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SUMMARY. We propose “score-type” tests for the proportional hazards assumption and for
covariate effects in the Cox model using the natural smoothing spline representation of the
corresponding nonparametric functions of time or covariate. The tests are based on the pe-
nalized partial likelihood and are derived by viewing the inverse of the smoothing parameter
as a variance component and testing an equivalent null hypothesis that the variance com-
ponent is zero. We show that the tests have size close to the nominal level and good power
against general alternatives, and we apply them to data from a cancer clinical trial.
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1 Introduction

For regression analysis of censored survival data, Cox’s proportional hazards model (Cox,
1972) is unquestionably the most popular framework. The assumption of proportional haz-
ards may not always be realistic, however; e.g., Gray (2000) notes that effects of prognostic
factors in cancer often do not exhibit proportional hazards, and we have found the assump-
tion questionable in many cancer and cardiovascular disease data analyses. Accordingly, this

assumption should be critically evaluated and alternative models considered if necessary.



A situation in which the proportional hazards assumption may be suspect is in the analy-
sis of covariate effects on survival in Cancer and Leukemia Group B (CALGB) Protocol 8541,
a randomized clinical trial comparing three doses (high, moderate, and low) of chemotherapy
(cyclophosphamide, doxorubicin, also known as adriamycin, and 5 fluorouracil, abbreviated
CAF) in women with early stage, node-positive breast cancer. The primary analysis found
no difference in survival between high and moderate doses, both of which were superior to
the low dose. Based on long-term follow-up, subsequent interest focused on whether certain
patient characteristics are prognostic for survival. Figure 1a shows estimated survival curves
and the log-negative-log of survival curves for the 1437 patients for whom Estrogen Receptor
(ER) status was available (520 ER-negative and 917 ER-positive, respectively). Under pro-
portional hazards, the log-negative-log survival curves should be parallel, which is obviously
not the case; in fact, the two curves cross on the interval (0,1) year. Figure 1b shows the
Schoenfeld (1982) residuals, which, on average, should be zero if proportional hazards were
adequate but exhibit a noticeable trend away from zero. Formal evidence supporting the
visual impressions from the figures would be valuable to the data analyst assessing whether
the Cox model is an appropriate framework for inference.

Many approaches have been advocated for assessing the relevance of the proportional
hazards assumption; e.g., Fleming and Harrington (1991, sec. 4.5), Klein and Moeschberger
(1997, secs. 9.2 and 11.4), and Therneau and Grambsch (2000, Chap. 6) discuss procedures
such as including a function of time [e.g., log(t)] as a time-dependent covariate in the linear
predictor, plots of and smoothing of Schoenfeld (1982) residuals (e.g., based on assumed
time-dependent coefficient models), partitioning the time axis into disjoint intervals in each of
which the model is fitted and the results compared, and so on. There is also a large literature
on formal testing approaches (e.g., Pettitt and Bin Daud, 1990; Gray, 1994). O’Sullivan

(1988), Hastie and Tibshirani (1990), Zucker and Karr (1990) and authors referenced therein



discussed estimation in the proportional hazards model with nonparametric covariate or time-
varying coefficient effects using smoothing splines in a penalized partial likelihood approach.
Gray (1992, 1994) proposed spline-based tests for parametric covariate and time effects using
fixed knot splines. Numerical results suggest that the tests perform well in moderate samples,
but they require the smoothing parameter to be finely tuned according to the true alternative
to achieve good power properties, which may not be realistic in practice.

Indeed, there is a rich literature in which nonparametric smoothing is used as the basis for
testing and diagnostics in general statistical models. Cox et al. (1988) was among the first
major works in this spirit; these authors developed a locally most powerful test for parametric
effects in generalized spline regression models for independent normal data by taking a
Bayesian view; see Liu and Wang (2004) and Liu, Meiring, and Wang (2005) for related
work and extensions. Barry (1993) and Eubank et al. (1995) developed tests for additivity
of nonparametric regression functions. Guo (2002) proposed likelihood ratio testing for
nonparametric functions in smoothing spline ANOVA models. Gu (2004) discussed model
diagnostics for such models using Kullback-Leibler geometry.

A theme of some of this work (e.g., Guo, 2002) is to exploit explicitly the connection
between random effects models and smoothing splines; Ruppert, Wand, and Carroll (2003)
provide a comprehensive overview of this connection. Using these ideas, Zhang and Lin
(2003) proposed a penalized likelihood approach to deriving a score test for nonparametric
covariate effects in generalized additive mixed effects models, based on regarding the inverse
of the smoothing parameter as a variance component. The test has low degrees of freedom
and, moreover, does not require fitting of the model under the alternative, which can be
computationally intensive; it also enjoys valid size and good power properties in practice.
Score tests have also been applied with great success to testing homogeneity of odds ratio in

sparse 2 X 2 tables by Liang and Self (1985), to testing variance components in generalized



linear mixed models by Lin (1997), and to testing homogeneity in a frailty proportional
hazards model by Commenges and Andersen (1995) and Gray (1998).

The success of these procedures leads us in this paper to adapt the Zhang and Lin (2003)
strategy to testing departures from proportional hazards, described in Section 2. Another
problem of interest is testing for covariate effects in the Cox model; i.e., testing whether
the functional form representing the effect of a covariate on survival time is a fixed-degree
polynomial. We show that this can be addressed similarly in Section 3. We report empirical

results for both tests in Section 4, and apply them to the data from CALGB 8541 in Section 5.

