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Abstract

Monte Carlo estimation of the power of tests that require resampling can be very com-
putationally intensive. It is possible to reduce the size of the inner resampling loop
as long as the resulting estimator of power can be corrected for bias. A simple linear
extrapolation method is shown to perform well in correcting for bias and thus reduces

computation time in Monte Carlo power studies.
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1. INTRODUCTION

The explosion of computing capabilities has greatly facilitated the use of both classical
permutation tests and modern bootstrap methods. Statistical evaluation of these methods,
however, often requires another level of computing (an outer Monte Carlo loop) that can
still strain the fastest computers. In this article we introduce methods that can reduce the
total computing time when estimating the power of resampling-based tests via Monte Carlo
sampling. The basic tool we use is an extrapolation method similar to SIMEX, the bias
reduction method introduced by Cook and Stefanski (1994) for measurement error problems.
We also give recommendations for allocation of computing effort when extrapolations are

not used. These latter recommendations are essentially an empirical update of Oden (1991).

Suppose that we want to analyze a test procedure which produces a p-value p and
then rejects the null hypothesis at level a if p < a. Monte Carlo estimation of the power
function at a particular alternative would proceed simply by generating many independent
data sets and computing the proportion of rejections. At each alternative this Monte Carlo
estimate will be unbiased for the true power function, and one simply chooses a large enough

Monte Carlo sample size to obtain the desired accuracy.

In the situations we have in mind, however, the p-value for each data set is computa-
tionally difficult, and an estimated p-value pis used in place of p (at least within the Monte
Carlo loop). The Monte Carlo estimate of the power function based on the proportion of
times p < a will be biased for estimating the power function of the test procedure defined
by p < a (except possibly at the null hypothesis). This bias results from the fact that
although Fp = p,

E(power estimate) = P(p < a) = Fé(p < a) # §(Ep < a)

because of the nonlinearity of the function 6(-), where 6(A) = 1 if A is true and = 0
otherwise. The connection to measurement error methods arises since we use a sample of

P’s (p’s measured with error) in the estimation procedure.



If one replaces the original test procedure p < a by p < «, then this modified
test procedure is called a Monte Carlo test (introduced first by Barnard in a discussion of
Bartlett, 1963), and the above Monte Carlo estimate of the power function for this modified
procedure will be unbiased if the number of resamples used in the actual procedure is the
same as in the Monte Carlo study to analyze the procedure. Hope (1968), Jockel (1986),
and Hall and Titterington (1989), among others, have analyzed Monte Carlo tests. An
alternative approach using a sequential approximation to the full permutation test was

given by Lock (1991).

In this article we focus on estimation of the power function for the original test based
on p. For permutation tests this means that we are referring to the power function of the
test based on the full set of permutations M, and for parametric bootstrap tests we mean
the test based on the an infinite number of bootstrap samples. Qur thinking is that for
a particular data set, one can typically make p as close to p as desired by taking a large
number of resamples, in effect, using the true p. For Monte Carlo analysis of this procedure,
however, the resample size becomes an issue because the number of test statistic evaluations

is then the resample size times the Monte Carlo sample size.

Example. For illustration let us consider the simple two-sample location shift prob-
lem where we have available iid samples X1, ..., X,, from F(z)and Y7,...,Y, from G(z) =
F(z — A). The null hypothesis is Ho : A = 0, and for simplicity we consider the one-sided

alternative H, : A > 0. Suppose that we choose T to be the usual two-sample t-statistic
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where Chi

is the pooled sample variance. Let us consider three methods of constructing

rejection regions and p-values. Let Ty be the value of T' for our given sample.

1. Standard Parametric Approach. If we assume that F> and G are normal distributions
with the same variance, one could compute the p-value p = 1 — ¢,,,4,,—2(10), where

tm+n—2 18 a central ¢ distribution function with m + n — 2 degrees of freedom, and



reject Ho if p < a.

2. Parametric Bootstrap. Suppose now that we do not have available ¢,,4,_2(+) or even
know the distribution of T under Hy and normality. We could then generate I sets
of iid samples of size m and n from the standard normal distribution, compute T for

each set, say 17,...,17, and compute an estimated p-value

’\4|*—‘

1
Z (T7 > To),

As I — oo, p approximates the p-value in 1. obtained from the ¢ distribution. The

related test procedure may be defined as: reject Hy if p < .

