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ABSTRACT

Lin and Zhang [1] proposed the generalized additive mixed model (GAMM) as a frame-
work for analysis of correlated data, where normally distributed random effects are used to
account for correlation in the data, and proposed to use double penalized quasi-likelihood
(DPQL) to estimate the nonparametric functions in the model and marginal likelihood to
estimate the smoothing parameters and variance components simultaneously. However, the
normal distributional assumption for the random effects may not be realistic in many ap-
plications, and it is unclear how violation of this assumption affects ensuing inferences for
GAMNMs. For a particular class of GAMMSs, we propose a conditional estimation procedure
built on a conditional likelihood for the response given a sufficient statistic for the random
effect, treating the random effect as a nuisance parameter, which thus should be robust to its
distribution. In extensive simulation studies, we assess performance of this estimator under
a range of conditions and use it as a basis for comparison to DPQL to evaluate the impact

of violation of the normality assumption. The procedure is illustrated with application to

data from the Multicenter AIDS Cohort Study (MACS).

KEY woRrDS: Longitudinal data; Marginal likelihood; Nonparametric regression; Smoothing

spline; Variance component.



1 Introduction

Clustered data arise frequently in biomedical research endeavors such as epidemiology and
clinical trials. For example, each subject in a longitudinal epidemiological study or each
hospital in a multi-center clinical trial may be viewed as a cluster. The challenge in analyzing
clustered data is that the data within a cluster tend to be correlated. A popular way to
account for this feature is to use cluster-specific random effects to model the correlation
explicitly in a generalized linear mixed model (GLMM). Under a normal or other parametric
distributional assumption for the random effects, likelihood inference can be carried out
using a Monte Carlo approach or numerical integration (Zeger and Karim [2], Booth and
Hobert [3]). When the random effects structure is complex, full likelihood inference may not
be feasible. In this case, approximate inference using penalized quasi-likelihood approach of
Breslow and Clayton [4] or a fully Bayesian approach [5] is usually adopted.

In many situations, however, the usual parametric linear assumption for the fixed co-
variate effects in a GLMM may not be an appropriate representation of the true underlying
relationship between covariates and the response of interest. Lin and Zhang [1] considered
an extension of GLMMs, generalized additive mixed models (GAMMs), where additive non-
parametric functions are used to model this relationship. They formulated the nonparametric
functions using smoothing splines and estimated the nonparametric functions by maximiz-
ing a double penalized quasi-likelihood (DPQL). Using the mixed model representation of a
GAMM, they cast the estimation and inference in a GLMM framework and estimated the
smoothing parameters jointly with variance components of the random effects by treating
the inverses of the smoothing parameters as extra variance components.

As for most popular mixed models, the Lin and Zhang [1] approach to inference in
GAMNMs is based on the potentially strong assumption that the random effects are normally

distributed. Because the random effects in a GAMM represent variation of cluster-specific



characteristics, the normal distribution may be too restrictive to represent the true features
of this underlying variation. Thus, it is of considerable interest to understand the effect
of violation of this assumption on performance of DPQL for these models and to develop
alternative procedures for GAMMSs that do not require normality of the random effects.

In mixed models with parametric covariate effects, two main approaches to achieving this
latter goal have been proposed. The first is to relax the assumption on the random effects
and represent their distribution directly in a likelihood framework. Magder and Zeger [6]
proposed a smooth nonparametric maximum likelihood approach; Tao et al. [7] estimated
the density of a scalar random effect via their predictive recursive algorithm; Verbeke and
Lesaffre [8] used a mixture of normals to model the random effects, which they implement via
an EM algorithm (Verbeke and Molenberghs [9]); and Zhang and Davidian [10] considered
a semi-nonparametric (SNP) density representation for the random effects. Chen, Zhang
and Davidian [11] extended the SNP methodology to generalized linear mixed model and
implemented maximum likelihood inference via Monte Carlo EM algorithm. Aitkin [12] con-
sidered EM-based nonparametric maximum likelihood approach for GLMMs. The second
approach is to treat the random effects as nuisance parameters and base inference on a con-
ditional likelihood; e.g., Verbeke, Spiessens and Lesaffre [13] considered conditional inference
for linear mixed models, while Jiang [14] developed conditional inference for GLMMs where
the likelihood is based on a subset of the random effects.

