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Web App endix A: Prop erties of the SNP Density Estimator

In this appendix, we give more detail on the SNP density estimator, reviewwork establishing
its properties, and descrilke what is known about its performancewhenit hasbeenembedded
in various complexstatistical models. We refer the readerto the reference<ited, especially
Gallant and Nychka (1987) and Ferton and Gallant (1996,1996b), for technical details and
further dewelopmerts.

The SNP density estimator is a truncation (or siewe) estimator basedon a Hermite series
expansionand was originally introduced by Gallant and Nychka (1987) in the corntext of
represeming the nonparametric part of nonlinear structural models popular in econometric
analysis. Thesemodelscan be rather complicatedand would ordinarily alsoinclude a nite-
dimensionalparametriccomponert, asin the semiparametrictime-to-evert regressiormodels
we consider. Sinceits introduction, the SNP has beenusedin numerousapplications with
great successwhereit has beenembeddedin various complex statistical models involving
possiblynumerousadditional parametersof interest. Theseincludein econometricmodelsfor
stock volatility (Gallant, Hansen,and Tauden, 1990),asa model for a bivariate distribution
in binary choice models for labor-force participation (Gabler, Laisney and Lechner, 1993),

as the underpinning of methods for nonlinear time seriesanalysis (Gallant and Tauden,



1990;Gallant, Rossi,and Tauden, 1993),and as a represetation of the density of a vector
of random e®ectsin various mixed e®ects(e.g., Davidian and Gallant, 1992,1993; Zhang
and Davidian, 2001;Chen, Zhang, and Davidian, 2002)and joint longitudinal-survival data
models(Song,Davidian, and Tsiatis, 2002). In all of thesesettings, empirical studiessuggest
that, via a maximum likelihood approad analogousto that proposedin the main paper for
the semiparametrictime-to-evert regression, tting is computationally stable and feasible
and valid inferencesmay be obtained, as discussedurther below.

Gallant and Nychka (1987) consideredhe generalcaseof a k-variate density in statistical
models where both the density and a nite-dimensional vector of parametersare to be
estimated. They described the classH in which the true density f is assumedto lie in
terms of a weighted Sololev norm, depending on the number of derivativesf, is assumed
to possessand they provided a rigorous statemert of the conditions under which the SNP
estimatorsfor f, and other parametersshouldbe consistert in somesensédor the true values,
assumingthe parametric part of the model is correctly speci ed. In particular, they shaved
that, aslong as the truncation rule (choice of K) is suc that K = K, sa, convergesto
in nit y with n, the SNP density estimator is consisten with respect to Sobolev norm and
that this implies that functionals of the true density, sud as the distribution function, as
well asthe nite-dimensional parametersin the model, are also estimated consisteily. See
Gallant and Nychka (1987) for technical details and discussionand Davidian and Gallant
(1993, Section 3) for a summary From a practical point of view, a main considerationin
the use of SNP as a represemation for the density of a model componert is the degreeof
smoothnessthe true density is thought to enjoy asre°ected by the degreeof di®eretiabilit y
it is thought to possessasfor other density estimation methods.

Estimation of f in the casek = 1, of interestin the main paper, hasbeenstudiedin some

detail. Fernton and Gallant (1996) specializedthe consistencyresults of Gallant and Nychka



(1987) to the univariate casewhen estimation of fo is to be basedon an iid samplefrom
fo, and they carried out an extensiwe battery of empirical studiesdemonstrating the ability
of the SNP density estimator to approximate a wide range of true densities,including some
exhibiting rather extremebehavior. They and other authors mertioned below focusedon the
estimator basedon the normal basedensity, asit hasbeenusedextensiwely in econometric
applications. They noted that, for k = 1, the classH of densitiesde ned by Gallant and
Nychka is spannedby
8 Ao, 2 9
Hyo= fn:fo(z;a) = az €72+2)(2) ; (A.1)
: 0 ;
where ' (z) is the standard normal density as in the main paper, and a are sud that
f.(z;a)dz = 1; choicesother than e =2 and ' (z) are also permitted, as would be the
casein the main paper. In (A.1), 2o is a small positive number, and K, dependson n; it
is possibleto rewrite (A.1) in terms of Hermite polynomials. As discussedby Gallant and
Nychka (1987) and Davidian and Gallant (1993), the secondterm in (A.1) acts as a lower
bound that governstail behavior, ensuringthat RIogfn(z;a)fo(z) dz existsfor all f, 2 H,,
required in order to establishthe results in Gallant and Nychka (1987); seethis paper for
further discussion. The lower bound is usually ignored in practice, asin the main paper,
and vast empirical evidencehas shavn that this practice leadsto reasonableresults..
Ferton and Gallant (1996b) establishedrates of corvergencein L, whereK,, = O(n®)
for ® > 0. Coppejansand Gallant (2002) derived the corvergencerate under the Hellinger
metric and investigatedthe useof cross-walidation asan alternative to information-criterion
basedselectionof the truncation point. As noted by Kim (2007),an SNP estimator may not
achieve the optimal convergencerate establishedby Stone (1990) for log-splinedensity esti-