3. Permutation (Distribution-Free) Approach. A permutation p-value can be obtained
by computing T for all possible M = (m;— n) partitions (permutations) of the pooled
data {Xy,..., X, Y1, ..., Y, } into two samples and counting the proportion of these
T that are greater than or equal to Ty calculated from the original data. Since M is
usually a very large number, standard practice is to draw only a simple random sample
of size I of the permutations with replacement and compute T for each permutation,

Ty,...,Tf, and obtain p as in 2. above.

The ideas in this paper are useful for estimating the power of procedures 2. or 3. when
very large I is to be used in practice. The Monte Carlo power estimate would be based on

simulations with much smaller I values.

Following Oden’s (1991) notation we have an outer Monte Carlo loop of size O where
data sets are generated under the null hypothesis or under some alternative. For each of
these data sets there will also be an inner resampling loop of size I (often called B in the
bootstrap literature) where further data sets are generated to find the p-value (or rejection
region). The goal is then to estimate the power function of the test procedure in an optimal

way under the restriction that the total number of data sets O generated is fixed.

Let Ha(a) = P(p < a) be the true power function of the test procedure at an alterna-

tive A. For each Monte Carlo sample, the estimated p-value p based on I resamples (using



sampling with replacement) will be such that Ip has a binomial(/,p) distribution condi-
tional on the Monte Carlo sample (and thus conditional on the p-value p). Unconditionally

the estimated Monte Carlo power function

~

e
Hpo (a)= 525(@ < a), (1)

has mean

R ] /T 1
HZJ(O[) = E[HAK)J(O[)] = Z ( ) / tk(l — t)I_deA(t), (2)
k=0 k 0

where [al] is the greatest integer part of al. If Ha is a Beta(a,b) distribution function,
then (2) becomes (cf. Oden, 1991, eq. 4)

1 ] /1
H;I(a):m;(k)B(kJra,f—ker), (3)

where B(a,b) is the beta function with parameters ¢ and b. Equation (3) is just the

distribution function of a beta-binomial random variable evaluated at [a[].

To illustrate the damping effect of using p rather than p, Figure 1 plots (2) when Ha(t)
is a Beta(1,25) distribution. In a real situation Ha(¢) would not be known, but the points
in Figure 1 corresponding to finite I values could be estimated. The true power for this
example is the point at 1/1 = 0, .72, but using I = 59 in a Monte Carlo experiment would
cause the estimated power to be centered at .66 instead. However, the regular pattern of
the points suggests that a curve could be fit and extrapolated back to remove the bias. For
example, fitting the points (1/59,.66), (1/39,.63), (1/19,.57) by least squares to a straight
line yields Ha j(a) = .70 — 2.50(1/I) and results in a bias-reduced estimate at 1/00 = 0
of .70. The basic approach of this paper is then to estimate H&I(a) for several values of
I, fit a curve (usually just a straight line), and extrapolate back to 0 which corresponds to
I = oco. This is similar in principle to the SIMEX method of Cook and Stefanski (1994). It

could also be called a generalized jackknife procedure (see Efron, 1982, p. 7-8).

Since unconditionally OﬁApJ(a) has a binomial (O, H}(«)) distribution, the mean
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Figure 1: E(Estimated Power) at a = .05: HX ;(.05) for I = oo, 99, 59, 39, 19 versus 1/1
when Ha(t) is a Beta(1,25) Distribution.

squared error of IA{AOI(Q) is (cf. Oden, 1991, eq. 3)

MSEa(0) = [Ha(a) — 15 ) + 2 (<1O— 3 )

Oden (1991) considered minimizing the maximum of this mean squared error over «, and
obtained I = 24/O under the null hypothesis and suggested the range I = 2¢/O to I = 4/0
for general usage. In Section 5 we give empirical results suggesting that I = 8/O would

appear to be a better rule of thumb when using no correction for bias.

Our basic extrapolation method is introduced in Section 2. Section 4 gives a Monte
Carlo analysis of the method in the context of estimating the power of the two-sample
parametric ¢ test mentioned above. In Section 5 we illustrate how to use the method in

practice, this time for the permutation ¢ test. Section 6 is a brief summary.