In this paper, we propose a conditional inference procedure for GAMMs by treating
the random effects as nuisance parameters and estimating the nonparametric functions by
maximizing a penalized conditional likelihood. Similar to the DPQL approach of Lin and
Zhang [1], the smoothing parameters are estimated using a mixed effect representation of
a nonparametric function. We describe the model specification in Section 2. In Section

3 we develop estimation procedures for the nonparametric functions in the model and the



smoothing parameters. In Section 4, we report on extensive simulation studies to investigate
the performance of this estimator under a range of conditions and use it as a basis for
comparison to DPQL to assess the effect of departures from normality of the random effects.
We illustrate the new procedure with application to data from the Multicenter AIDS Cohort

Study (MACS) in Section 5.

2 Model Specification

Consider a random sample of m independent clusters, where, for cluster ¢, i = 1,...,m, we
observe responses v;;, j = 1,...,n;, and values for p corresponding covariates x1;j, ..., Tp;;
that vary within cluster 7. Conditional on a cluster-specific random effect b; and the covari-

ates, the y;; are assumed to be independent and have exponential family density

f(yw |b’L> == e{yi]’n?jih(n?j)}/aij (¢)+C(yij7¢) , (1)

where h(-) and c(-,-) are known functions, a;;(¢) = ¢/w;; and w;; is a known prior weight
(such as the denominator of a binomial distribution), and ¢ is a dispersion parameter. As
the dispersion parameter is known and equal to unity in several popular cases, such as the
binomial and Poisson, we focus on the situation ¢ = 1 in the sequel.

Let 2, = E(y;;|bi), the conditional mean of y,; given b;. In this paper, we consider the

particular GAMM with random intercept only for ufj, given by

(ki) = mty = fil@i) + -+ filp) + iy (2)
where ¢g(-) is the canonical link function, f,(-), v = 1,...,p, are centered, twice-differential
smooth but arbitrary functions, and the intercept is absorbed into the random intercept b;.
Different from Lin and Zhang [1], who assumed the random effect b; is normally distributed,
we do not impose any distributional assumption on b;. Interest focuses on making inference

on the functions f,(-).



For each v = 1,...,p, let X? be the r,-dimensional vector of distinct values (knots) of
the z,;;, and let f, be the unknown vector of the values of f,(-) evaluated at X?. Denote
by N, the incidence matrix mapping the x,;; to X0 and N,; the ith block corresponding to
the ith cluster, and write pu? for the conditional mean vector of y; = (yi1, .. ., Yin,)* given b;.

Then model (2) can be re-written in matrix notation as
g(ud) =n? = Nuifi + - + Npifp + 10,0, (3)

where 1, is a n-vector of ones. Write n? = (n%,...,n}, )"

3 Estimation Procedure

3.1 Estimation of nonparametric functions

We develop a conditional estimation procedure for the nonparametric functions in (2) by
treating the cluster-specific random effects b; as nuisance parameters. From the form of the
conditional distribution of y;; given b; in (1) and the assumption on uf; in (2), it is easy
to show that s; = Z?;l Yi; = i+ is a sufficient and complete statistic for b; and that the

conditional distribution of y; given s; is

f(yi‘si) — eyiTwi(Nlif1+~~-+Npifp)*Gi(f17~~~7fp§yi)’

where w; is a n; X n; diagonal matrix with jth diagonal element w;; (or w;;/¢ if ¢ # 1), and
Gi(fi,--., f[p;yi) is a function of fi,..., f, and y; only. Calculation of G;(f1,..., fp;v:) is

straightforward for given f1,..., f, and y;. For example, if the response y;; is discrete, then

Gi(fla cee 7f;D; yl) - log { Z eu?wi(NliflerJerifp)JrZ?il c(uij’¢)} )
Ui+ =8;

where the summation is over all possible u; = (u;, . . . ,umi)T in the sample space such that

e
Uip = D51 Uij = ;-



T
1>

Therefore, a conditional log-likelihood for (fi, ..., f,) for given data y = (y{,...,y%)" is

C(fry s fory) =D log{f(yilsi)} =D vl wi(Nuifi + o+ Npify) = D Gil -, fo3 i)
i=1 =1 i=1

