient conditions under
which the Dirichlet mixtures are L;-consistent for multivariate density estimation. Finally, we show by an example that a
Dirichlet mixture prior frequently used in practice is L,-consistent at any f; satisfying appropriate conditions. Some proofs
will be given in the Appendix. For some examples of inconsistency, we refer to Ghosh and Ramamoorthi [7].

2. L,-consistency

The size of a space can be measured by the number of small balls required to cover the space. Let¥ C .#.For§ > 0, the
L,-metric entropy is denoted by log N(8, ¢), where N(§, ¢), the §-covering number of ¢ in Ly, is the minimum of all k such
that there exist f1, f>, .. ., fy € Z with the property ¥ C U:-‘:]{f f = fill < 8}

Theorem 1. Consider a multivariate normal mixture prior described by (1). Let fo belong to the KL support of I1. For any € > 0,
if there exist constants n < €/4, B < €2/8, & > 0 and sequences ay, h, | 0, such that

(A1) Er [T{fs p : V/21(X) > hy, P(B3, ) > n|Xa} — 0,

(A2) {2 (Z) < hp} < e,
(A3) logN(n. Vi) < np, where V, = 7, NUS, U = {If —foll < €} and 7y = {fs.p : /A1(%) > hyand P(B5, ) < 1},

then I1(f : |If — foll < €|X,) — 1in Py, -probability.
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Proof. Since u{~/21(2) < h,} < e~™1, we have O{fsp:V/A(X) < hp}|X,) — Oas. [szo]; see, e.g., Proposition 4.4.2 of
Ghosh and Ramamoorthi [7]. Since

(7, 1X0) < T({fsp 1 vA(Z) < ha}IXn) + T{fsp 1 VA1(Z) > hn, P(Byg,) > n}Xn),

by Condition (A1), we have IT(Z;|X;) — 0in szo. By Lemma 3 of the Appendix, we have IT(||f — fo| < €|X;) — 1in
Py, -probability. O

Remark 1. If Condition (A1) is strengthened to

o0
> EpM{fzp : V2(2) > ha, P(BS,) > n|Xa} < 00,

n=1

then the conclusion will be strengthened to IT(||f — foll < €|X,) — 1a.s. [Pff)“].

3. Kullback-Leibler property

Consider the mixture model with normal density as its kernel function. In Theorem 2 below, we give conditions under
which the KL property holds. Such a property plays a very important role in consistency. The result generalizes Theorem 5
of Wu and Ghosal [16].

Theorem 2. Let fy(x) be the true density. Let a prior IT* with weak support .# (R%) be given on the mixing distribution P, and
independently a prior u supported on the set of all non-negative definite d x d symmetric matrices is assigned to X. Let IT stand
for the prior on .Z induced via the map (P, X) +— fx p(x), where fx p is a normal mixture as in (1). Assume that the following
conditions hold:

(B1) 0 < fo(x) < M* for some constant M* and all x € R%;

(B2) | [ fo(x) logfo(x)dx| < oo;

(B3) for some § > 0, ffo(x) log g((’f) dx < oo, where ¢5(x) = infjr_y<s fo(t);

(B4) for some p > 0, [ [|x]>+7f, (x)dx < oo.

Then fy is in the KL support of the prior.

Note that the following corollary is Theorem 5 of Wu and Ghosal [16]. It applies to kernel mixture models with a
multivariate normal density as the kernel function while the variance-covariance matrix for the density function is restricted
to a scalar identity matrix. Therefore the prior for such a model is given on the mixing probability P and the scale parameter.

Corollary 1 (Theorem 5 of Wu and Ghosal [16]). Assume that the weak support of prior IT is .#(R% x RT). Let fo(x) be a
continuous density on R? satisfying

(C1) forsome 0 < M < 00,0 < fo(x) < M forall x € RY;
(C2) | [ fo(x) logfo(x)dx| < oo;

(C3) forsome § > 0, ffo(x) log %dx < 00, where ¢5(x) = infj;_y<s fo(t);

(C4) forsome p > 0, [ ||Ix]* 7 fy(x)dx < oo.
Then fo € KL(IT*).