mators; howewer, it has se\eral advantages, including computational easeand corvenience;

a straightforward meansof simultaneous estimation of nite-dimensional parameterswhen



the density is part of an overall semiparametricmodel; and the ability to evaluate whether
or not the parametric model correspnding to the basedensity is suzcient to represen the
data, asdescribedin our particular cortext at the end of Section3 of the main paper. Fernton
and Gallant (1996b, Erratum) note that, while it is not possibleto demonstratethat SNP
density estimatorshave the sameconvergenceaate askerneldensity estimators,the extensive
available empirical evidencesuggestghat they are qualitatively and asymptotically similar
to kernel estimators.

Regardingasymptotic normality of estimatorsfor nite-dimensional parametersand func-
tionalsin SNP-basedsemiparametricmodels,formal, theoretical resultsfor generalsemipara-
metric modelsare not available. As noted by Kim (2007), this is probably becauseof the fact
that the SNP density estimator is \parametric" for any xed degreeof truncation. There is
extensive empirical evidencein di®eren statistical models(e.g., Gallant and Tauden, 1990;
Zhang and Davidian, 2001;Songet al., 2002),as well astheoretical evidencein speci ¢ set-
tings (e.g., Eastwood and Gallant, 1991;Fan, Zhang,and Zhang, 2001)that, if onetreats the
degreeof truncation as xed, sothat the model involvesa nite-dimensional \parameter,"
as proposedin the main paper, standard errors and con denceintervals may be constructed
using standard parametric asymptotic theory. As shavn by Eastwood and Gallant (1991)
in a simpler setting, this requiresthat the degreeof truncation be chosenadaptively; these
authors show that the use of information-criterion-based(so adaptive) truncation rules, as
proposedin the main paper, will result in sud inferencesbeing asymptotically correct. As
noted by Coppejansand Gallant (2002)and Kim (2007), the practice of basinginferenceson
standard parametric large sampletheory following adaptive choice of the truncation point
is widely acceptedto yield reasonableinferencesin general problems and is standard in
applicationsin analysesbasedon SNP.

In summary, two decadesof experiencesuggestthat use of SNP to represen ordinarily



unspeci ed or latent componerts of generalcomplex statistical models, as proposedfor the
speci ¢ caseof semiparametrictime-to-evert regressionmodelsin the main paper, leadsto
reliable inferencesunder conditions similar to those assumedfor competing approades.

As notedin the Discussionof the main paper, a rigorousproof of the theoretical properties
of the SNP approadt proposedin the main paper is an open problem. We conjecturethat it
should be possibleto prove that the SNP-basedestimator for ~ is root-n consisten. For the
PH and PO models, which are membersof the linear transformation model class,this is true
whenoneis completelynonparametricwith respectto the unknown baselinedistribution and
usesnonparametric maximum likelihood to estimate it in these models. Thus, we expect
that, under appropriate conditions, it is true for the SNP approad aswell. Our simulation
results do not cortradict this supposition. We conjecturethat this is alsotrue for the AFT
model, asit is possibleto shov sud resultsfor, e.g.,rank-basedmethods. This model is a bit
more problematicthan the other two in that a fully excient approad whereoneis completely
nonparametricabout the unknown survival distribution would require the support points of
the distribution to depend on . We suspect that the undercoverageof Wald con dence
intervalsfor ~ we report on in this casefor smallersamplesmay be related to this structural

phenomenonsomehav.