Because each f,(-) is an infinite-dimensional parameter, we propose to estimate nonpara-

metric functions f,(-) by maximizing the penalized conditional likelihood

Epc{fl(')a .- 'afp(')a)\la .- '7>‘p;y} = gc(fla .- 'afp;y) - Z E/{f;}/(l’)}zdx,
=1

where the integral [{f”(x)}?dx measures the roughness of the nonparametric function f,(-),
and the )\, are positive smoothing parameters controlling goodness-of-fit of the model to the
data and roughness of the f,(-). In the special case where the f,(-) are linear functions and
yi;'s are clustered binary responses, we obtain the conditional logistic regression model.
Because £.(fi1,..., fy;y) depends on the unknown functions f,(-) only through the f,
the values of the f,(-) evaluated at the corresponding distinct knots, it follows immediately
from Green and Silverman [15] or Zhang et al. [16] that the estimates of the f,(-) are
natural cubic smoothing splines, and there exist p semi-positive definite matrices K, of
rank g, = r, — 2 such that [{f/(z)}?*dx = fI'K,f,. For each v = 1,...,p, decompose
K, as K, = Lva, where L, is a r, X ¢, full rank matrix. Suppose each covariate is
centered such that 17 X? = 0. Then f, can be expressed as f, = X3, + B,a,, where
B, = L,(LTL,)"*. Under this parameterization, f, automatically satisfies 17 f, = 0 (i.e.,
fo(+) is centered). Let X; = (N XY, ..., Nu X)), 8= (01,..-,06p)", Zi = (NuBu, ..., NyiB,)
T T

and a = (af,...,a])". Then the conditional likelihood can be re-parameterized as

m

e foiy) = L(Boasy) = S G(XB + Zia) — S GolByas i),

i=1 =1

where 3; = w;y;, and the penalized conditional likelihood becomes

Coc(Bya, Ny y) = C(B,asy) — > Zral ay, (4)

v=1



where A = (A1,...,\,)7 is the vector of smoothing parameters.
For given A, taking derivatives of ¢,.(53, a, A; y) with respect to § and a and setting them

equal to zero, we obtain estimating equations for § and a given by

T(rm _ me) —
X' (g —p9)=0 5)
ZM(§ - i) = Aa =0,
where X and Z are the matrices obtained by stacking X; and Z; fori = 1, ..., m, respectively;
ac=E(gls); 5= (g, ... 95)T; s = (s1,...,5,)7; and A is a block-diagonal matrix with vth
block equal to A, Iy, xq, and Iy x4, is the g, x g, identity matrix.
The estimating equations (5) can be solved iteratively using Newton-Raphson algorithm.

Given current estimates 3%, a9, expand fi° as

B—po
i ~ fig + WX, Z] ,
a—a®

where ji§ is fi¢ evaluated at (8, a®), W = diag{W;}, and W; = var(i|s;). Then the

equations (5) become

XTg=XTha5+ X"WX(B— )+ X"WZ(a—a?)
2T =275+ ZTWX(8 — BO) + ZTW Z(a — o) + Aa,

which leads to the Newton-Raphson update

XWX X™WZz B XTy )
— , §)
WX ZT™WZ+ A a® 7Ty

where Y = § — & + WXB® + WZa®, and the algorithm is iterated until convergence.
Denote by /3 and @ the solution at convergence. Then f, is estimated by f, = X By + By,
which can be used to determine the entire function f,(+).

Note that in the case of Gaussian response, equation (6) can be solved without iteration.

In this case, the ith block of Y and W are given by Y; = (y; — 1,,yi4/n:)/¢ and W; =

7



(In;xn; — 1ni1£i /m;)/¢. Iteration is necessary for other cases and computation can become
potentially intensive. However, the items needed in (6) can be calculated easily, at least

conceptually. For example, in the case of binary response, we basically only need to calculate

~c ~ Zul =S8; ulQU?nl ~
i = E(gi]s:) = + , Wi =var(gi|si) =

T uln;
Z'LL,H.:Si u’bul e i
eule

- ] Zui+:Si e“;'fm - ﬂf(ﬁzc)T
where 7; = Ny; fi + ... + Npifp, and the summation is over all possible u;, a n;-vector of 0’s
and 1’s, such that u;, = s;. Obviously, the computation could be intensive if n; is large.
Because in this scheme the estimation of the nonparametric functions in the model is
built on a penalized conditional likelihood given a sufficient and complete statistic for the
random effect, the estimated nonparametric functions do not depend on the random effect
nor on its distribution. Therefore, if we have good estimates of the smoothing parameters,
intuitively, the nonparametric function estimates should have good statistical properties such
as robustness to the random effect distribution, small bias and accurate coverage properties.
Denote the coefficient matrix on the left hand side of the system (6) at convergence by