2. The Extrapolation Method

To estimate the power of an « level test based on a statistic 7 under some alterna-
tive, we envision generating O data sets under the alternative, computing pr1,...,pr,0 by

resampling I times for each of the data sets, and then defining
1 O
pow; = & > 8(pr; < ).
i=1

For example, we recommend I = 59 or I = 99 when using a = .05.

The basic extrapolation method is to use the same simulated data to get power

estimates for a number of values of I, say powy,,...,pow, , where I} > Iy > ... > Iy, fit
a curve to the pairs (powy ,1/11),...,(pow, ,1/1}), and extrapolate back to estimate the

power at [ = oo, i.e., at 1/1 = 0.

Although the method is straightforward, there are a number of questions to answer:

1. What are suitable values of I, ..., I}?
2. Why should one fit a curve to 1/I values?
3. What kind of curves should be fit?

4. How can we obtain ﬁﬁv[],j =2,...,k,if the simulation is carried out only for I = I1?

Suitable choice of I. For simplicity consider a parametric bootstrap situation with no
nuisance parameters needed by the data generation process and a continuous statistic T for
which large values are evidence that the alternative hypothesis is true. The two-sample ¢
situation given in the Introduction is an example. (Although the ¢ statistic has a nuisance
parameter o estimated by s,, the generation of the normal data sets does not require that o
be estimated.) For a given sample we compute the statistic 7" and call that value Ty. If we
generate I independent data sets under the null hypothesis and compute the test statistic

for each data set, then the resulting 74,77, ..., 77 is an iid sample from the distribution of



the test statistic. The estimated p-value py = {# of T > T}/ has a discrete uniform

distribution due to exchangeability of the sample:

PGr=0)=Ppr=1/)=...= P(Fy =1) = 1/(I + 1).

The resulting test defined by the rejection region p < « has exact level a if (/ 4 1)a is
an integer. For example, if « = .05 and I = 99, then we reject the null hypothesis if p is
either 0, 1/99, 2/99, 3/99, or 4/99=.0404. The associated probabilities add up to exactly
a: 5x 1/(1+1)=>5/100 = .05. If one uses the more natural value of say I = 100, then the
resulting test is liberal having level 6/101 = .059. Similar results are true for permutation
tests (although discreteness can make the tests conservative when (I + 1)« is an integer)
and approximately true for the nonparametric bootstrap (see Hall and Titterington, 1989).
Some people prefer to define p by ({# of T* > To} + 1)/({ 4 1), but results using the rule

p < « are similar.

If @ = .05 and [; = 99, then the only smaller values so that (I + 1)a is an integer
are Iy = 79, I3 = 59, I, = 39, and Is = 19. These would be one natural set to use in
the extrapolation process. The smallest choice of Iy would be I1 = 39 but this only results
in two pairs, (powsg, 1/39) and (pow,g, 1/19), available for the extrapolation process. Of

course, if a = .01, then (I1,3) = (199,99) would be the smallest pair.

Suitable Curves. Hope (1968) and Jockel (1986) gives conditions under which Monte
Carlo tests have power functions that are monotone in I and thus in 1/1. Moreover, plots
like Figure 1 are very suggestive of a regression of pow; on 1/I. But a nice technical

justification is based on Hald (1968) who gives an expansion for (2):
Bi(a) | By(a)

L o), (1)

Pa(pr < ) = H j(a) = Hala) + +

where By and Bs are functions depending on Ha. In general of course we do not know By
and Bs, but we can estimate them by regressing estimated power on 1/ and 1/12. Actually
our goal is to estimate Ha(a). Thus, we can fit either a linear regression or a quadratic

regression of pow; on 1/1 and use the estimated intercept as our adjusted power estimate. In



the simulation study of Section 4, we find that the least squares quadratic regression gives a
less biased power estimate as (4) above would suggest, but the variablility of the estimated
intercept for the linear regression is typically much smaller than that for the quadratic
regression. (The variance of the least squares estimate of the intercept in the linear case
must be no larger than the variance for the quadratic.) In general our recommendation is

to use the linear estimate unless O values are very large.

To be very specific, if (I1, Iz, I3) = (59,39, 19), the adjusted power estimate given by

the ordinary least squares estimate of the intercept is

pow,. = 1.01137(powsg) + 0.61294(5owsg) — 0.62430( 50w, ) (5)

If (Ih, Iz, Is, 14, 15) = (99,79,59,39,19), the estimate is

b 0.15956(0Wsg) — 0.37420([50,0) (6)

Here pow,, is just @—Zf, where the y’s are powy, the z’s are 1/1, and b is the simple linear

slope estimate b = Y (; — T)ys/ (2 — T)2.