Web App endix B: Parametrization of the SNP Representation

In this appendix, we give a more detailed description of how the \standard" SNP density
represemation in Equation (1) of the main paper may be parameterizedin terms of A. See
Zhang and Davidian (2001) for the generalcase. For xed K and basedensity A(z), the

represemation is

he (2) = P2 (2) A(z) = (ap+ ayz + @,2° + CGe+ ax zK)? A(2); (B.1)



subject to constrairt

Z
(ag + a1z + @,z% + ¢¢¢+ ax 2°)?A(z)dz = 1 (B.2)

density A(z). Then note that we can write the polynomial squaredin (B.1) as
(ap + a1z + @,z% + ¢+ ax )%= a'ww'a:
Therefore,the constraint (B.2) is equivalert to requiring that
a'lAa =1, A=EWWT):

For A(z) either the standard normal or exponertial densities,the matrix A is known and
positive de nite, sothat we canwrite A = B "B for somepositive de nite matrix B . Thus,
write a'Aa = aB "B a, sothat with c = Ba, a’Aa = ¢c"c = 1. Thus, ¢ lies on the unit

sphere,which suggestshe sphericaltransformation

C1 sin(Ay);

cogAy) sin(Ay);

C2

c« = cogA;) cogAy) tetcos@y ; 1) cogAx);

cogA;) cogAy) ¢cosf; 1) cogAx);

£
|

j=L::Ki 1,0 A- 2v
To demonstrate how this transformation works, we give two explicit examples. In the

st example, supposeK = 2 and let A(z) be the standard normal density. In this case,



c = (c;¢;6)", and ¢, = sin(Ay), ¢ = cosfy) sin(Ay), ¢ = cogA;) cogA,), sothat A =

(A;; A)T. It is straightforward to show that

1
101
A = 010§;
10 3

in which case 0 1 0 1
10 1 10 ilzpé
B=5>01 0 andBi1=501 0
00 pé 00 1:p§
Now 0 ) 10 1
10 1= 2 sin(A,)
a=Bi'c=Bo1 o0 cogAy) sin(A,) & (B.3)
00 1=p§ cos@) cos(y)

Thus note that we can expressthe polynomial in (B.1) in terms of A asag + a;z + a,z% =
a'(1;z;z%)7, where a is given in (B.3). This may be substituted in (B.1) to give the
represetation h,(z; A) in terms of A.

As a secondexample,take againK = 2 but with A(z) the standard exponertial density.
Again we have a = (ag;a1;a) = B 'c, wherec is as before. It is straightforward to shav

that now
1 0 1

0 0
11 2 11
:%126 , B=Bo014 ;B‘l-%
2 6 24 00 0 0 1=2

Web App endix C: Achieving the Global Maxim um/Starting Values

In this appendix, we descrike the approadieswe have used successfullyto obtain starting

valuesfor parametersfor maximizing the SNP loglikelihood for ead model (AFT, PH, or
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PO) for xed K and basedensity. For a given K and basedensity, the correspnding SNP
likelihood "k (" ; p) involvesthe parameters andp = (% %AT)T, and maximization requires
starting valuesfor all of theseparameters. The SNP loglikelihood typically is quite complex
and is replete with local maxima. Thus, we require a procedurethat o®ersassurancethat
the global maximum hasbeenidenti ed. This suggestausing \w aves" of starting values,as
has beenproposedwith SNP in other cortexts (e.g., Gallant and Tauden, 1990). We thus
obtain di®eren setsof starting valuesthat hopefully traversea likely regionof the parameter
spacewherethe global maximum liesby xing A at ead value over a grid of possiblevalues
and then deriving correspnding starting values for the remaining parameters(%; % )T
(%; %% ) depending on the model (PH, AFT, PO) being tted, aswe descrite shortly. For
ead set of starting valuesso obtained, "k (' ;) is maximized. The maximizing values of
(" ;p) leadingto the largestvalue of " (" ;1) are assumedto yield to the global maximum
and aretakento bethe nal estimates. Often, many of the setsof starting valueswill leadto
the samemaximized value of "« ( ;) and the sameestimates,engenderingcon dencethat
the global maximum has indeed beenidenti ed. We have found that, although elemerts
of A are restricted to certain ranges, as long as the grid of starting valuesis chosenas
recommendedpne may useunconstrainedoptimization of "y (" ;) with assurancehat the
resulting estimatesare sud that hy (z; A) evaluated at the estimatesis a valid density.