H, which is the same as the negative derivative of the score vector in (5) with respect to

and a. Then the variance of B and a can be approximated by

3 XT (g — ji%) XWX XTWz
var = H 'var l=pg" H? (7)
ZTWX ZTWZ

Q>
N
~
<

|
=
)

|
>
&S

(gls)
Then, as ﬁ, = XSBWLBU&U, an approximation to the variance of fv can be derived easily from
this expression, and the (1—«)th point-wise confidence intervals of f,(-) can be approximately
constructed as fv + 24/2SE( fv), where SE( fv) is the estimated standard errors of fv, which
is calculated as the squared-root of the diagonal elements of the estimated variance matrix
of fv.

Note that the Newton-Raphson update (6) can be viewed as the mixed model equations



for the mixed model for the working vector Y given by
Y =WXG+WZa+e, (8)

where (3 is the fixed effect, a ~ N(0,A™') is the random effect and ¢ ~ N(0,W). This is

similar to the mixed model representation of a GAMM discussed in Lin and Zhang [1].

3.2 Estimation of smoothing parameters

Lin and Zhang [1] considered estimation of smoothing parameters for the nonparametric
functions in a GAMM using a marginal likelihood approach based on the mixed model
representation of a GAMM. Because we have a similar mixed model representation (8), we
propose to estimate the smoothing parameters \,, v = 1,...,p, in a similar way by treating
ay ~ N(0,A\; 11, xq,)- To take into account estimation of 3, we consider estimating the A,

by maximizing the marginal conditional likelihood
L\ y) = |A]Y? / elreBadv)d3da,

The integration in the above likelihood does not have a closed form expression except in the
case of Gaussian response and is often numerically intractable because the high integration
dimension (i.e., >-_; r, — 1) prohibits any attempt for direct evaluation. Following Lin and
Zhang [1], we evaluate L/ (\;y) by Laplace approximation. For a given A, denote explicitly
by [3(/\) and a(\) the mode of ,.(3,a, \;y), i.e., the solution of § and a given in equation

(6) in Section 3.1 at convergence. Then Ly (A;y) can be approximated by

Ly (N y) & |A|Y2|H| 2ot a0 A

where H is the coefficient matrix of the system (6) at convergence. We thus suggest esti-

mating A by maximizing the approximate log marginal conditional likelihood function
1 & 1 A .
Gri) ~ 5 D gudoa(\) — 1ol + e {3(N), A(N), Xy} 9
v=1

9



The approximate log marginal conditional likelihood function (9) of A can be maximized
using the Newton-Raphson algorithm. To use this algorithm, it is necessary to calculate
the first and second derivatives of £3;(\;y) with respect to A. As {B(\),a()\)} maximize

loe(B,a, A;y) for any given A, we have for v = 1,...,p by the chain rule

A 9B(N)
8£PC{5<)‘)7 CL()\), )‘; y} _ agpc(ﬂa a, )‘; y) Oy + 8£pc(ﬂa a, )‘; y)
O, O(8%,a") Tanaon )] Oy {8V}
1
= __dT<)‘)dv()‘)
Thus, the first derivative of £3,(\;y) is given by
Hu(Ny) a1 LG OHN\ 1o
. on 2tr H o 2% (N)ay(N).

Denote the block of H~' corresponding to (A, Ay) by H* for v,v' = 1,...,p. If we
assume that the conditional variance W varies with A\ slowly so that we can ignore the

dependence of W on A, then the above derivative can be simplified to

Mu(Ny)

1
— te(H™) —

17,00
e == SACYCHI] (10

Taking derivatives of this expression with respect to A\, and A, and ignoring the dependence

of W on A again leads to the second derivatives

0 (N 1) o 1 9, (\)
e S Ztr{(HY 2\ _ AT A v
Iz 2 T3 H{(HY)T} = a, (M) =53
8251\/[()\ y) 1 ’ / T ad ()\)
) = _t H’UU Hv AN /\ v
X0y P )= a3
for v,v" =1,...,p. Using the derivative rule for an implicit function, it is easily shown that
Ja, () .
— _H’U’U U/ )\ ,
W Gy ()
for any v,v" = 1,...,p. Hence the second derivatives needed for Newton-Raphson algorithm
are given by
a2€M()\, y) Qv 1 VU2 ~T VU A
8—)\% = —2)\% +§tr{(H )} + ay, (AN Ha, (M) (11)