Equation (3) suggests another curve to fit to the raw power estimates pow;. Suppose
that for fixed A, Ha(a) can be well-approximated by a Beta(a,b) distribution function.
Then we can just use nonlinear least squares to fit (3) as a function of (a,b). The adjusted
power estimate is then given by the probability that a Beta(&,g) random variable is less
than or equal to a. For the simulations in Section 4 we find that this method produces

good results but not quite as good as the linear extrapolant.

To show that a Beta(a,b) distribution function assumption for Ha(a) makes sense,
consider X that is distributed as normal(u, 0%), where o2 is known. The “Z” test that rejects
Ho : = po for large X has power 1 — ®(—A + &7 1(1 — a)), where A = (g — p)/c for
alternative p. Using nonlinear least squares we found that the following fits were excellent

for the “Z” test with a = .05: (A = .1,a = .94,b = 1.06), (A = .5,a = .75,b = 1.33),



(A =1.0,a=_.56,b=1.80), (A =20,a=.30,b=3.61),and (A =3.0,a=.13,b=8.19).

Estimation of p/oVVIJ ,j=2,...,k. Consider the data that result from generating O data
sets, computing T for each of those, denoted Ty, k = 1,...,0, and then for each outer loop

situation, resampling Iy times to get pr,x, k= 1,...,0. To be specific, for I; = 59 we have

1 Tr,... T —  8(TF > Toy)

— Pr1 — useq = 6(prjn < @)

% T, Th —  O(TF > To)
— DPri2 — Use2 = 6(pr2 < @)

6(T39 > Toz)

O: T7,....TXy — — Ppro — us90 = 6(pro < a)

Notice that for each set of resamples, we get Iy = 59 0’s and 1’s that we average
to get the estimate pr, and then average the usgp = 0(prr < @) to get pows,. To get
a similar estimate for Iy = 39, we just need to average over I; = 39 instead of 59 of the
0’s and 1’s within each resampling outcome. Since there are (22) different subsets, the
natural approach is take an average over those subsets after converting each subset to an

estimated p-value:

39

u39,k(52)2---26(31926(@4*1>T0k)<a). (7)



The notation in (7) is not perfect, but usg ; is a U-statistic with a kernel of degree I, = 39,
and the outer sum is over all distinct subsets. We average the usg  values to get powsg. The
calculation in (7) looks formidable until one thinks in terms of hypergeometric probabilities.
Consider an urn with N = 59 total 0’s and 1’ of which K are I’s and N — K are 0’s. If we

randomly sample n = 39 0’s and 1’s from this urn and let S be the sum, then
S
U397kIE6 ESO[ IP(SS390&)

Thus to get usg ; we need only to get the probability that a hypergeometric(N = 59, K, n =
39) random variable is less than or equal to 39c. In the Monte Carlo simulation one can

tabulate these hypergeometric probabilities for quick retrieval.

Since powgg, POWsg, and pow;q are all based on the same sets of 0’s and 1’s, these
estimates are highly correlated. One can estimate the correlations from the O by 3 matrix
with rows (usg g, use k, 19,1 ) and use these to get estimated generalized least squares (EGLS)
estimates of the intercept and to get proper variance estimates for the intercept estimate.
In the simulation study of Sec. 4, however, we found that EGLS is not better than ordinary
least squares and that the variance of the adjusted power estimates are only slightly larger
than the simple pow; (1 — powy, )/I; variance estimate for raw power estimates. Thus it

hardly seems worthwhile estimating the correlations.

3. Simulation Results for the Two-sample t-Statistic

In this section we report on a small simulation study of Monte Carlo power estimates
for the two-sample t-statistic using the parametric bootstrap for ny = 8 and ny = 4 with
normal data and equal standard deviation o. The reason to consider such a simple situation
is that we know the true power exactly, and computing time for each replication is small.
In fact the alternatives used are standardized mean difference A/§ = 0.5, 1.0, 1.5, and 2.0

with true powers 0.189, 0.451, 0.737, and 0.918, respectively.