2 Score Test for Proportional Hazards

For subject i,7 =1,...,n, let T; and C; be survival and censoring times; X; a (p x 1) vector
of covariates; and S; a scalar covariate of interest, where T; and C; are independent given
(XT,S;)T. The observed data are V; = min(T;,Cy), A; = I(T; < C;). Cox’s proportional

hazards model (Cox, 1972) for the hazard function given (X7, )T, \(t|X;, S;), is
A(tX5, 85) = Xo(t) exp{ X[ B+ Si0}, B (px 1), (1)

with regression coefficients § and 0 (scalar) and unspecified baseline hazard Ag(t). Model
(1) implies for any X that A(t|.X, Sk)/A(t|X, S;) = exp{(Sk — S1)8} independent of time, the
“proportional hazards” assumption, which, as suggested by Cox (1972), may be evaluated
by including in the model a time-dependent covariate that is the product of S and a function
of time and testing if its coefficient is different from 0. Rather than adopting a known such

function, which limits the scope of possible departures from (1), we consider the alternative
At X3, i) = Mo(t) exp{ X8 + Sy ()}, (2)

where 7(-) is an arbitrary smooth function of time. Because 7(-) is infinite-dimensional,

we follow Gray (1994) and estimate it along with § by maximizing the penalized partial
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log-likelihood
LB A} = LB ()} = (n/2) / (40 ()2, 3)

where [.{3,7(-)} is the usual Cox partial log-likelihood, m > 1 is an integer, and > 0 is a
smoothing parameter controlling the roughness of 7(¢) and the goodness-of-fit of the model.

Following Zhang and Lin (2003), we consider the smoothing spline representation of (¢)
of Kimeldorf and Wahba (1971). Denote by t° = (t9,...,t%)T the (r x 1) vector of ordered,
distinct V;’s with A; = 1 (i.e., all failure times) and by ~ the corresponding vector of ()
evaluated at each element of t°. Without loss of generality, assume 0 < t < .-+ <9 < 1.
As 1.{8,v(-)} depends on 7(-) only through =, it is well-known that maximizing 1,{3,v(-),n}

leads to a natural smoothing spline of order m for the estimator for v(t), expressed as

Z 5k¢k + Z alR t, to (4)

where {0} and {a;} are constants; {¢x(t)}}, is a basis for the space of (m — 1)th order
polynomials; and R(t,s) = fol (t—u)? ' (s—u)7 ' /{(m—1)1}? du, where 2, = xifz > 0 and 0
otherwise. The function R(t, s) is easily calculated, especially for small m; e.g., when m = 1,
R(t,s) = min(t,s). Writing § = (01,...,0m)" and a = (ai,...,a,.)7, [{¥™(t)}?dt = a*

and v = H) + Xa, where
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Thus, writing 7 = 1/n, (3) may be represented as 1,,(3,9,7,a) = [.{3,7(d,a)} — a*Sa/(27),

where the Cox partial log-likelihood is now

1B, v(6,a)} = Zn: Ay | XT B+ Sic] (HS + Ya) — log Z exp{X] B + S;c] (H6 + Xa)}
i=1 JER(D)
(6)
Here, R(t) is the risk set at time ¢; and ¢; is an (r x 1) vector of all 0’s except when A; = 1,
when it has a 1 in the position corresponding to the failure time ¢? for subject i.

Note then that exp{,(3,d,7,a)} = exp[l{3,7(d,a)}] exp{—a’Xa/(27)}, which has the
form of the partial likelihood, depending on a, times a N(0,7X7!) density up to a constant.
This suggests viewing a as a N(0,7X7!) random vector, with 7 as a “variance component,”
and exp[l.{03,7(d,a)}] as a partial likelihood “conditional” on a. Under this perspective, a
plays a role similar to that of a frailty, so we follow the spirit of Commenges and Andersen

(1995, sec. 2) and consider a “marginal partial likelihood” for (37,67, 7)T as

L(B,6.7) = exp{1(8,5,7)} = / exp [1{5, 16, 0)}] o (a:0, 75 ) (7)

where ¢, is the density of an r-dimensional normal distribution.

The natural spline representation of y(t) in (4) implies that v(¢) is an (m — 1)th order
polynomial if and only if @ = 0, which in (7) is equivalent to Hy : 7 = 0. Thus, testing
whether 7(¢) is a constant as in (1) versus the broad alternative (2) may be addressed by
setting m = 1 and testing Hy. Following Zhang and Lin (2003), we propose a “score-
type” test for Hy as follows. Making the transformation v = 77%/2%2¢ in (7), and using

L’Hopital’s rule, algebra shows that the “score” for 7 based on (7) takes the form

ol(B,0,7)

or

, (8)

2 oy’ oy OyonyT 55

_ 1{8&{@7(& 0} A5, (6,00} (82%{@7(5, 0)}2)}

B,8,7=0
where B\ , § are the usual maximum partial likelihood estimators for 3, ¢ found by maximizing

(6) under Hy : @ = 0. The second term on the right hand side of (8) is approximately
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the negative of the mean of the first (see the Appendix), and our simulations show that
variation in the second term is negligible relative to that in the first. We thus follow Zhang
and Lin (2003), who considered an analogous test of covariate effects in generalized additive
mixed models, and base our test statistic on the first term in (8). Letting S,{3,7(d,0)} =

0/0v[1AB,7(0,0)}], we consider basing the test on

UA{53,~(5,0)} = ST{5,7(3,0)}2S,{5,7(3,0)}. 9)

In the Appendix, we argue heuristically that, for n large, n_lUT{B, 7(3\, 0)} can be expected
to behave like a certain weighted sum of independent y? random variables whose distribution
can be approximated by that of a scaled chi-square using the Satterthwaite method. Based
on this heuristic reasoning, for matrices W and V given in the Appendix, we propose the test
statistic 7 = U.{B,~(0,0)}/K, where K = tr{(WVWTE)2}/tr(WVIWTE), and we reject
Hj at nominal level a if T > x2,_, where 7, is the 100(1 — a)th percentile of the x}
distribution, with v = {tr(WVWTE)}2/tr{(WVIWTE)2}. In Section 4.1, we demonstrate

empirically that this test has reliable operating characteristics.