10



(A y) 1 A ,
ST = e (HHYY) + al (A HY ay (V). 12
ONyONy Qtr( )+ (N H @y (N) (12)

Denote by S(A) the first derivative given in (10) and by I(A) the p x p matrix with the
(v,v")th element being the negative of the second derivatives in (11) and (12). Then the

Newton-Raphson algorithm proceeds until convergence by iteration of the update
AL = \O L =1 AOY g\, (13)

where A% is an initial estimate for \. Our experience shows that iterating between (13) and
(6) works well and may be computationally more efficient.

For numerical stability, we may use Fisher-scoring type of algorithm to maximize £,/ (A; y)
under the mixed model representation (8) by treating a, ~ N (0, A\;11,, x4, ). Denote the block
of H~! corresponding to a by H%*. Then it is easy to show that var(a) = A~'— H under this
distributional assumption for a, and we have simple expectations for the second derivatives

given in (11) and (12)

8261\/1()\7 y) o 1 -1 v\ 2 8261\/[()\7 y) _ 1 v’ rrv’v

Then replacing the elements of I(A) by their expectations given above yields the Fisher

scoring algorithm. Again, we may iterate between (13) and (6) until convergence.

4 Simulation Study

We conducted extensive simulation studies to evaluate the performance of the DPQL es-
timation procedure of Lin and Zhang [1] and that of the conditional estimation procedure
under different distributional assumptions and different magnitudes of the variance of the
random effect in the model. The conditional method moreover serves as a benchmark for

performance that can be achieved if the normality assumption is relaxed, so that compari-

11



son to DPQL highlights how possible nonrobustness of DPQL to nonnormality may manifest
itself and the extent to which improvement is possible.
For each cluster i = 1, ..., 500, conditionally independent binary responses y;; ~ Bin(1, 7%;)

» Mg

(7 =1,...,5) were generated from the GAMM
logit(ﬂfj) = f(ZEU) + bi, (14)

where z;; = trun{(i +24)/25} /100 + 0.2(j — 1) (i.e., every group of 25 clusters has the same

set of covariate values of x), and f(z) is defined by
1
f(l’) = E{6F30’17<1') + 4F3711<.Z')} -1

for F, ,(z) a Beta density function with parameters p and ¢. Five distributions of b; were
considered: (1) Normal,b; ~ N(0,0.5); (2) Mixture of normals, b; ~ 0.7N(—0.42,0.0884) +
0.3N(0.98,0.0884); (3) t-distribution with 5 degrees of freedom; (4) x? distribution with
1 degree of freedom; and (5) Bernoulli distribution with success probability 0.2. The b;
were linearly transformed so that they all have mean zero and the same variance 0.5. One
hundred data sets were generated for each case and the DPQL of Lin and Zhang [1] and the
conditional estimation procedure developed in Section 3 were applied to each data set. The
simulation was repeated for those five distributions by scaling the random effects so that
their variances equal to 1 and 2. For numerical stability, the covariate x was multiplied by
20.

Because the proposed conditional estimation procedure conditions on the sum of the
responses, those clusters with responses all equal to 0 or 1 are automatically removed from
the analysis. When the variance of the random effect is 0.5, about 50 clusters (10%) were
removed. The numbers of such clusters went up to about 75 (15%) for variance 1 and about
100 (20%) for variance 2. The conditional estimation algorithm did not reach convergence

for about 5 simulated data sets in every 100 simulation runs. The DPQL of Lin and Zhang

12



[1] converged for all data sets. The comparison was based on the data sets where both
estimation procedures converged.

Table 1 presents the average of the estimated smoothing parameters for the different
simulation scenarios for both methods and shows that those from the conditional estimation
procedure are very stable and are consistently smaller than the DPQL estimates. Because a
smaller smoothing parameter corresponds to a less-smooth nonparametric function estimate
and the DPQL estimate of the nonparametric function tends to over-smooth the underlying
function, the results in this table imply that the proposed conditional estimation procedure
may produce a less biased estimate of the underlying function.

