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0 Preliminary

A: Matrix Algebra

A1l: General results

1. For conformable matrices A, B, C, D,

A 0

= [AllD| (0.1)
C D
A B

= |A||D -CA™'B|=|D||A - BD™'C| (0.2)
C D

2. For any conformable P and (), we have

I+ PQ|=|I+QP| (0.3)
(I+PQ) ' =I-PI+QP)'Q (0.4)

3. For any conformable matrices A, B, C, D,

—1 -
A B (A—BD'C)! —(A—-BD 'C)"'BD™! 05)
C D D 'C(A—BD'C)"' D'+ D'C(A—-BD'0)'BD! |
[ All _AIIBD—I
| —=p-lca D'y plcAMBD
| AT+ AT'B(D-CAT'B)TICATY AT B(D - CAT'B) ! 06)
(D —CA'B)"lCA! (D — CA—'B)~! '
ATl4+ A7'BDMCA™Y —A1BDY
| —puca D!

where Al = (A— BD-'C)~!, D' = (D — CA~'B)"L.
4. For any conformable matrices A and B,
tr(AB) = tr(BA).
5. If X is an eigenvalue of a square matrix A (i.e., |[\I — A| = 0), then 3 a vector x # 0 such that
Ax = Az.
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6. If A2 = A, then A is called idempotent. The eigenvalues of an idempotent matrix are either 0 or

1.

7. For a square matrix, define
DET(A) = ] A,
N0
where \;’s are the eigenvalues of A.
8. For A,,xn and B, xm, AB and BA have the same non-zero eigenvalues. Hence

DET(AB) = DET(BA).

Since |\ — AB| = A "\ — BA| (when m > n) if X # 0.
A2: Symmetric matrices

1. If A is an m dimensional (real) symmetric matrix, then 3 an orthonormal matrix H (i.e., HTH =
HHT = I) such that
A=HAHT,

where A = diag{)\1, ..., A\m}, Ai’s are the eigenvalues of A and the column vectors of H are the

eigenvectors of A. Furthermore,
tr(A) => "N, [Al =[]\

2. A symmetric matrix is said to be positive definite (non-negative or semi-positive definite) if all

of its eigenvalues are positive (non-negative).

3. If A is a positive (non-negative) definite matrix, then 3 a positive (non-negative) definite matrix

B such that A = B2. In this case, denote B = A3,
4. If A — B is non-negative definite for two non-negative definite matrices A, B, we say A > B.

5. For any matrix A, AAT > 0.
A3: Matrix differentiation

1. If A(0) = {a;;(0)}, then define

T
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2. If A and x are conformable matrices, then

0(Ax)

3. If A(6) and B(0) are two conformable matrices, then

o{A(0)B(0)}  0A(9) 0B(0)
a0, =20, -B(0) + A(9) - a0, (0.8)
4. If A(#) is nonsingular, then
oA~ o) 0A(0) _
0, A7) 59, A7L(0). (0.9)
5. If |[A(0)| # 0, then
a‘?gf)’ - \A(Q)]tr{A‘l(H)age(f)}. (0.10)
6. If |A(0)| > 0, then
PoBADD 410 240)) o)
00y, 00, ) ’
O?log(|A@)) 1, 0%A(9) 1, 0A0) 1, OA(0)
o000, tr{A 1(9)89j89k}—tr{14 ') 26, A7Y(0) 7, } (0.12)

7. Let P be the projection matrix P = V=1 — V-IX(XTV-1X)"1XTV~! where X is a constant

matrix. Then
oP ov
0~ Tagt

B: Normal Random Variables

1. Xpx1 ~ N(p, 2) (2> 0) if X has density function

s p,B) = (2m) P28 |7 2eomn R @mn)/2, (0.13)
implying
/e—(x—u)TZfl(:c—u)/de — (27T)p/2|2|1/2. (0.14)
2. If
X1 N M1 | Y11 Xi2 7
X, 2 Yo1 X2
then
X1|Xo = a2 ~ N{p1 + S1255 (22 — p12), S11 — L12555 So1 . (0.15)

PAGE 3



CHAPTER 0 ST 755, Daowen Zhang

3. If Xpu1 ~ N(p,X) (X > 0), then its moment generating function is

m(t) — E(eXTt) — etT,LH-%tTEt'
C: Quadratic forms of normal random variables

1. Let X ~ N(0,0%I) and C is a symmetric matrix. Then

xTcx
72 ~U XT’
(o

<= (' is idempotent with rank r.

2. Let X ~ N(0,%) and C is a symmetric matrix. Then
XTCX ~ 2

<= CX is idempotent with rank r (Since Y = DX ~ N(0,1)).

3. Let X ~ N(0,%) and C and D are symmetric matrices. Then
XTCX and XTDX are independent
<= C¥XD =0.
D: General Results for Random Variables

1. Let Y be a random variable with mean E(Y) and variance V = Var(Y') and A is a symmetric

matrix. Then

E(YTAY) =E(YT)AE(Y) + tr(AV).
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