3 Score Test for Covariate Effects

We use the same setup as in Section 2 but consider instead the general alternative
A(t| X5, Si) = Xo(t) exp{ X] B +7(S)},

where the unknown function v(-) represents the effect of covariate S; on outcome. We wish
to test the functional form of ~(-); specifically, the null hypothesis is Hy : 7(-) is an (m—1)th
order polynomial. Two cases of special interest are that of m = 1, corresponding to a test
for no effect, and m = 2, the situation of a linear effect of S;.

Using the same smoothing spline technique employed in Section 2, we estimate ~(+) along



with # by maximizing the penalized partial log-likelihood

LABAC) ) = L8, 7 ()} = (n/2) / {40 (5)}? ds. (10)

Denote by s = (s9,...,s9)7 the (r x 1) vector of ordered, distinct S;’s and by 7 the corre-
sponding vector of 7(s) evaluated at each element of s°. Again assuming 0 < s < --- < s <
1, maximizing [,{3,v(-),n} leads to a natural smoothing spline of order m for the estimator
for v(s). We again have [{y™)(s)}?ds = a”Sa and v = H§+ Xa, where H (r x m) has (I, k)
element ¢ (sY), and ¥ is positive definite with (I,1') element R(s), s%). Equation (10) can be
represented as [,{3, 9, 7,a} = 1.{3,7(d,a)} —a’ Xa/(27), where the Cox partial log-likelihood
now has a different form given by
1{3,7(6,a)} = i A | X] B+l (HO+Sa) —logq > exp{X]B+c](H5+ Za)}

i=1 JER(V:)
Here ¢; is an (r x 1) vector of all 0’s with the exception of a 1 in the position corresponding
to the covariate value s? for subject i.

Taking the same perspective as in Section 2, treating a as N(0,7X7!) and obtaining the
“marginal partial likelihood,” we may cast the null hypothesis as Hy : 7 = 0 and derive a
similar test statistic. For reasons of identifiability, the first component of § must be absorbed
into the baseline hazard so that only the remaining components need be estimated under
Hy. By arguments analogous to those in the Appendix, for m > 1, the test of Hj is the
same as in Section 2, with the only difference being in the form of [.. A special case is
testing for no effect of S;. The null model is A(¢|X;,S;) = Ao(t) exp(X73), so m = 1,
and, because § has only one component, it is absorbed into A\¢(t), which is equivalent to
0 = 0, so that we only need to estimate § under Hy. The “score” for 7 takes the same form
as in (8) except now the expression is evaluated at (5,0,0), so that the test is based on
U{B3,7(0,0)} = S;F{B, 7(0, O)}ZSA,{B, 7(0,0)}. By similar arguments, the test statistic is as
in Section 2, where now the matrix WVWT is defined differently; see the Appendix.
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4 Simulation Evidence

4.1  Test for Proportional Hazards
We carried out simulations to evaluate the performance of the proposed test for the propor-
tional hazards assumption. The cases we considered are similar to those in Gray (1994).

To evaluate size, failure times were generated under the null model A(£|S;) = Ao(t) exp{S;do},
i=1,2,...,n, with A\o(t) = 1 and d9 = 0, 1, or 2. Values of S; were equally spaced on the
interval (0, 1) with equal numbers of subjects having each distinct S; value; e.g., if “number
of distinct covariate values” is 2, then half had S; = 0 and half S; = 1. We considered two
censoring distributions: the unit exponential and a uniform distribution on (0, 2); the former
gave minimum (maximum) censoring probabilities of 0.12 (0.50), which were 0.07 (0.43) for
the latter. Sample sizes were n = 100 and 200, and N = 2000 samples were generated for
each scenario. Empirical size was estimated as the proportion of N samples rejected by the
nominal 0.05-level test. Table 1 shows that empirical size is very close to the nominal level for
all scenarios, in most cases within sampling error. Larger differences from the nominal level
are seen under unit exponential censoring, as censoring probability in that case is higher.

To evaluate power, failure times were generated under the alternative A(t[S;) = Ao(t) exp{S;y(t)},
1=1,2,...,n. Here, S; was a single binary covariate defining two groups of equal size, and

the true log hazard ratios for the two groups, (), were given by

Curve 1:  ~(t) = log{.75t} Curve 4:  ~(t) = log{(t — .75)%}
Curve 2:  ~(t) =log{2/(1 +5t)} Curve5: ~(t) = log{e!=V} =I(t > 1)
Curve 3:  ~(t) =log{e'} =t

where I(-) is the indicator function; these curves are shown in Figure 2a. Curves 1, 2, and 4
were considered by Gray (1994) with the same setup of failure and censoring times. Again
Ao(t) = 1; thus, failure times when S; = 0 were unit exponential and those for S; = 1 were
generated via the appropriate transformation to obtain the required hazard ratio. Censoring

was uniform on (0,2), yielding censoring probability 0.43 for S; = 0. For each scenario,



N = 1000 samples of size n = 200 were generated, and empirical power was estimated
as the proportion of samples rejected by the nominal 0.05-level test. For comparison, we
also computed power for several 1-degree-of-freedom score tests as follows. Under the model
A(t|S;) = No(t) exp{ 5o S;+1S:g(t)}, the “linear”, “quadratic”, “log” and “optimal” tests are
the score tests of Hy : 3; = 0 with g(t) = ¢, t?, log(t), and ~(t), respectively. The “optimal”
test is based on the true ¥(-) so provides an upper bound on the power of the other tests.