Table 2 presents the average of 100 (biased-corrected) estimates of the variance of the
random effect b;, denoted by 6, using the DPQL estimation procedure, which treats b; as nor-
mally distributed, as well as the Monte Carlo standard deviation of the estimated sampling
variances and the average of 100 estimated standard errors of the variance estimates. The
estimated variances are reasonably close to the true values for small-to-moderate variance
components (0.5, 1) for all distributions except for ¢t-distribution with 5 degrees of freedom
and y? distribution with 1 degree of freedom. When the true value of @ increases to 2, it
is severely underestimated in all cases. Surprisingly, the estimated standard errors and the
Monte Carlo standard deviation of the estimated variances agree with each other very well.

Figures 1-3 present the true and the average of the estimated nonparametric functions,
mean squared errors, and empirical coverage probabilities of 95% point-wise confidence in-
tervals using both the DPQL and conditional procedures for different simulation designs. A
notable feature of these figures is the robustness of the DPQL estimation procedure to the
misspecification of the distribution of the random effect, especially for small-to-moderate
variance component #. When 6 is as large as 2, although the estimated nonparametric func-

tions are still able to capture the overall shape of the underlying true function, the estimates

13



are over-smoothed, and hence cannot estimate well the peaks in the true function. This re-
sults in large mean squared errors and low coverage probabilities near the peaks. In contrast,
the proposed conditional estimation procedure performs consistently better than the DPQL
procedure in that it yields less-biased nonparametric function estimates, similar or smaller
mean squared errors and better coverage properties, especially near the peaks. One reason
for this observation may be that the bias in estimates of the random effect variances induces
bias in the nonparametric function estimates. The other reason may be that DQPL involves
two types of approximation, one for the random effect and one for the smoothing parameters,
while conditional approach only involves one approximation for the smoothing parameter.
Therefore, the conditional approach eliminates any biases introduced by the approximation
for the random effect when using DPQL. However, as in the binary response case studied
here a potential drawback of the proposed approach is the need to eliminate some data
from the analysis, and because inference is built on a conditional likelihood, the estimated
nonparametric functions are more variable in some regions, and the difference becomes little
larger with the increase of the variance of the random effect since more data are removed in

this case using the conditional approach.

5 An Example

In this section, we illustrate the proposed estimation procedure through application to data
from the MACS study [17]. The human immune deficiency virus (HIV) weakens or destroys
the immune system by attacking CD4+ cells, which perform critical functions in coordinating
the body’s immune response. Accordingly, the number of CD4+ cells (CD4 count) is used
routinely to monitor disease progression in HIV-infected individuals. CD4 counts range from

500 to 1500+ cells/mm? blood, and, typically, a CD4 count below 500 cells/mm? is taken as

14



evidence of impaired immunologic status that may place the patient at risk of opportunistic
infection. In MACS, a total of 2376 CD4 count measurements were collected from a cohort
of 369 men infected with HIV, and one objective was to examine how the probability of
experiencing CD4 count below 500 cells/mm? changes over the course of seroconversion; i.e.,
the period during which a patient is discerned to have developed detectable antibodies as
the result of HIV infection.

Denote by y;; for subject ¢ at the j time point the binary variable indicating whether
or not the CD4 count of subject ¢ is below 500 (1=yes, 0=no), and by ¢;; the years since
seroconversion. Given subject-specific random effect b;, let ué’j = Ply;; = 1]b;]. To charac-
terize the probability of CD4< 500 over time, we consider the following special generalized

additive mixed model
logit(u;) = f(ti;) + bs, (15)

where f(t) is a centered smooth nonparametric function of time since seroconversion. No
parametric distribution is assumed for b; when using our new approach. However a normal
distribution N(c, #) is assumed when the DPQL of Lin and Zhang [1] is used.

Figures 4(a) and 4(b) present the estimated nonparametric function f(t) and the corre-
sponding 95% confidence intervals using the DPQL and the conditional estimation procedure.
Overall, they look similar and hence yield the similar qualitative conclusion that the prob-
ability of having CD4 below 500 is quite stable a few months before seroconversion. This
probability increases sharply until about one year after seroconversion and then increases
more gradually. However, the estimated nonparametric functions differ quantitatively be-
tween the methods, especially after seroconversion: The estimated function using DPQL has
smaller rates of change than that from the conditional estimation procedure. This difference
is probably due to the large variance component 6, which is estimated to be f = 2.46. From

the simulation studies presented in Section 4, the nonparametric function estimate using
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DPQL may exhibit larger biases when the random effect has a variance of this magnitude.
The smoothing parameter was estimated to be 1.3 for DPQL and 0.9 for the conditional
estimation procedure. The mean of the random effect b, was estimated to be & = —1.24

with estimate standard error 0.12 using DPQL.