Our recommendedyrid points becomelessdenseas K increasesowing to the increasing
computational cost of repeated maximizations. For K = 0, there is no A, and starting

valuesfor (%; %~ ")T may be found as described below, where E(Z) and var(Z) are known

for K = 1 we choosethe grid to be the 16 valuesin (j 1.5;; 1:3;; 1:1;¢¢¢; 1:3; 1.5). For
K = 2, we x A= (A;A) over 16 valuesof (j 1.5;j 0:5;0:5;1:5) £ (j 1.5;j 0:5;0:5; 1:5).

We have demonstratedin our simulations and applications that choosingthe grid points in



this way yields reliable results (i.e., plausible estimatesthat appear to represem the global
maximum) with feasiblecomputation times.

Indeed, computation times are ertirely manageable. For example, the typical time to
't all three models (PH, AFT, PO) to onedata set with n = 200and 25%right censoring
using our SAS implemertation, where maximizations are carried out using the SAS IML
optimizer nlpgn, including maximization at eat set of starting values for eat K -base
density conbination for eatc model followed by selection of the preferred modelK -base

density combination using HQ, is 100secondson a 1.73GHz PC.

AFT Model

As in Equation (7) of the main paper, the AFT model is
log(T)) = X +e&; giid: (C.1)
The SNP approad represems the AFT model (C.1) as
log(T) =X "+e=X["+1+3%; (C.2)

wheree and Z; areiid, and the density of Z; may be well-appraximated by the two SNP
formulations descrited in main paper. To get a rough estimate of (X; %) for eah xed A,
we pretend that the g follows a normal distribution and t (C.2) using SAS proc lifereg

to obtain estimatesof ~ and the meanand variance of g, which we denoteby , 1., and
3%, respectively. We use™ , asthe starting value for ~ and obtain starting valuesof * and

¥%by solving the equations

1

e L+ YE(Z)

% Yzvar(Z);

for ¢ and % Here,E(Z) and var(Z) are functions of A for eah K -basedensity combination

(K > 0) and hencefor a given A grid point are xed constarts. E.g., for the standard normal
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basedensity and K = 2, E(Z) = 2apa; + 6a;a, and var(z) = a3+ 3(2aa, + a2) + 1533 j
fE(Z)g? wherea is a function of A asin Web Appendix B and henceis xed onceA is
“xed.

When K = 0, thereis no A. To obtain multiple starting values,we solve for ¢ and ¥as
above, where E(Z) and var(Z) are known constarts for both basedensities. We usethree

setsof starting values: the solution (*; %) sodetermined,(* | ¥#2;%), and (* + ¥#2;9).

PH Model

To obtain a starting value for , we use Cox's partial likelihood method implemerted in
SASproc phreg. The procedureproc phreg alsogivesan estimate of the baselinesurvival
function Sy(t). To obtain starting valuesfor ¢ and %for a xed A, we pretend that log(To)
in Equation (2) of the main paper is normally distributed, sothat Ty is lognormal. Now
E(To) = Rol So(t)dt and E(TZ) = Rol 2tSo(t)dt, and by substituting the estimated baseline
survival function into these expressions,we obtain estimatesof E(To) and E(TZ). This
calculation is simple, asthe estimated baselinesurvival function is a step function and thus
the two integrals reduceto summations. If we denotethe meanand variance of log(Ty) as
1, and 34, using the relationships E(T{") = exp(m? ¢ + m?3£=2), m = 1;2, we may obtain
rough estimatesof ! . and 3£ by solving two equations. Once these are obtained, we may

proceedas descrited beforefor the AFT model to nd starting valuesfor * and %for eat

K, O

5

PO Model

Similar to the procedurefor the AFT model, we rst assumea parametric model for the

baselineewernt time to estimate . In order to usea standard SAS procedureto t a PO

10



with a logistic distribution, this model is alsoa PO model. That is, by letting g in (C.2)
be iid with a logistic distribution, we are equivalertly specifying a PO model with baseline
ewert time T, from a log-logistic distribution. Thus, we may use SAS proc lifereg to
obtain estimateswe denote as 4, *; and %, where the subscript \aft" indicates that
the tted coezcient is with respect to the AFT model, and subscript | indicates?®, and %
are parameterscharacterizing a logistic distribution. Obtaining estimatesof the meanand
varianceof g, denotedby ! o and % as before,is straightforward by using the relationships
1. =1, and ¥ = Y4¥4=3. Starting valuesfor for * and ¥%2may be obtained in the same
way as described previously for K | 0. As for the starting value for , the coetcient the
coexcient correspndingto the PO model, onecaneasilyderivethat — isequalto j 4 =%
and thus the obvious approad is to substitute the tted valuesfrom proc lifereg into this

expression.