For this study we need three simulation loops. The outside loop is of size 100 replica-

10



tions. Then the two inner loops are actually what we have called previously the outer and
inner loops. Thus this study is actually an average of 100 separate Monte Carlo estimates
of power. We look at two (O, ) combinations, (O = 1000,/ = 59) and (O = 596,1 = 99),

that have about 59000 computations each.

Table 1 reports estimates of the root mean squared error (vVMSE) and bias x 1000
of the various power estimates. The standard errors of the estimates are in the range .001

to .002 for v/ MSE and around 2 for the bias x 1000.

The first and seventh rows (ps,) of Table 1 give results for power estimates based on
the true known t percentiles appropriate for normal data. They are labeled p., to reflect
the fact that resampling with I approaching oo would give this result. These of course

are unbiased (the nonzero bias results in Table 1 just reflect Monte Carlo variation), and

here v/ MSE could have been calculated simply by y/power(1-power)/O. For a given O, ps

represents the best power estimates possible.

The second (ps9) and eighth rows (pgg) are the raw power estimates based on I = 59
and I = 99. For these raw estimates the (O = 596,71 = 99) situation is more efficient in
terms of vVMSE than (O = 1000,1 = 59) for all but A = 0.5 because the bias is a large

factor except at A = 0.5.

The other estimators in Table 1 are

L. Py, the simple linear extrapolation method using (5) for the (O = 1000,1 = 59)
case and (6) for the (O = 596,1 = 99) case. In either case py;,, is just the intercept

estimator from ordinary least squares simple linear regression.

2. ﬁgls is similar to pj;,, except that estimated generalized least squares is used, based on

empirical covariance estimates for (Psg,ps9,p19) and (Pag, Pre, P59, P3g, P19 ), respectively.

3. ﬁquad is the quadratic extrapolation estimator, i.e., the ordinary least squares inter-

cept estimator from a simple quadratic model.
4. Dhety 18 the estimator based on fitting a beta(a,b) distribution to (3) by nonlinear

11



least squares. The estimator is then P(B < a) where B has a beta(@,b) distribution.

From Table 1 we see that the the linear extrapolation estimators, py;, and ﬁglsv
perform the best and very similarly. Their similarity is likely due to the fact (not displayed)
that the estimated covariance matrix of the pr used as dependent variables in the regressions
has nearly equal diagonal elements and nearly equal off-diagonal elements. The estimators
Py, and ﬁgls would be identical if the estimated covariance matrix had equal diagonal
elements and equal off-diagonal elements. Estimating the covariance matrix is also useful

for estimating the variance of either estimator, but since their v MSE values are close to

v/power(1-power)/0, it hardly seems worth the trouble.

The quadratic extrapolator is less biased than the linear estimators, but the additional
variance due to fitting the 1/I? term is too costly and keeps the v/MSE of ﬁquad relatively
high. Of course at large enough O values, the smaller bias will make the quadratic estimator
preferable to the linear ones. For I = 59 we estimate that at O = 8900 the linear and
quadratic estimators would have the same mean squared error. For I = 99, we estimate
that at O = 3700 they would have the same mean squared error. It is interesting that
the quadratic estimator is more efficient at the (O = 596,1 = 99) combination than at
the (O = 1000,/ = 59) combination even though their biases are similar. Apparently it is
much more stable to fit the quadratic with five points rather than with three, even with

dependent observations.

The fitted beta distribution estimator py ¢, performed almost as well as the linear
estimators except for the A = 0.5 alternative where the nonlinear least squares program

had trouble converging.

Should one go to the extra effort of computing powsq and pow;q and plugging in
equation (5) to get pj;, 7 At A = 0.5 and in general near the null hypothesis, the bias of the
raw estimator psg is small and pj;,, has little advantage over psg9. However, at A = 1.5 and
A = 2.0, the mean squared error of py;;, is much smaller than the mean squared error of
the raw estimator. Using the combinations of O and I that are approximately optimal for

the raw estimator ((O,I) = (1100,219) for A = 1.5 and (O, 1) = (800,279) for A = 2.0),

12



we find that it would take about 4 times as large an OF value for the raw estimator to have
mean squared errors equal to pj;, . And the savings could be even greater since we rarely

would know the optimal values for O and I in a new situation.