Results are given in Table 2. For smooth monotone alternatives (curves 1, 2, and 3),
power of our test is very close to that of the “optimal” test. These alternatives are either
linear or close to linear, hence the “linear” test also provides good power for detecting them.
For non-monotone (curve 4) or non-smooth (curve 5) alternatives, power is inferior to that
of the “optimal” test. However, for curve 4 our test out-performs all others, while for curve
5 has power close to those of the “linear” and “quadratic” and much higher than that of the
“log” test. That our test has better power for monotone than nonmonotone alternatives may
be a consequence of the fact that it tends to be dominated by linear combinations of the S,
given by the eigenvectors corresponding to the largest eigenvalues of ¥, where the eigenvector
corresponding to the largest eigenvalue is positive and monotone; see the Appendix. Also,
as our test is based on the penalized partial likelihood, it considers broader alternatives
than any specific parametric test. The penalty function penalizes non-smooth alternatives
more than smooth ones, hence power is focused toward smoother alternatives. Overall, then,
the proposed test provides some power for non-monotone or non-smooth alternatives, while
providing good power for very smooth alternatives, so is “robust” in the sense of providing
good protection against a wide variety of alternatives.

Gray (1992, 1994) discussed methods based on fixed-knot splines in the Cox model set-
ting. In particular, Gray (1994) presents three statistics for testing proportional hazards:

a penalized quadratic score statistics ()5, a penalized likelihood ratio statistic ();, and a
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Wald-type statistic @,,. Examining the results Gray (1994, Sec. 4) presents for his tests
and the results we obtained for our test, we find that our test and Gray’s (5 and @); tests
have empirical sizes close to nominal, whereas the empirical size of Gray’s @), test deviates
markedly from the nominal level in certain cases. For smooth monotone alternatives, power
of our test is comparable to that of Gray’s. For non-monotone or non-smooth alternatives,
his test can have better power if an optimal degrees-of-freedom (df) is used; however, this
optimal df often needs to be tuned based on the unknown true alternative, which is unreal-
istic in practice, while our test requires no such tuning. Our tests are essentially the limit of
Gray’s when the smoothing parameter — oo, or, equivalently, the df of his test — 0, if the
distinct failure times are used to construct his basis functions. This gives some insight into

why the performance of our test can be similar to his low-df test.

4.2 Test for Covariate Effects
Simulations were also carried out to evaluate performance of the proposed score test for
covariate effects. We considered testing both for no covariate effect and for a linear effect.
For size, failure times were generated under the null model A(¢]S;) = A\(t) (no covariate
effect) and A(¢|S;) = Ao(t) exp{S;} (linear effect), i = 1,2,...,n, with S; values the same
as in the size simulation in Section 4.1, and A\¢(t) = 1. Censoring was unit exponential
and uniform on (0, 1.5); censoring probabilities were 0.50 for testing no effect and between
0.27 and 0.50 for testing the linear effect for the former and 0.518 for no effect and between
0.24 and 0.52 for the linear effect for the latter. Sample sizes were n = 100 and 200, with
N = 2000 samples generated for each scenario. From Table 3, the sizes of the proposed test
are again very close to the nominal 0.05-level for testing both no and linear effect. In fact,
with n = 200, all sizes are within the binomial standard error (0.49%) of the nominal level.
For the power simulation, we used the same setup as in the simulation study of Gray

(1994). Failure times were generated under the alternative A(¢|S;) = Ao(t) exp{7(S;)},i =
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1,2,...,n, where n = 200, and we were interested in testing Hy : () = 0 and Hy : y(-) is a

linear function, respectively. The following six curves for ~(-) were used for both cases:

E (exponential): ~y(s) = .25 exp{.8s} Q (quadratic): v(s) = .3s?
L (logistic): v(s) = .6exp{3.5s}/(1 + exp{3.5s}) C (cosine): v(s) = .5 cos(3.5s)
S1 (step 1): v(s) = .91(s > 1.1) S2 (step 2): v(s) = .71(|s| < .5).

Plots of these curves are given in Figure 2b. The S; values were equally spaced on [—1.719, 1.719]
with step 0.0173 (hence standardized to have mean 0 and variance 1). Censoring times were
uniform on (0, 1.5), and N = 1000 simulation runs were performed for each scenario.

For testing no effect, we also calculated empirical powers of the usual 1-, 2-) and 3-
degree-of-freedom score tests based on adding linear, quadratic, and cubic terms to the null
model. For example, the cubic test is the score test of Hy : 31 = (2 = (53 = 0 in the model
At|S;) = No(t) exp{B1S; + (252 + 3357}. Similarly, for testing a linear effect, empirical
powers of the usual 1- and 2-degree-of-freedom score tests based on adding quadratic and
cubic terms to the null model were computed; e.g., the cubic test is the score test of Hy :
B2 = B3 = 0 in the model A(¢]S;) = \o(t) exp{B31.5;+ 5257+ 3357 }. In both cases, the optimal
test is the 1-degree-of-freedom score test for the true alternative, thus providing an upper
bound on power. For testing no effect, this is the score test of Hy : § = 0 in the model
A(t]S;) = Ao(t) exp{7(S;)}; for a linear effect, this is the score test of Hy : f2 = 0 in the
model A(£]S;) = Ao(t) exp{B1.S; + B27(Si) }, where y(-) is the true curve generating the data.