Proof of Theorem 2. First, we bound the multivariate normal density function with the general variance-covariance matrix
X by a multivariate normal density function with variance-covariance matrix of the form hl;, where I; stands for the identity
matrix of order d. For any x € RY and any real symmetric positive definite matrix X,

X1 /2a(2) < ¥ £ 7% < [Ix)2/24(2). ()
Hence,
d—1 d—1
<A](E)>T Ga(x, A1 (2)g) < ¢a(x, X) < (Ad(2)>7 $a(x, Ag(X)]a). (3)
ra(X) - —\M(@)

The proofs of Theorem 5 and Theorem 2 of Wu and Ghosal [16] imply that, for any € > 0, we have an open set &2 C .# and
H C R* such that, foranyP € #and h € H,

/ o) log fo®) dx < ¢/2 (4)
0 [ Gax— 60, higpdr@o)y  — '
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Let (ho, h1) C H such that log(h/hg) < €/(d — 1). By (3) and (4), we have that, if (A;(X), A4(X)) C (ho, h1) and P € £,
then

fo(x) fo(x)
/ fot)log 0, syap@) = f Jot) 108 8, hola) (ho/ )@ D72aP (@)
_ Jo(x) B
~ [ hoetog o i@y @~ Diosh/ho)2

IA

€.

Recall that the eigenvalues of a real symmetric matrix depend continuously on the matrix; see [13] for more details. Hence,
we can choose an open set .7 containing hl; in the space of all positive definite matrices such that, for any ¥ € .7,
(A1(2), A2g(2)) C (ho, ). O

4. L,-consistency of Dirichlet mixtures

For a Dirichlet normal mixture prior, Theorem 3 below gives sufficient conditions under which the posterior is
L,-consistent. Before this theorem, we present two lemmas. The first lemma gives the size of the parameter space measured
in terms of L-metric entropy. The second one calculates the posterior probability of the complement of a sieve. The latter
is the key step in controlling the size of the sieve in higher dimensions.

Lemma 1. Let a and h be positive constants and 35,"‘{’0,,] ={fp.x : P(B)) < n,~/A1(¥) > h, s/A4(¥) < M}. Then
logN(n. 7, ) < K*(a/h)’,
where K* is a constant that depends on €, n and M, but not a or h.

The proof of this lemma is given in the Appendix.
The following lemma, generalizing Lemma 11 of Ghosal and van der Vaart [6], gives a very important tool for bounding
the posterior probability of the complement of a sieve.

Lemma 2. Let X1, X, ..., X, be ii.d. with true density fo. Assign a Dirichlet process 2, prior on the space of mixing distribution
P with the base measure «, which has a positive and continuous density on R%, and independently a prior 1« be given to X on
the space of the d x d symmetric positive definite matrix. Assume that p has support in the space of X with eigenvalues in
[0, M]. Suppose that there exist positive sequences a, — 00, €, > 0, ne, — oo and h, — 0 such that aﬁ'en/n — 00,
W/ A1(X) < hy} < e for some constants d < r < d(1 + p) and c, plus Conditions (B3), (B4) and the following condition
holds:

(B5) h;dne‘“ﬁ/”‘” = 0(€ndn), where &, denote a lower bound for the density of @ on B, , /7.

Then E[IT{P(BS, ) > €n|Xy}] — O.

2ap
Proof. Given 6, 65, ..., 6,, the observation X, is independent of P. Hence,
H(P(Bgan) > 6|X,) = E(H(P(Bgan) > €01, 64, ...,0)X0).
From [2],
P(BS, 161, 6, . .., 6y ~ Beta(a(BS, ) + N(BS, ), @(Baa,) + N(Baa,)),

where N(A) = Zq 1{g,ea)- By Markov's inequality,

a(By,) + 2 Pr(6; € By, . VA1 (X) > ha|Xy)

MT(P(BS,,) > €nlXn) < . @D +Pr(y/A1(2) < halXy).

Therefore,

a(BS,) n-E[Pr(, € B, . V1(Z) > hal %) ]
en(a(RY) + n) en(a(RY) + n) +E Pr(m < hy|Xp).

