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Recall from previous discussions the state-space model written as

x; = Fxi—1+ Guy
y; = Hx;.

We observe y and x is some unobserved process, and G and u; are
known. Assuming some noise in our system this can be written as

Xt = Fxt,1 + GUt + €t
Yt = Hx: + n:
where
e < NO,Ry)
iid
n ~ N(Oa Qt)
or
(y: | x¢, H,Ry) ~ N(Hx:, R;)
(x¢ | x¢—1,F, G, u, Q¢) ~ N(Fx:—1 + Gut, Qy)



Given H, F, G, R; and Q; we can define three distributions

[X¢ | Ye_1,---,¥1]  The predictive distribution
Xt | Yer -5 Y1) The filter distribution
[xt YT, YT 15 s Y- ,yl] The smoother distribution

First a few definitions

Xtt = E(xt | ye)
Yijt-1 = E(xt | ye-1)

23t|t = E ((Xt - xt\t)(xt - tht), ‘ Yt)
2t|t—1 = E ((Xt - xt\tfl)(xt - thtfl)/ | Yt—l)



The Filter Distribution
(xe | Yi) ~ N(Xt|t7 2t|t)\v/ t >0
The Predictive Distribution

(x¢ | Yeo1) ~ N(xt|t—1a 2t|t—1)
E(x¢ | Y1) = Fxt—l\t—l + Gut
Var(x¢ | Ye—1) = Qe+ th—1|t—1F/'

So

Xep—1 = Fxeqpe—1 + Guy (1)
2t\tr—l = Qt+FEt—1\t—1F,- (2)



Next we get
(xt | Ye) ~ N(x¢je—1 + Je(ye — Hxge—1), (1 = JeH) Xy 1)
where

J: = Et\t—lH/(HEt|t—1H/+Rt)_l

Xee = Xejee1 T de(Ye — HYgpe—1)
2t|t = (l - JtH)2t|t—1



Given F, G, H, Q, and R and initial conditions Xo|0 and 20|0, the
Kalman Filter Algorithm is as follows.

1. For t =1 obtain x,,_; and X,,_; from (1) and (2).
2. Obtain Jy, x4, and Xy, from (3)-(5).
3. Repeatfort =2,..., T.



In order to smoothe the data x¢| T, t < T we take initial
conditions from Kalman Filter x77 and X7 and run a
backwards algorithm for t = T7,...,1

Xt—1|T = Xe—1t—1 T Kt—l(xt|T - xt\t—l) (6)
St = B FKea(Byr - Zhe)Ker (1)
Kici = e qe1F S (8)

1. After running the filter for t = T, obtain K;_; from (8)
2. Obtain x;_y;7 and X;_y 7 from (6) and (7)
3. Repeatfort =T —-1,...,1.



Bayesian Estimation of the Hierarchical State-Space Model

[data | process, parameters] = [y, | x¢, Re] ~ N(Hx¢, R)
[process | parameters] = [x¢ | xt—1, Q] ~ N(Fx¢—1 + Gue, Qy)
[parameters] = [F,Q¢,R:] = [F][Q¢] [R¢]-

We could assume some priors and hyperparamters for F Q; R; and
Xg such as choosing inverse-Wishart priors for Q; and R; and
putting a Gaussian prior on vec(F) and xo. A Gibbs sampler could
then be implemented incorporating the Kalman filter and
predictive distribution.

Convergence can be improved by jointly sampling (xo, ...,x7) as
in the forward filtering backwards sampling algorithm (Friihwirth
and Schnatter 1994)