Power simulation results are given in Table 4. For testing no effect, under smooth mono-
tone alternatives (E, L) the proposed test provides good power that is close to that of the
optimal test. Results are similar for the linear test because these alternatives are close to
linear. For the 2-step alternative (S1), our test is better than the linear and is close to
the quadratic and the cubic. For the other three alternatives, which are non-monotone (Q,
C) and non-smooth (S2), our test provides some power and is better than the linear but

not as good as the other tests. Note that no test except the optimal has good power for
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alternative (C) because of the special shape of the curve. For testing linear effect, alter-
natives (E, L) are close to linear so none of the tests have good power for detecting them.
Our test has better power than the quadratic and the cubic for the other four alternatives
except for alternative (Q) for which the quadratic is the optimal test; even in that case the
proposed test has power very close to the that of the optimal. The spline test generally has
better power for testing linear effect than for testing no effect, because higher order (m = 2)
smoothing splines are used for testing linear effect, in contrast to that m = 1 for testing no
effect. Therefore we have better approximation to the nonparametric function when testing
linear effect, consequently increasing the power of the test. Again, because the proposed test
is based on the penalized partial likelihood, power of the proposed test is focused toward
smoother alternatives. Overall, for testing covariate effects, the proposed test provides good
protection against very general alternatives.

Comparison of our results to those in Section 3 of Gray (1994) shows a similar pattern

as discussed in the last paragraph of Section 4.1, so the comments there apply here as well.

5 Application to CALGB 8541

We apply the proposed score tests to the data from CALGB 8541. Data on 1479 eligible
patients were available to us after long-term follow-up.

As discussed in Section 1, the proportional hazards assumption for the binary variable
Estrogen Receptor (ER) status is suspect. Among the 1437 patients who had known ER
status, 917 were censored (63.8%). A proportional hazards fit of time-to-death on ER gives
an estimated hazard ratio of 0.768 with a p-value of 0.003. Application of the proposed
testing procedure confirms the observations in Figure lab, yielding a p-value of < 0.001.
The “linear”, “quadratic,” and “log” tests also give p-values significant at level 0.05. Thus,

modification of the model is required to achieve valid inferences. As the hazard ratio ap-
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pears fairly constant within the time interval [1,8), we may fit a piecewise constant haz-
ard ratio model with three pieces: [0,1), [1,8), and [8,00). Such a fit gives a significant
(level 0.05) p-value for non-proportional hazards on ER (p = 0.003). At nominal level
0.05, the effect of ER is significant on the interval [0, 1) (hazard ratio = 0.263; p = 0.004)
and [1,8) (hazard ratio = 0.747; p = 0.003) but not significant on the interval [8, c0)
(hazard ratio = 1.589; p = 0.137), another indication that the hazards are not proportional.

Another covariate of interest is menopausal status (O=pre-, 1=post-menopausal), abbre-
viated “meno.” All 1479 patients had known meno, of which 947 were censored (64.0%). A
proportional hazards fit of time-to-death on meno gives an estimated hazard ratio of 0.921
with a p-value of 0.347, which is not significant at level 0.05. Figure lc shows survival and
log-negative-log of survival curves by meno for 638 pre-menopausal and 841 post-menopausal
patients and is similar to those for ER in Figure 1a; the pattern of Schoenfeld (1982) residuals
(not shown) is also similar to that in Figure 1b. Hence, the proportional hazards assump-
tion on meno is suspect, and the proposed test yields a p-value of 0.011, while the “linear”,
“quadratic” and “log” tests have a p-value of 0.032, 0.023, and 0.175, respectively. Had we
used the “log” test, we would have not rejected the null hypothesis at level 0.05.

To get a better understanding of the effect of meno, we again consider a piecewise constant
hazard ratio model. The hazard ratio shows a dramatic change on the time interval |2, 3.5)
but otherwise appears fairly constant, hence we fit such a model with three pieces: [0,2),
2,3.5), and [3.5,00), which yields a significant (level 0.05) p-value for non-proportional
hazards on meno (p = 0.002). At level 0.05, the effect of meno is not significant on the interval
[0,2) (hazard ratio = 0.975; p = 0.905) and [3.5,00) (hazard ratio = 1.148; p = 0.240) but
significant on the interval [2,3.5) (hazard ratio = 0.549; p = 0.001). A biological rationale
for why menopause should be associated with benefit only in the range of 2 to 3.5 years post-

treatment and not afterward is not obvious. One possibility is that chemotherapy leads to
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suppression of ovarian function, so that any advantage conferred by menopause is lost after
a time. Such an effect would be expected only among ER-positive women, whose tumors
are more likely to grow in a high-estrogen environment; however, the results of fitting the
piecewise model separately by ER group are entirely similar, suggesting an association with
some other phenomenon. This result demonstrates the value of testing the proportional
hazards assumption for revealing important relationships that deserve more detailed study.

Other covariates available to us include treatment, size of breast cancer tumor (cm),
number of histologically positive lymph nodes found. As noted in Section 1, the difference
in survival between the two groups treated with a moderate or high dose was not significant
at level 0.05 using the log-rank test (p = 0.814). We hence grouped these two doses as
one treatment, so along with the low dose, we have a binary treatment covariate. After
controlling for other covariates, the smoothing spline-based test of proportional hazards of
ER gives a significant (level 0.05) p-value of 0.012. Again we can fit a piecewise constant
proportional hazards model on ER assuming proportional hazards on other covariates. The
flexibility of the approach allows other tests to be performed. For example, the test of the
null hypothesis that the effect of “number of positive lymph nodes” is linear gives a p-value

of 0.457, which is not significant at level 0.05, suggesting a linear fit is adequate.

6 Discussion

We have developed score tests for the proportional hazards assumption and for covariate
effects in Cox models based on the penalized partial likelihood and natural smoothing spline
representation. The tests achieve size close to nominal and provide good power for general
alternatives, particularly for smooth monotone alternatives. An advantage of the tests is their
simplicity; the test statistic is easy to calculate, requiring only a fit of the null model. This

may be accomplished by maximizing the usual partial likelihood under the null hypothesis
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using existing software such as SAS proc phreg or S-PLUS/R function coxph().