Table 1. v/MSE and Bias of Power Estimates for Two-sample

t-Statistic with Parametric Bootstrap Critical Values

O = 1000, [ = 59

MSE bias x 1000

A= 05 1.0 15 20 05 1.0 15 20
pee 012 017 015 .010 14 03 —16 0.1
Pso 013 031 .041 .030  —6.0 -25.7 -383 -—284
Pli, 013 .020 .017 .011  —04 64 6.0 34
Bgls 013 020 018 010  —12 -84 —T0 39
Pquad 018 025 025 .019 0.7 -09 18 1.7
Phota * 022 .018 .012 ¥ 24 21 6.2

O =596, 1 = 99

Poo 016 .019 .018 .010 3.8 0.2 0.6 0.8
P9 018 .025 .030 .019 -2.2 —158 -23.9 —15.3
Plin 018 021 .019 .013 1.1 —48 -5.1 4.4
Pquad 021 023 .022 .015 1.9 —0.9 -26 2.2
Pheta 023 .020 .013 * 1.1 0.0 6.2

* Convergence problems with the nonlinear least squares routine.
Results based on 100 replications. Standard errors for v MSE
~ .001 — .002. Standard errors for bias x 1000 ~ 2.
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4. Example: Estimating the Power of the Permutation ¢

To give a specific illustration, we consider the testing situation used in Section 3
but here we study the permutation ¢ test instead of the normal theory ¢ test. Recall that
the latter has power 0.189, 0.451, 0.737, and 0.918, respectively, for standardized mean
difference A/o = 0.5, 1.0, 1.5, and 2.0, in normal samples of size n; = 8 and ny = 4. Here
we are interested in how much power we lose by using the permutation approach described

in the Introduction that makes no use of the fact that the data are normally distributed.

First we ran all four alternatives with O = 1000 and / = 59 and obtained the lin-
ear estimators based on (5). Using Splus these four runs took about 2.5 hours each on

a Sparcstation 4-110MHz. The estimated standard errors using the least squares formula

(XTX)1XT[S/1000]X (XTX )~ for the intercept were very close to those from the bino-

mial calculation \/power(1 — power)/O. Here % is the sample covariance matrix from the

1000 by 3 matrix with kth row (usg k, usg k, t19,k)-

Since the standard errors ranged from .010 to .015, we decided to lower these by
rerunning the four alternatives at O = 4000 and I = 99. Also, this combination of O
and [ is approximately where we might expect the linear estimators to have similar mean
squared error to the quadratic estimators. These runs took about 18 hours each. The linear
estimators using (6) with standard errors in parentheses were .175 (.006), .439 (.008), .731
(.007), .921 (.005), and the quadratic estimators were .176 (.007), .444 (.009), .730 (.009),
and .918 (.006). The linear and quadratic estimators are very close to one another and to
the normal theory test powers of 0.189, 0.451, 0.737, and 0.918. It seems somewhat amazing
that the power of the permutation t test is so close to that of the normal theory test for

these small sample sizes (asymptotically they are equivalent to first order).

Figure 2 displays the raw estimates powgg, poW-.q, POW5q, POW3g, and pow,q for all

four alternatives and the linear estimators (+).

14
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Figure 2: Estimated power of permutation t test at & = .05 by linear extrapolation. Data
are normally distributed with standardized mean difference A/o = 0.5,1.0,1.5,2.0, ny =
8, Ng = 4.

5. Choice of (0, ) with No Extrapolation

The thesis of this paper is that extrapolation is a simple way to improve power
estimates that are biased due to using small values of I in the resampling step. We realize,
however, that the extrapolation requires extra computing to get the ﬁﬁv[] needed to use
(5) or (6). Certainly the raw estimate pow, is simplest to use and program. Thus we want

to give a little guidance on (O, I') combinations that have relatively low mean squared error.

Oden (1991) used a minimax approach at the null hypothesis and arrived at the rule
that for fixed Of values, one should choose I in the range I = 20 to I = 4/0O. This
seems like a good place to start, and we will express our results in terms of I/\/5 ratios. We
believe, however, that improved recommendations are possible because the range of interest
for o is usually at most (.01,.10) rather than (0,1.0) (over which Oden’s maximum is taken)
and minimizing the mean squared error under the null hypothesis may not be relevant for

estimation of the power at alternatives.
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First we consider the simple Z test mentioned in Section 2. There we noted that we
could approximate P(p < a) by Beta(a,b) distribution functions. For those situations we
found the I/y/O ratios with lowest mean squared error for estimating the power at a range
of alternative hypotheses by searching over a grid of I/4/O values. These optimal ratios are

almost exactly linear in the true power yielding the equation
optimal(I/VO) = .16 + 5.9(power).