The first term on the right-hand side (RHS) of the above inequality converges to zero by assumption. The third term on the
RHS converges to zero, as shown in the proof of Theorem 1. To complete the proof, we shall show that

E[IT{P(B}, )} > &nlX;] <

2ap

E[Pr(6n € By, » VA1(X) > hy|Xp)]/€n — 0 asa, — oo. (5)
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To thisend, welet6_, =04, ...,6,_1,H(04, ..., 6,) be the joint distribution of (61, ..., 6,), H,(6,]6_,) be the conditional
distribution of 6, given 6_,, and H_,, (f_,,) be the marginal distribution of 6_,,. Bayes’ formula then gives Pr(6, € Bgan , VA (X)
> h,|X,) = A(X;)/B(X;,), where A(X,) is equal to

na— 7Kt ETXi—t)
dHp (tn|t—n)dH_n(t_n)dpu(2),
/‘/}L]():)>hn //tneB l_[ | X172 e e

c
2an i=1

and B(X,) is equal to

/// [T1zm e 200" 0 am, (¢, _)dH o (t-)dpa(Z).

i=1

We upper bound Ey, [’;gg;] /€ by splitting it into two parts:
_ A(Xy) _ A(Xy) _ A(Xy)
1 n 1 n 1 n
€ E[ ]fe sup( )-Pr(X €B . )+e€ / fo (X)) dX,. (6)
" PLBGE) T em, B Y TG )

We compute the first term on the RHS of (6) first. To this end, we lower bound B(X;,) when X, € BZ,.- Observe that the
conditional distribution H,(-|6_,) of 6_, can be structurally described as
0ul6_ = 6;,  with probability 1/(@(RY) +n—1), i=1,...,n—1,
UM I ~a,  with probability a(R?) /(¢ (RY) +n — 1).

Therefore, with §,, as defined in Lemma 2, we have

d
*l(xn*fn)rzil(xn*fn) O{(R) / *l(xn*fn).rxfl(xn*fn) 5
e 2 dH,(t,|t_,) > ——————— | e"2 da(t,
/ n(tal ”)_a(Rd)+n—l a(tn)
d
> :[(L)/ e*%(Xn*fn)-r271(Xn*tn)d&(tn)
a(RY) + 1 =1 Jxy—t)T 510X —tn)<1
d
> &eﬂ/zgnzdwp/?
a®) +n—1
This leads to
T n_1exp[—%(Xi—ti)T2_](Xi —t)]
Bony) > 22 [ 2 dH_o(t_)du(Z) 7)
T a®) +n—1 blsx o ’

forall X, € B} .
Now, for X,’; € Bgn, an upper bound for A(X,) will be obtained. Note that, for X € B,, and t € B;an, when n is large such

that a, > M'/? and +/A{(2) > h,, we have
1 @
| =72 exp [—z(x -0z 'x - t):| < hdemam,

Therefore,

I TRl )
A(Xy) < hde 2 // i=1 _ dH_ (t)di (). @)
=17

forall X;, € (B,,)". Combining (7) and (8), we have

2
AX h-de~2h RY
En_l sup < ( n)> . Pr(Xn c Bz ) < n : /< ;1( ) €n> N O, (9)
Xne@Ba" \ B(Xn) 8 e28,24 a(RY) 4+n—1

forall X; € By by Condition (B5).

Now, we compute the second term in (6). Obviously, we have ggz; < 1,and
AXp)
/ fy (Xp)dX, < / nfo(X)dX. (10)
sngpl B(Xn) XeBS,
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Hence, if
P(X € B, ) = o(n”"en), (11)
then by (9) and (10), (5) holds. By Condition (B4) and the Markov inequality,

P (X € BS ) < Py (IX]| > an) = P (IX[?"+79 > a2(H0%)

E(|IX >+
= T

Therefore, choosing r such thatd < r < (1 + p)d, we have Pp (X € Bgn) = o(a;zr). Now, by the assumption that
a¥e,/n — oo, we have that (11) holds. O

Remark 2. To replace the convergence in probability by a.s. convergence in the result of this lemma, we need to replace
Condition (B5) by the following.

(B5') >0, hi’die_”iz/QM)/(e,-(S,-) < 00, and assume that a>" e, /n'*” — oo for some p > 0.

Now we have our main theorem by combining the above results with ¢, taken to be fixed in Lemma 2.