Web App endix D: Extension of the AFT Mo del to \Heteroscedastic Errors"

For transformed event-time models sud as(C.1), a standard assumptionis that the devia-
tions g areiid, madein virtually all studies of thesemodels (a recen exceptionis Huang,
Ma, and Xie, 2005). Stare, Heinzl, and Harrell (2000) discussthe potertial for biasedinfer-
enceon if this is violated. The SNP approad readily handlesso-called\heteroscedastic
errors" and providesa medanismfor testing departuresfrom the iid assumption,which may
be dixcult to detect graphically (Stare et al., 2000).

In (C.2), the SNP represetation implies that Eflog(T;)jX ig = f! + ¥E(Z)g+ X T~
and varf log(T;)jX ig = ¥4var(Z;), whereE(Z;) and var(Z;) are calculatedassumingeither Z
or Z° = € hasdensity h 2 H, sothat under a xed K -basedensity conbination are known
functions of the correspnding A. This suggestsan equivalert formulation with \centered

errors;" i.e., writing (2) in the main paper instead as log(To) = * + ¥Z | E(Z)g and
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againtaking & = log(Tg) in (C.2) yieldslog(T;) = X [~ + 1 + ¥Z; i E(Z;)g, sothe mean
is reparameterizedas Eflog(T;)jX ig = * + X |~ while still varflog(T;)jX ig = ¥Zvar(Z;).
Viewing fZ; i E(Z;)g as a mean-zerodeviation, then, permits the immediate extensionof

(C.2) given by
log(T) = X" +e; e=1+WX;®fZ i E(Z)g; (C.1)

wherev(x;®) > 0 for all x is a parametric variancefunction suc that v(x;®) "~ 1ifx = 0

or ® = 0, sothat varflog(T;)jX ig = ¥4var(Z;)v3(X i;®). Although it may not be possible
to postulate a \correct” model v(x; ®), a parsimonious,°exible variance function may be a
usefulway to capture at least the predominart featuresof potertial heterogeneiy (Carroll

and Ruppert, 1988,Ch. 3). E.g., a model popular in ordinary regressionfor this purpose
is v(x;®) = exp(x T®) (or similar form depending on a subsetof x). Again assumingZ

or Z°% = & hasdensity h 2 H, it is straightforward to derive SNP appraximations to the
conditional survival and density functions of TjX basedon (C.1), aswe now shaw.

In what follows, we presen the conditional survival and density functions of T given X ,
suppressingthe subscript i. Consideringthe casewhere Z; in (C.1) is taken to have the

standard normal basedensity SNP represemation, letting

_logt); X7 ¢
- (X ®)

+ E(Z);

the conditional density and survival distribution are given by

fre )X @) = foaX  @)g PE(r)" (),
1 (C.2)
Sk(tjX; ;®;p) = PZ(2)' (z)dz

r

The integral in (C.2) may be calculated straightforwardly usingthe recursive formulYz given
after Equation (3) in the main paper. The term E(Z) may written as a function of A as

before.
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For the SNP represemation usingthe standard exponertial basedensity, we assumethat
the density of Z® = ¢ may be approximated by this represemation. That is, the density of

Z"° is represeted ashg (z°) = P2 (z°)E(z°) = (ap + a2° + 00¢+ ax 2°¢)%e 7", Let

Y4

Y —
g i X i, g

r = exp WX O)