6 Discussion

In this paper, we have proposed a conditional estimation procedure for a GAMM for clus-
tered data with the canonical link as an alternative to the DPQL estimation procedure of Lin
and Zhang [1]. The conditional estimation procedure is built on the conditional distribution
of the response given a sufficient and complete statistic for the random effect, treating it as
a nuisance parameter, and is hence robust to any random effect distribution. Our simulation
results indicate, interestingly, that the DPQL estimation procedure, which assumes normal
random effect, is very robust to this assumption for estimating the nonparametric function
and the variance component of the random effect as long as the true variance of the ran-
dom effect is not too large. For large random effect variance, the estimated nonparametric
function may suffer from large bias, especially near peaks of the true function, and the es-
timated variance component may be severely under-estimated. In contrast, the estimated
nonparametric function from the proposed conditional estimation procedure has consistently
smaller bias and better coverage properties, demonstrating that improvements over DPQL
are possible if the normality assumption can be relaxed.

Although the proposed conditional estimation procedure shows favorable performance
over the DPQL estimation procedure, it has some inherent disadvantages. First, the pro-
posed method only applies to a GAMM with the canonical link, which may hinder its appli-

cation. Second, due to the nature of the method, some data have to be removed from the
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analysis, and the final inference is conditioned on the sum of the response. Hence the gain of
robustness and smaller biases comes with the loss of efficiency, and the effects of any cluster-
level covariates cannot be estimated. Third, although the proposed estimation procedure
eliminates the need for numerical integration, it can also be computationally expensive for
certain types of response (i.e., binomial data with large binomial denominator or Poisson
data with large n;). Forth, it is less stable compared to DPQL and may fail to converge for
some data sets. Nonetheless, viewing the method as a basis for comparison to illuminate
possible shortcomings of DPQL suggests that future research on procedures for GAMMs

that do not require parametric assumptions on the random effects would be valuable.
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Table 1
Comparison of estimated \’s using Lin and Zhang’s [1] DPQL and the proposed conditional

marginal likelihood (CML) approach; 0 is the true variance of the random effect

0 =05 0=1 0 =2

Distribution DPQL CML | DPQL CML | DPQL CML

Normal 2.3 1.9 2.5 1.9 2.8 1.9

Normal mixture 24 2.0 24 1.9 2.4 1.8

ts 2.4 2.0 2.6 1.9 2.8 2.0

X% 2.2 1.9 2.2 1.9 2.3 1.8

Bernoulli 2.3 2.0 2.2 1.9 2.2 1.8
Table 2

FEstimated variance of random effect using Lin and Zhang’s [1] DPQL; Ave. is the Monte
Carlo average of the variance estimates, SD is the standard deviation of the estimates and
SE is the Monte Carlo average of the estimated standard errors based on 100 simulation

runs; 0 is the true variance of the random effect

=05 =1 0 =2

Distribution Ave. SD SE | Ave. SD SE| Ave. SD SE

Normal 0.46 0.08 0.10| 0.84 0.12 0.13 | 1.52 0.18 0.18
Normal mixture | 0.46 0.09 0.10 | 0.90 0.14 0.13 | 1.75 0.19 0.19
ts 0.40 0.10 0.10 | 0.74 0.12 0.12 | 1.27 0.16 0.16
X3 0.36 0.09 0.10 | 0.59 0.12 0.11 | 1.00 0.17 0.14

Bernoulli 0.44 0.11 0.10| 0.87 0.14 0.13| 1.46 0.19 0.17




LIST OF FIGURES

Figure 1. True and estimated nonparametric functions, mean squared errors and empirical
coverage probabilities of 95% point-wise confidence intervals using DPQL of Lin and Zhang
[1] and the conditional estimation procedure based on 100 simulation runs for § = 0.5: ——,
true; - - - -, DPQL; — — — — conditional procedure. The distributions in 5 rows are (1)

Normal; (2) Mixture of normals; (3) t5; (4) x%; (5) Bernoulli.

Figure 2. True and estimated nonparametric functions, mean squared errors and empirical
coverage probabilities of 95% point-wise confidence intervals using DPQL of Lin and Zhang
[1] and the conditional estimation procedure based on 100 simulation runs for § = 1: ——
true; - - - -, DPQL; — — — — conditional procedure. The distributions in 5 rows are (1)

Normal; (2) Mixture of normals; (3) ¢5; (4) x%; (5) Bernoulli.