Theorem 3. For a prior IT described as in Lemma 2, if, for any € > 0 and any B < €2/8, there exist sequences a, — o0,
a¥ /n — oo, hy | 0and By > 0O, such that Conditions (B1)- (B5) and the following conditions hold:

(B6) n{v/A1(2) < hy} <e "P1;
(B7) (an/hn)?* < np,

then IT(f : |If — foll < €|X,) — 1in Py,-probability.
If (B5) is strengthened to (B5'), then IT(f : |If — foll < €|X,) — 1as. 1

Remark 3. Inthe above theorem, we consider the kernel function to be a multivariate normal density function with a general
variance-covariance matrix X, and a prior p is given for X'. Note that the model with kernel function being the multivariate
normal density function with variance-covariance matrix hly, where I; is the d-dimensional identity matrix and h is given
a prior w, is a special case covered by this theorem.

Remark 4. One of the major differences between Theorem 3 in this paper and Theorem 7 of Ghosal et al. [4] is that we only
require E[IT ({P(Bgan) > €,}|X;)] — 0 here, while a stronger condition for the prior on the space of the mixing distribution P,

Du{P[—ap, ay] < 1— 8} < e o (12)

for some By > 0, was used for the univariate case. However, such a condition cannot be satisfied for many common choice
of & in the multivariate cases. For example, if « is chosen as multivariate normal, then a, must be at least the order of \/n
to satisfy (12). With h, | 0, now Condition (B7) cannot be satisfied for this choice of a,,.

Now we give an example of a prior for which L;-consistency holds. We show this in the following corollary by applying
the theorem above.

First, we define a distribution that will be used as the prior for the variance-covariance matrix of the multivariate normal
density kernel. Let W (H, q) denote the Wishart distribution with scale matrix H and degree of freedom q > d, an integer. Let
.7 denote the set of all variance-covariance matrices and .#j; C . denote the subset of all d x d positive definite matrices
with tr(X) < M. Hence, for all ¥ € .7y, Aq(X) < M. Let u* denote the W (H, q) distribution restricted to .#,; that is,

Pw(H’q)({E € 7} N {2 € y]\/[})
Pywu,g({X € Su})

PI‘H*(E €J)=
If ¥ ~ p*, we shall say that X follows a truncated Wishart distribution with parameters (H, g, M).

Corollary 2. Assume that fy satisfies Conditions (B1)-(B4). Let the prior be as described in Theorem 3, where « is chosen such
that @ = a/a(RY) is a normal distribution with variance 0%Ig, 6% > dM and X~ ~ u*, a truncated Wishart distribution
with parameter (Alg, q, M), whered < k < randr € (d, (14 p)d) as specified in Lemma 2. Then IT(||f — foll < €|Xy) —> 1
a.s. [P£e].

fo
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Proof. We need to show that there exist sequences {a,} and {h,} such that Conditions (B5')-(B7) are satisfied. Let a, =
Cin'/@Y and h, = Gn~ @Y such that (C;/C,)¢ < B < €2/8. Condition (B7) is obviously satisfied. Condition (B5') is
satisfied by choosing 02 > dM, so d/(26%) — 1/(2M) < 0 and hence Y2, h; %iexp[(d/(20%) — 1/(2M))a?] < oc. To see
that Condition (B6) is satisfied, we have

WVI(E) < ha) = W o (7 2 )

IA

,u*{tr(E_k) > hEZk}.
By the definition of a Wishart distribution, if T ~ W (Aly, q), then tr(T) ~ ijq. Since a x 2 distribution has exponential tail,
with V ~ x2.,
1
M*{tr(sz) > h—zk} < Pr(v > )\.71C72kn) 5 ean’
! z Py ({Z € M)

for some constant ¢ > 0. Finally, observe that >’ /n = n"/*"! — ccifr > k. O

Appendix

Lemma 3. Let IT be a prior on .%. Suppose that fy € . isin the KLsupportof I1.Let U = {f : ||f —foll < €}. Ifthereisn < €/4,
B < €%/8 and #, C .F such that, for all n sufficiently large,

(i) M(FE%) 5 o
(ii) log N(n, Vy) < nB,

c Plo
then IT(U|X4, ..., X,) — 0.

To prove this lemma, we use a result of Barron [1], which is slightly differently stated in the following lemma.

Lemma 4. Let IT be a prior on ., fo € % be in the KL support of IT and U, be a sequence of neighborhoods of fy. Then (i)
and (ii) below are equivalent.

POC
(i) T(UgI%,) —> 0.
(ii) There exist subsets V;,, Wy, of ., and a sequence of tests {¢,(X,)} such that
(@) US C V, UW,,
PDO
(b) T(Wy[%y) = 0,
POO

) T . .
(c) there exists a sequence of tests, such that ¢, (X;) — 0and infrey, Erpn > 1 — ce™8 where c and B are positive.