It may then be shown that the conditional density and survival function of TjX are

fe(tjX; ;®;u) = ft%/éx ;®)g IrP2 (r)E(r);
1 (C.3)
Sk(tjX; ;®;p) = P¢ (2) E(2) dz:

r

Again, the integral in (C.3) is calculable by the recursion descriked in the main paper.
As r involvesE(Z) = Eflog(Z®)g, we presen explicitly this calculation for K = 0;1; 2,
where as before ag; a;; a, are the coexcient in the polynomial Pk (z), which are in turn
expressedin terms of A. With Euler's constart ° = 0:57721566490153286068¢ ning
Hi=j° H,=1j °Hz3= 3 2°, Hy = 11j 6°, Hs = 50 24°, we have for K = 0,
E(Z)=i° = Hy forK =1, E(Z) = a3H; + 2apa3H, + aH3; and for K = 2, E(Z) =
agH, + 2apa1H, + (2apa, + af)Hz + 2aya,H, + a3Hs.

In tting this model, one may include ® as an additional parameterto be estimated,;
typically, ® will be of low dimension(1 or 2). As noted by Stare et al. (2000), graphical
displays that are standard diagnostictools for detecting heteroscedastici in ordinary un-
censoredregression(Carroll and Ruppert, 1988) can be misleading,soit is not prudert to
rely on sud techniguesto suggeststarting values. As we propose\w orking" variancemodels
sud asthe exponertial model for which ® = 0 correspndsto no heterogeneiy, we suggest
using® = 0 asthe starting valuein the \w ave" of ts acrossthe grid of A. Upon inspection
of the results, a second\w ave" may be undertaken using a new starting value for ®. This
processmay be iterated until the analyst feelscon dent that the procedurehas\zeroed in"

on a reasonablet.
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Of course,(C.1) nolongerhasthe usual AFT property that time is simply rescaledrelative
to baselineby a function of covariates. SeeHsieh (1996) for an interpretation of (C.1) when
X is a vector of treatment indicators and v(x;®) = exp(x T®), allowing di®erer location
and scalefor eat treatment, and the goalis to test for homogeneiy of scale,correspnding
hereto ® = 0. More generally the SNP-basedmodel o®ersa corveniert framework for
detecting heterogeneiy, alerting the analyst that standard methods may be inappropriate.

We carried out a small simulation (100 data setsfor eat scenario)to demonstrateits
value for accommalating and detecting heterogeneiy of the \errors" in the AFT model
using (C.1). For ead data set with n = 200, iid Z; were generatedfrom the (bimodal)
normal mixture 0:3N (0:21;0:36)+ 0:7N (j 0:9;0:36); X; were generatedas uniform on (0; 1)
asin Section4 of the main paper; and T; were generatedfrom either (C.1) or (C.1) with
1 = j09and = 20, subject to independert uniform 30%right censoring.In scenariol, T;
were generatedfrom the usual AFT model (C.1) with 3= 1, and (C.1) was tted via SNP.
Scenarioll wasthe sameas|, exceptwe tted (C.1) with v(x;®) = exp(x®). In scenarios
Il and IV, data were generatedfrom (C.1) with %= 0:4 and v(x; ®) = exp(x) (® = 1.0);
(C.1) was tted in Il and (C.1) with v(x; ®) = exp(x®) was tted in IV. In scenarioV, T,
were from (C.1) with 3= 1 and v(x; ®) = ®, + ®&X, ® = (0:4;0:7)", but (C.1) was tted
with v(x; ®) = exp(x®) asin IV, somisspecifyingv. In 11, IV, andV, ® wasestimatedalong
with — and p. Table D.1 shaws the results. | and IV shav that the SNP method yields
reliable performancewhen the correct model is tted, while Il shaws that departuresfrom
homogeneily may be detected. 111 shaws that failure to take accoun of heterogeneiy has
dire consequencesind V demonstratesthat the exponertial model can detect heterogeneiy

ewven if the working variance model is not of the correct functional form.

14



Table D.1: Simulation resultsbasal on 100 Monte Carlo data setsunder di®elent senarios
involving possible\heterosedastic” errors in the AFT maodel (C.1). Scenarios {V are de-
scribed in the text; tableentries are asdescriled in the tablesin the main paper for estimation

of each of the parameters?; ;®.