Thus for power=.30, the optimal ratio I/y/O is around 2, and for power=.65 the optimal

I/\/5 value is around 4. These tend to confirm Oden’s recommendations.

A second example is from the simulation in Section 3 for the ¢ test. Using the values

estimated there, we fit a similar optimal curve and obtained
optimal(1/v/0) = .19 4 8.9(power).

Here we see that Oden’s recommended ratios are a bit too low when power is high.

How representative are these two examples? Consider P(p < a) given by Beta(2.2,39)
and Beta(.1,1.0) distribution functions. At o = .05, the true power is .544 for Beta(2.2,39)
and .549 for Beta(.1,1.0). The bias for estimating the power with small I, however, is much
greater for the Beta(2.2,39) case than for the Beta(.1,1.0) case. Thus for Beta(2.2,39) at
OI = 59,000, the combination (O, ) with lowest mean squared error is (O, 1) = (296,199)
and I/v/O = 11.6. For Beta(.1,1.0) the optimal combination is (O, 1) = (746,79) with
I/v/O = 2.9. This example shows the wide variety one can obtain using two different Beta

distributions producing almost the same power.

Thus we decided to look at a wide variety of Beta(a,b) distribution that hopefully
covers the spectrum of functions P(p < a) one might find in practice. For each Beta(a,b)
distribution on the grid ¢ = .1 to 4 by .1 with b = 1 to 40 by 1, we computed the mean
squared error of (1) for I = 19 to 499 by 20 and for O = 59,000. We repeated the process
for O =590,000. Then
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1. We found the (O, ) combination with lowest mean squared error for each of the
Beta(a, b) distributions. The median I/v/O values (separately over OI = 59,000 and
OI =590,000) at @ = .05 and a = .10 were around 7. For a = .01 we used a grid for
I from I = 99 to I = 1999 by 100 and obtained median values for I/v/O of 12 to 14.

Bias seems to be relatively more important than variance for o = .01.

2. We also found the average mean squared error over Beta(a,b) distributions for each
I/\/5 value. Then we computed the I/\/5 value with the lowest average mean
squared error. For a = .05 and a = .10, the I/1/O ratios with lowest average mean
squared errors were between 8 and 9. For o = .01 the best I/1/O values were 14 for
01 = 590,000 and 21 for OI = 59, 000.

Thus looking at a wide spectrum of power functions suggests I/y/O ratios around 8
for @ = .05 and a = .10 and even higher values for a = .01. For example, if OI = 59,000,
then O = 371, 1 = 139 gives I/v/O = 8.25. The high end of Oden’s recommendations would
be O = 595,1 = 99 with I/v/O = 4.06. Our recommendations are thus higher than those
given by Oden (1991) and perhaps reflect most strongly the fact that we focus on a few

specific a values rather than on minimizing maximum mean squared error over all & values.

6. Summary

Computing time is still a major restriction when estimating the power of resampling-
based hypothesis tests. The good news is that at least four-fold reductions in computing
time are available at the cost of a little extra programming to estimate and remove the bias
due to the use of small I . Hald’s equation (4) provides the motivation for either linear
or quadratic extrapolation, and Figures 1 and 2 illustrate the dependence of the bias on
1/I. At @ = .05 or a@ = .10 we suggest the simple linear estimator when O < 4000 and
the quadratic estimator when O > 4000 and I > 99. Splus code is available from the first

author upon request.

How should one choose O and I7 In general we suggest starting with the binomial

variance formula and choose O so that \/power(l — power)/O is suitably small. Then
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choose I to be 59, 99, 199, etc., so that OI computations are possible in the allotted time

and so that linear or quadratic extrapolation can be used. The resulting /mse should be

only slightly above /power(1 — power)/O. If you prefer not to use extrapolation, then we
suggest choosing I close to 8/0 such that (I + 1)a is an integer. In our study of beta

distributions, the ratio of squared bias to mean squared error was often around .3; this

implies that one should then expect y/mse to be around 1.2y/power(1 — power)/O.
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