If the proportional hazards assumption is rejected, one can include in the predictor in-
teractions between functions of time and covariates; a difficulty is identifying the form of
the interaction. Plotting and smoothing Schoenfeld residuals may provide some insight. Al-
ternatively one may use a stratified proportional hazards model. An advantage is that no
particular form of interaction need be assumed. A disadvantage is the resulting inability to

examine the effects of the stratifying covariates.

ACKNOWLEDGMENT

This work was supported in part by NIH grants R0O1-CA085848 and R37-A1031789. The

authors are grateful to the reviewers, whose comments greatly improved the paper.

REFERENCES

Barry, D. (1993). Testing for additivity of a regression function. Annals of Statistics 21,
235-254.

Commenges, D. and Andersen, P. K. (1995). Score test of homogeneity for survival data.
Lifetime Data Analysis 1, 145-156.

Cox, D. R. (1972). Regression models and life tables (with discussion). Journal of the Royal
Statistical Society, Series B 34, 187-220.

Cox, D. R. (1975). Partial likelihood. Biometrika 62, 269-276.
Cox, D., Koh, E., Wahba, G., and Yandell, B. S. (1988). Testing the (parametric) null

model hypothesis in (semiparametric) partial and generalized spline models. Annals of

Statistics 16, 113-119.

Eubank, R. L., Hart, J. D., Simpson, D. G., and Stefanski, L. A. (1995). Testing for

additivity in nonparametric regression. Annals of Statistics 23, 1896-1920.

16



Fleming, T. R. and Harrington, D. P. (1991). Counting Processes and Survival Analysis.

New York: John Wiley and Sons.

Gu, C. (2004). Model diagnostics for smoothing spline ANOVA models. Canadian Journal
of Statistics 32, 347-358.

Guo, W. S. (2002). Inference in smoothing spline analysis of variance. Journal of the Royal

Statistical Society, Series B 64, 887-898.

Gray, R. J. (1992). Flexible methods for analyzing survival data using splines, with appli-
cation to breast cancer prognosis. Journal of the American Statistical Association 87,

942-951.
Gray, R. J. (1994). Spline-based tests in survival analysis. Biometrics 50, 640—652.

Gray, R. J. (1998). On tests for group variation with a small to moderate number of groups.

Lifetime Data Analysis 4, 139-148.

Gray, R. J. (2000). Estimation of regression parameters and the hazard function in trans-

formed linear survival models. Biometrics 56, 571-576.

Hastie, T. and Tibshirani, R. (1990). Exploring the nature of covariate effects in the pro-

portional hazards model. Biometrics 46, 1005-1016.

Kimeldorf, G. and Wahba, G. (1971). Some results on Tchebycheffian spline functions.

Journal of Mathematical Analysis and Applications 33, 82-95.

Klein, J. P. and Moeschberger, M. L. (1997). Survival Analysis: Techniques for Censored

and Truncated Data. New York: Springer.

Liang, K. Y. and Self, S. G. (1985). Tests for homogeneity of odds ratio when the data are

sparse. Biometrika 72, 352-358.

Lin, X. (1997). Variance component testing in generalized linear models with random effects.

Biometrika 84, 309-326.

Liu, A. and Wang, Y. D. (2004). Hypothesis testing in smoothing spline models. Journal of

17



Statistical Computation and Simulation 74, 581-597.

Liu, A., Meiring, W., and Wang, Y. D. (2005). Testing generalized linear models using

smoothing spline methods. Statistica Sinica 15, 235-256.

O’Sullivan, F. (1988). Nonparametric estimation of relative risk using splines and cross-

validation. SIAM Journal on Scientific and Statistical Computing 9, 531-542.

Pettitt, A. N. and Bin Daud, I. (1990). Investigating time dependencies in Cox’s proportional

hazards model. Applied Statistics 39, 313-329.

Ruppert, D., Wand, M. P.; and Carroll, R. J. (2003). Semiparametric Regression. Cam-

bridge: Cambridge University Press.

Schoenfeld, D. (1982). Partial residuals for the proportional hazards regression model.

Biometrika 69, 239-241.
Therneau, T. M. and Grambsch, P. M. (2000). Modeling Survival Data: Extending the Cox

Model. New York: Springer.

Zhang, D. and Lin, X. (2003). Hypothesis testing in semiparametric additive mixed models.

Biostatistics 4, 57-74.

Zucker, D. M. and Karr, A. F. (1990). Nonparametric survival analysis with time-dependent
covariate effects: A penalized partial likelihood approach. Annals of Statistics 18, 329—

353.

APPENDIX

Heuristic Argument for Test in Section 2
Throughout, assume that Hy : 7 = 0 is true, and let (5o, do) be the true values of (f3,9).
Define Sg{3,7(5,0)} = 90/98[1.{5,7(5,0)}], the usual partial likelihood score for 3. Let

I55{3,7(6,0)} = —0%/0B0BT[1.{B,7(5,0)}], the usual observed partial information for 3;

I15,{8,7(8,0)} = =02 /9BOVT[1{8,7(5,0)} ], (px7); Iys{B,7(6,0)} = —0%/9v9BT [1{8,7(0,0)} ]

and I, {3,7(5,0)} = —0%/0v0~y"[1.{B,7(5,0)}], (r x r), a diagonal matrix.