1 (true=-0.9) ~ (true=2.0) ®

Mean SD AveSE CP Mean SD AveSE CP Mean SD AveSE CP

I -092 015 014 09 203 018 0.18 0.94

I -091 014 015 094 201 022 023 09 -003 0.18 0.17 0.95
I -0.75 011 009 066 151 022 012 0.08

Iv. -090 006 007 09 201 015 016 093 097 015 0.16 094
vV -091 006 007 097 203 016 018 095 099 0.16 0.17

Web App endix E: Extension of the AFT Mo del to Time-Dep endent Covariates

Time-to-evert regressionanalysesinvolving time-dependen covariates are commonplacein
practice; seeKalb°eisch and Prentice (2002, sec. 6.3) for a discussionof the carethat must
betakenin this setting. Due to easeof implemertation, analystsroutinely default to the Cox
model (which no longerhasproportional hazards); howewer, alternative modelsare available,
but arerarely used. Cox and Oakes(1984,sec.5.2) de ne an AFT model in this case,which
we descrike for scalarsud covariate X (t); seealsoRobins and Tsiatis (1992). For a subject
with covariate X (t) and event time T, the model assumeghat time ewlvesrelative to the
time T, the subject would have had if X (t) © 0 accordingto a monotone transformation
To = ROT expf ~X (u)gdu = 2 fX(T); g, where X (t) = fX(s); 0- s - tgisthe covariate
history to t, assumedndependen of Ty. If Ty hassurvival function Sy(t) with density fo(t)
and hazardfunction , o(t), it is corvertional to expressthe model in terms of the hazard for

T given the covariate history, which we denotein obvious notation as
.7 . ,
X9 = Lo IX(1); gREX(1); 7 g=,0  expf X(u)gdu expf X(t)g; (E.1)

0
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where2 (u; ) = d® u; )=du. Ordinarily, , o(t) is left completely unspeci ed (e.g., Robins
and Tsiatis, 1992;Lin and Ying, 1995). If the analystis willing to assumef ¢(t) is \smooth,"
so that it and Sp(t) may be represeted by SNP asin (3) or (4) of the main paper, it
should be clear that the conditional hazardin (E.1) may be appraximated by | o.x (t; 1) =
fox (t; )=S0k (t; ). In the caseof right-censoreddata, then, where now L is a right-
censoringtime if ¢ = 0 and an event time if ¢ = 1, with iid data fL;;¢;;X;(L;)g,
i =;1;:::;n, the loglikelihood for xed K and basedensity, "« ( ; ), for ( ;) conditional

on covariate history satis es

y 3 ( Z iz )

expt W (WI= Lok B EX(V) TG FXI(M): g exp | 0 o (U ) du
- (E.2)
Extensionto multiv ariate X (t) andtime-independen covariatesZ ;i.e.,2 fX "(T);Z; ;+g=
ROT expf X T(u)™ +Z T+gdu, is straightforward. A similar formulation holdsfor the PH model.
To illustrate the feasibility of implemerting of the AFT model with time-dependert co-
variates using the SNP approad), we conducteda simulation with 1000MC data setsand
n = 200 generatedto mimic a heart transplant scenario(e.g., Lin and Ying, 1995). For
ead i, a U(0; 600) waiting time W,; was generated,and Ty was generatedindependertly
from a gammadistribution with shape 10 and scale40. With X;(t) = 0 for t < W, and
Xi(t) = 1fort , W,, the evert time T; was computed accordingto the transformation
Toi = ROT‘ expf X;(u)gdu with ~ = j 1:0 and was possibly right censoredby an indepen-
dently generatedU(0; 600) censoringtime, yielding about 30% censoring. Maximizing the
SNP-basedloglikelihood (E.2) yielded MC meanestimated of j 1:00, with MC standard
deviation and averageof estimated delta method standard errors both equalto 0.08, and
MC coverageof the nominal 95% Wald interval for ~ of 93.0%.
It is worth noting that other models, e.qg. for interval censoreddata with time dependen

covariates (Sparling, Younes,and Lachin, 2006) may alsobe placedin the SNP framework.
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Web App endix F: More Complex Mo dels

At the end of Section4 of the main paper, we report on simulations involving se\eral covari-
atesfor which the AFT modelis the true model. Theseshaw that, although the estimator for
~ is appraximately unbiased,the useof delta method standard errors and ass@iated Wald
con denceintervals may be suspect in somecasesand that a nonparametric bootstrap may
be usedto compute alternative, more reliable standard errors and Wald intervals. Here, we
shaw results of two represemativ e, analogoussimulations when the true model is the PH or
PO model. Ead is basedon 1000MC data setswith n = 200and 25%independert uniform
right censoring.In ead case, X = (X1;X»;X3)"T weregeneratedasin the main paper.