The proof of Lemma 3 follows along almost the same lines as those in the proof of Theorem 2 in Ghosal et al. [4]. The only
difference is that we verify the conditions of Lemma 4 here instead of the result of Barron [1] in its original form.

Proof of Lemma 1. We prove this lemma through the following three lemmas.

Lemma 5. For any €, a > 0 and X positive definite,

d
logN(ZGafzz,a)S(\/ga—l-l) {1+log<l+€>},
T V(D)e €

where 75 o = {fp.5 : P(Bs) = 1}.

Proof. Let A be an orthogonal matrix such that

—1 4T : 1 1
AX A" = diag yeees
A(X) Ad(X)

and

L = diag(/A1(X), ...,V a(2)).
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For 61 # 6,,
1 1 Ty—1 1 Ty—1
_ —5(x=01)" X7 (x=67) — 5 (x=0)" X7 (x—67)
— = ————|e72 —e 2 dx
||¢(91,2 ¢92,E|| /};‘d (Zn_)d/2|2|1/2
’ A=) Az 14T A—6y) _ [Ax—g1 Az 14T Ax—6y)
2 — 2
= d(Ax
-/]Rd (m)d2| 2|12 A9
' Ao LI T AG—0y) A=) L TAw—0y)
2 — 2
= d(L™'Ax)
/Rd (2m)d2
e~ Jo-171a0)T (-1~ 1A0y) _ e%(y—rlAezﬂ(y—rlAezq
— d
/Rd PESEE Y

1 1
- (Zﬂ)fd/zf le2lF—al® _ o=zl |q,

- —z—a? g2
= (2r)"? e zle—el®q, _ o3z g,
Tz lel? Tz lal?
2 2
e‘%”z”zdz—f o ble-al? g,
lle)2 aTz< Hu2II2

2

T
2 u="
T _ 12
+ L€ 2l gy — ,e 2 Iull® qy
aTus el oTus—lal

_ T flr]?
=4Pri0=a'z <=

B lleel
e (1) oo}
[ el < ||01 A
- NN

_ -1 ~ ; : V8a/d vide (— d
whereo = L7'A(0#; —6,) and Z ~ Norm(0, I). Given €, let k be the smallest integer greater than ﬁ\/:](T)e .Divide (—a, a]

into N = k? cubes. Let Ey, ..., = [\, (—a+ 29~ —a+ %5, where 1 < i1, i,....is < k.1f6 and 6 belong to the
same cube, ||¢4(0, X) — ¢pg(0', )| < €. Let 2y = {(Pl, ...,Py) P >0, Z?:] P; = 1} be the N-dimensional probability
simplex, and let 2, be a e-netin Py; thatis, given P € 2y, thereis P* = (P§, ..., Py) € &} such that 27:1 |Pi — P}| < e.
Let 7* = {Z; 1P,z 1 (PY, ..., Py) € 2} We shall show that #* is a 2e-net in Fq. If fp 5 = ¢x * P € Fy,q, set
Pi = P(E).Let (P}, ..., P}j;) € %}, suchthat " | [P — P{| < €.Then

N
H f ¢o.2dP(O) — Y Pl x
i=1

=

N
/ o dP(O) — ) / 15, (6) ¢, s AP ()
i=1

< 2e.

N
4¢0,‘,2 - ZP,-*ff’ei,):
i=1

This shows that N(2¢, #;, o) < N(e, 2y). The covering number of 2y is bounded by (N/e)V(1 + )" L: see Lemma 1 of

N
Ghosal et al. [4]. So, "
d
1 8a+/d 1
logN(Ze,ﬁ;,G)fN(l—t—log +6) < V8avd +1 <1+10g +€). O
€ T (D) €

The following two lemmas are similar to Lemmas 2 and 3 of Ghosal et al. [4], respectively, and can be proved along similar
lines.
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Lemma 6. Let th,a,e = {fz‘,p : P(Ba) >1— E}. Then N(3E, th.a,e) < N(E, ,72,0).

Lemma?7. et M > Oand let 7, . = U{F5 qc i A1(2) > h, 24(2) < MLIf a > V/dM/ /e, then ZM. . C Fyy2a2e. O

h,a,e
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