Because (B\, ;5\) are the maximum partial likelihood estimators under Hy, it follows that
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[Sg{ﬁ, ~(8,0)}, S,F{{B, v(8,0)}H]T = 0, where H is defined in (5); this, along with standard

expansions, yields

I I} H 7 0
3 (S * * BB B {2 pXT
57{677(570)} = (OTXP IT) - (I'y,B ['y'yH) . TW -
HTI'y HTIDH Oy H
S5{Bo,7(d0, 0)} .| Seo | Seo
=W ={(0xp Z,;) —C" } , (A
S’y{ﬁOa ")/((507 0)} S’yO S’yO

say, where I5; = I{3*,7(6",0)} and similarly for I} , I’5 and I3 ; 3 is between 3 and 3;

§* is between 8y and 0; and Ty, is the (k x k) identity matrix,. Thus, writing So = (S}, S%,)",

n T UAB, (5,00} = n L STW TS IW*S,

~n  SgWIEW Sy =n ST { (05 Z) — O} 2{ (0pxp Z,.) — C'}So, (A.2)

where Y is defined in (5), U, is defined in (9), and W and C' are W* and C* with (5%, §*)
replaced by (fy,d9). Now W has the form of a “projection matrix,” where C' takes account
of estimation of # and §. In other testing problems, Zhang and Lin (2003) observed that
the effect of terms analogous to C' on operating characteristics of the test is negligible for
large n. This gives us reason to conjecture the further approximation n_lUT{B,fy(g, 0)} ~
n~'SHH%S,.
Replacing ¥ by its spectral decomposition, we may write this as
n"UA{B,A(0,0)} mn tSTPAPTS o =Y Ni(n 2P S0)%, (A.3)
i=1

where ); are the ordered eigenvalues of 3 (diagonal elements of A) and P; the corresponding
eigenvectors (orthogonal columns of P). As noted by Zhang and Lin (2003, app. A), the
matrix ¥ has a special structure such that the \; decay rapidly to zero. Moreover, it has been
observed empirically that the elements of P; are positive and monotone increasing; the first

several elements of P, are positive and increasing, with the remaining elements decreasing
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and negative; and the elements of P3 behave similarly, except that the final few increase and
are positive. It is straightforward to observe that S,{3,7(5,0)} (r x 1) evaluated at (3,9)
is the vector of Schoenfeld (1982) residuals corresponding to the covariates S;. Thus, from
Cox (1975) and Schoenfeld (1982), writing V., = I,,{5o,7(do,0)}, the components of S,
have mean zero and are uncorrelated, with the variance of the kth component equal to the
kth diagonal element of V... Thus, roughly speaking, P/ S, is a positively-weighted mean-
zero sum of the components of S, (over the failure times), so that, suitably rewritten and
under regularity conditions n~!/2P[ S0 should behave like a normal random variable with
variance v; ~ n 'PLV,, P,. Similarly, n=Y/2P]'S_; behaves like a contrast of early and later
components of 5,9, and we expect it to be approximately N(0,v;). By this reasoning, the
next few terms of the form n=" 2Pl'S.o, k > 2, should also behave like normally distributed

contrasts. Thus, we may write (A.3) as

nTUA{BA(0,00} & Y AP (n 2RI S gv )2, (A.4)

i=1

Although (A.4) is a sum over the r failure times, which increases with n, because the \;
decay rapidly to zero, we conjecture that the behavior of (A.4) is dominated by the first
few summands, so that (A.4) may be viewed approximately as a finite, weighted sum of y?
random variables. Via a standard singular value decomposition, this finite sum can be written
as a finite, weighted sum of independent x% random variables; thus, we thus suggest using
Satterthwaite’s method to approximate its large-sample distribution. Treating n=1/2PTS
as approximately normal as above, it is straightforward to show that the mean and variance of
n~'SIH,PAPTS g are e = n~'tr(V,, ) and I, = 2n*tr{(V,,X)*}. Matching these moments
to those of a scaled chi-square, kx?2, say, we obtain k = I,,/(2¢) and v = 2¢2?/I,.,. This
suggests comparing the test statistic T = nilUT{B,V(ZS\, 0)}/k to critical values from a 2
distribution; in practice, one would substitute (B, ;5\) in V., to form k and v.

Although the effect of C' may be negligible asymptotically, results of Zhang and Lin
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(2003) for finite samples suggest that it may be advantageous to take into account the
effects of estimating model parameters under Hy. Following their strategy, we consider
a “small-sample correction” for these effects. The correction is based the approximation
n1S,0En 18,0 & SEWTEW S, which follows from (A.2) and (A.3). This suggests applying
Satterthwaite’s method to n= !SI WTXW S, instead. Defining Vi, = 13,{00,7(00,0)}, Vg =

I36{ 00, 7(0,0)}, and

Viss Viy

Vig Vay
an argument analogous to the one above shows that the appropriate mean and variance are
e=n""r(WVWTY) and I, = 2n2tr{(WVWTE)?}. Letting W and V be W and V with

~

(B ,0) substituted, we obtain the test procedure given at the end of Section 2. In fact,

-1

WVw?’ = Viy = (Vap Vi H) = vt ' 3
HTV’Yﬂ HTVWH HTVW
which reduces to WVW?T =V, — V., H(H'V,,H)"*H"V,., when S, is the only covariate
in the model (so only § is estimated), demonstrating how estimation of the parameters is
taken into account. In the case of testing for no covariate effect in Section 3 with m =1, it

may be shown that WVWT =V, — VWVB?VM. If S; is the only covariate in the model,

WVWT =V,
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Table 1
Empirical sizes of the proposed spline-based nominal 0.05-level tests for proportional
hazards of S; in the model \(t|S;) = Ao(t) exp{Sido},i = 1,2,...,n, expressed as percent.
Xo(t) = 1; values of S; are equally spaced on the interval (0,1) with an equal number of

subjects having each distinct S; value. Results are based on 2000 simulations for each

scenario. The binomial (N = 2000, p = 0.05) standard error for the entries is 0.49%.