In the rst scenario,data were generatedfrom the PH model in (5) of the main paper
with — = (1:2;1:0;0:2)T and with true , o(t) correspnding to a gammawith with shape
2.0 and scale6.0. In the secondscenario,data were generatedfrom the PO model in (9)
of the main paper with — = (1:2;i 1:0;0:2)T and with true fy(t) a log-mixture of normals
0:3N (10;; 0:6) + 0:7N (8;0:6). Table D.2 shaws the results, where the PH model was also
‘tted using PL, which are qualitativ ely similar to those with a single covariate reported in
Section4 of the main paper for thesemodels.

As noted in Section5.1 of the main paper, for demonstration of analysisunder a more
complexmodelin practice,we t PH, PO, and AFT modelsto the CALGB 8541data involv-
ing a linear predictor in seweral covariates X . As the primary analysisfound no di®erence
betweenthe high and moderate dosesof CAF, with both superior to the low dose,we con-
sideredthe treatment indicator X, = 1 if high-moderate doseand 0O if low dose. We also
included X, = 1 if the woman was ER-positive, = 0 otherwise; X3 = 1 if the woman was
post-menopausal= 0 otherwise; X4 = tumor size(cm); and X5 = number of histologically
positive lymph nodesfound. Letting X = (X1;X2;X3;X4; X5)T, we T the SNP-basedPH,

PO, and AFT modelsto the data from the 1429 subjects for whom all v e covariates are
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Table D.2: Simulation resultsbasel on 1000 Monte Carlo data setswhenthe true model is

PH or PO. Table entries are as descriled in the tablesin the main paper for estimation of

~ (£ 1).
fo(t) n Cens.rate Method True Mean SD SE CP
PH model
gamma 200 25% SNP 1.2 124 031 0.30 94.7
1.0 1.05 0.18 0.18 94.2
0.2 0.21 0.09 0.09 94.9
(No = 137Ny = 8 N, =31, Eog = 681, E; = 115 E, = 28)
PL 1.2 122 031 0.30 94.8
1.0 1.03 0.18 0.18 95.0
0.2 0.21 0.09 0.09 95.4
PO model
log-mixture 200 25% SNP 12 124 0.24 0.23 95.4
-1.0 -1.02 0.27 0.27 95.3
0.2 021 0.13 0.13 95.4

(No= 5Ny = 125 N, = 850 Eg= 0, E; = 0; E, = 20)
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Table D.3: Fits to the CALGB data. BasedensityK showsthe combination chosenby the
HQ criterion for the indicated madel, and HQ givesthe value of the criterion for the preferred
choie. Est denotesthe estimateof the correspnding componentof , and SE denoteseither

delta methal (SNP) or usual (PL, likelihood) standad errors.

Model Method Basedensity-K HQ X1 X X3 Xa Xsg
PH SNP normal-1 10033 Est j 0.234  0.269  0.104 0.181 0.058
SE 0.091 0.090 0.089 0.036 0.006

PL Est j0.239 0.271  0.111 0.182 0.057

SE 0.091 0.090 0.089 0.036 0.006

PO SNP normal-0 10016 Est j 0.303 j 0.402  0.177 0.231 0.090
SE 0.114 0.113 0.111 0.046 0.010

AFT SNP normal-1 10019 Est 0.185 0.339 0.146 j 0.140 ; 0.058
SE 0.074 0.072 0.071 0.030 0.007

lognormal ML Est 0.206 0.292 0.116  0.148  0.057

SE 0.076 0.074 0.073 0.031 0.007

available; for comparison,we also t the PH model via PL using SAS proc phreg, and the
AFT model assumingfo(t) is lognormal using SAS proc lifereg . The results are shavn
in Table D.3. Note that for the AFT model, HQ choosesthe normal basedensity but with
K = 1, suggestingthat, if one assumeghis model, the parametric lognormal model is not
appropriate. Estimates and standard errors for the SNP-based(via the delta method) and
traditional ts of the PH and AFT models are comparable. Looking acrossmodels, the HQ
criterion indicates support for the PO model, with normal baselinedensity fo(t), over the

other two models.
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