Figure 3. True and estimated nonparametric functions, mean squared errors and empirical
coverage probabilities of 95% point-wise confidence intervals using DPQL of Lin and Zhang
[1] and the conditional estimation procedure based on 100 simulation runs for § = 2: ——
true; - - - -, DPQL; — — — —, conditional procedure. The distributions in 5 rows are (1)

Normal; (2) Mixtures of normals; (3) t5; (4) x3; (5) Bernoulli.

Figure 4. Estimated nonparametric function and its 95% confidence intervals for f(¢) in

model (15) using DPQL of Lin and Zhang [1] (a) and the conditional estimation procedure

(b).



Figure 1

80 0 00

saniqeqold abeusanod

i

AN~

SA

N\ e N

0 0 00

EN)

suopnouny payewnsy

0.4 0.6 0.8 1.0

0.2

0.0

1.0

0.6 0.8

0.4

0.2

0.0

80 0 00

sanljiqeqold abesano)

suonouny parewnsy

0.4 0.6 0.8 1.0

0.2

0.0

0.4 0.6 0.8 1.0

0.2

0.0

80 0 00

sanljiqeqo.d abesanod

0 0 00

suonouny payewnsy

0.2 0.4 0.6 0.8 1.0

0.0

0.2 0.4 0.6 0.8 1.0

0.0

7S

{
4

80 0 00

sanigeqold abesano)

EN

suonouny payewsy

0.2 0.4 0.6 0.8 1.0

0.0

0.4 0.6 0.8 1.0

0.2

0.0

0.2 0.4 0.6 0.8 1.0

0.0

80 70 00

sanligeqold abesano)

suonouny payewnsy

0.2 0.4 0.6 0.8 1.0

0.0

0.2 0.4 0.6 0.8 1.0

0.0

0.2 0.4 0.6 0.8 1.0

0.0



Figure 2

80 0 00

saniqeqold abeusanod

suopnouny payewnsy

0.4 0.6 0.8 1.0

0.2

0.0

1.0

0.6 0.8

0.4

0.2

0.0

S
-~ e

=

B

14

X

80 0 00

sanljiqeqold abesano)

suonouny parewnsy

0.4 0.6 0.8 1.0

0.2

0.0

0.4 0.6 0.8 1.0

0.2

0.0

80 0 00

sanljiqeqo.d abesanod

suonouny payewnsy

0.2 0.4 0.6 0.8 1.0

0.0

0.2 0.4 0.6 0.8 1.0

0.0

T~

80 0 00

suonouny payewsy

0.4 0.6 0.8 1.0

0.2

0.0

0.4 0.6 0.8 1.0

0.2

0.0

sanligeqold abesano)

!

! \“;/

N

suonouny payewnsy

0.2 0.4 0.6 0.8 1.0

0.0

0.2 0.4 0.6 0.8 1.0

0.0

0.2 0.4 0.6 0.8 1.0

0.0



Figure 3

—_
e
R T T I

~ RRET

— .

-
Ta
(ot

suopnouny payewnsy

0.4 0.6 0.8 1.0

0.2

0.0

1.0

0.6 0.8

0.4

0.2

0.0

80 0 00

sanljiqeqold abesano)

£,
]
¢
)
]
}
)
)
o~
7’0 [ 00
ENA

suonouny parewnsy

0.4 0.6 0.8 1.0

0.2

0.0

0.4 0.6 0.8 1.0

0.2

0.0

80 0 00

sanljiqeqo.d abesanod

suonouny payewnsy

0.2 0.4 0.6 0.8 1.0

0.0

0.2 0.4 0.6 0.8 1.0

0.0

I

S-as

80 0 00

suonouny payewsy

0.4 0.6 0.8 1.0

0.2

0.0

0.4 0.6 0.8 1.0

0.2

0.0

=
o
S

4

i

80 70 00

sanligeqold abesano)

§)

e

\

14\ c0 00

ENTA

suonouny payewnsy

0.2 0.4 0.6 0.8 1.0

0.0

0.2 0.4 0.6 0.8 1.0

0.0

0.2 0.4 0.6 0.8 1.0

0.0



£(t)

£(t)

Figure 4(a)

Years since seroconversion

Figure 4(b)

Years since seroconversion