True value of ¢

Censoring Number of distinct n = 100 n = 200
distribution covariate .S; values 0 1 2 0 1 2
Unit exponential 2 5.10 5.70 6.10 6.20 5.40 4.95
4 5.70 6.05 5.10 5.60 4.65 4.85
10 5.70 6.30 5.95 6.40 5.00 5.30
20 5.60 6.35 5.85 6.40 4.75 4.85
50 5.90 6.20 6.00 6.45 4.65 4.60
100 5.70 6.60 5.95 6.35 4.65 4.60
200 6.40 4.90 4.70
Uniform (0,2) 2 5.20 4.45 5.20 5.60 4.60 4.35
4 5.55 4.55 4.55 4.85 4.75 4.25
10 5.35 4.10 5.20 5.00 4.45 4.75
20 5.30 4.30 4.50 4.95 4.95 4.75
50 5.35 4.15 4.90 4.85 4.70 4.60
100 5.40 4.30 4.90 4.80 4.65 4.45
200 4.80 4.85 4.55
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Table 2

Estimated powers of nominal 0.05-level tests for proportional hazards of S; in the model

A(t]S;) = Ao(t) exp{Siv(t)},i = 1,2,...,n, expressed as percent. \o(t) = 1; S; is a single

binary covariate defining two groups of equal size; y(t) is the true alternative; n = 200.

Censoring distribution is uniform on (0,2). Tests and alternatives are as described in the

text. Results are based on 1000 simulations for each scenario. The maximum binomial

(N = 1000, p = 0.50) standard error for the entries is 1.58%.

Alternative
Test Curve 1 Curve 2 Curve 3 Curve 4 Curve 5
Spline-based 90.8 78.4 47.6 37.3 28.6
Linear 90.5 78.8 51.4 10.1 30.4
Quadratic 79.7 65.3 50.0 13.8 36.6
Log 93.3 75.8 37.4 32.1 15.5
Optimal 93.3 81.7 51.4 91.5 46.6
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Table 3
Empirical sizes of the proposed spline-based nominal 0.05-level tests for covariate effects of
S; in the model \(t|S;) = \o(t) (no effect) and A(t]S;) = Ao(t) exp{S;} (linear effect),
i=1,2,...,n, expressed as percent. A\o(t) = 1; values of S; are as in Table 1. Results are
based on 2000 simulations for each scenario. The binomial (N = 2000, p = 0.05) standard

error for the entries is 0.49%.

Null hypothesis

Censoring Number of distinct n = 100 n = 200
distribution covariate values  No effect Linear effect No effect Linear effect
Unit exponential 4 5.25 4.65 5.10 4.90
10 5.20 4.35 5.00 4.60
20 5.15 4.60 5.05 4.50
50 5.05 4.45 4.95 4.60
100 5.15 4.25 5.00 4.80
200 4.95 4.70
Uniform (0,1.5) 4 4.90 4.80 4.50 4.65
10 5.30 5.15 5.10 5.05
20 5.00 5.50 4.60 4.90
50 5.05 5.60 4.50 4.95
100 5.00 5.70 4.70 4.95
200 4.70 4.85
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Table 4
Estimated powers of nominal 0.05-level tests for covariate effects of S; in the model
A(t|S;) = No(t) exp{~(S:)},i = 1,2,...,n, expressed as percent. \o(t) = 1; values of S; are
equally spaced on the interval [—1.719,1.719] with step 0.0173; v(S;) is the true alternative;
n = 200. Censoring distribution is uniform on (0,1.5). Tests and alternatives are as
described in the text. Results are based on 1000 simulations for each scenario. The

mazimum binomial (N = 1000, p = 0.50) standard error for the entries is 1.58%.

Null Alternative
hypothesis Test E L S1 Q C S2
No effect Spline-based 74.0 72.4 73.8 23.1 5.8 16.2
Linear 74.4 71.5 68.9 4.5 4.3 4.2
Quadratic 71.5 60.4 84.1 73.6 5.9 44.7
Cubic 67.2 55.5 84.1 67.7 6.2 38.5
Optimal 81.6 74.2 96.3 81.7 92.0 93.7

Linear effect Spline-based 12.8 4.9 56.0 80.7 7.7 65.4

Quadratic 13.7 4.9 54.0 81.7 6.9 98.5
Cubic 12.0 7.5 54.0 73.7 6.7 46.4
Optimal 14.2 10.5 78.3 81.7 91.9 93.8
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FIGURE CAPTIONS

(figures follow, one per page, in order)

Figure 1. CALGB 8541: (a) Survival and log-negative-log of survival distribution by ER
status estimated by Kaplan-Meier method. (b) Schoenfeld (1982) residuals of ER status
obtained from SAS proc phreg. Residuals above and below the horizontal line are
for ER-positive and ER-negative patients, respectively. (c¢) Estimated survival and log-

negative-log of survival distribution by menopausal status.

Figure 2. (a) Curves used in the simulation evaluating power of the tests for proportional
hazards. Curve 1: v(t) = log{.75t}; curve 2: ~(t) = log{2/(1 + 5¢)}; curve 3: ~(t) =
log{e!'} = t; curve 4: (t) = log{(t — .75)%}; curve 5: 7(t) = log{e/®=V} = I(t > 1).
(b) Curves used in the simulation evaluating powers of the tests for covariate effects.
Curve E: v(s) = .25exp{.8s}; curve L: 7(s) = .6exp{3.5s}/(1 + exp{3.5s}); curve Sl:
v(s) = 9I(s > 1.1); curve Q: v(s) = .3s% curve C: v(s) = .5cos(3.5s); curve S2:

v(s) = .7I(]s|] < .5).
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