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boringdiseasegenes.We £ndtheasymptoticdistribution of thestatisticwhile accountingfor correlations
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for multiple hypothesistestingto £ndregionsof excesssharing.Thep-valuesfor eachregion involve esti-
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andwith estimatednuisanceparametersasymptoticallypreservestheFDR property. Finally, we applythe
methodto apilot studyonschizophrenia.
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1 Intr oduction

During thepastdecadescientistshave hadphenomenalsuccessat discoveringthegenesresponsiblefor simplegenetic
disorders.The successis partially dueto the fact that thesedisordersaregenerallycausedby oneor at mosta small
numberof defective genesand,asin Mendel's peas,thesegenesact in a mannerthat is straightforward to model. By
contrast,complex disordersarethosefor whichthereis clearlyageneticbasis,but theinheritancepatternis notapparent.
For complex disorders,certainalleles(particularversionsof agene)enhancetherisk of contractingthedisorderbut are
neithernecessarynor suf£cient to causethe disorder. An allele associatedwith increasedrisk of diseaseis calleda
liability allele. Furthermoretheremaybemany genesatvariouslocations(loci) thatpossessliability alleles.

To discover the liability loci that affect the risk of humandiseases,scientistsexploit the fact that the DNA in a
region bracketing a liability allele will tendto be passeddown alongwith the liability allele itself from generationto
generation.Throughtheprocessof recombinationeachpair of chromosomesusuallybreaksinto a few piecesandthe
geneticmaterialis exchangedbetweenthe pair. This processcausesthe lengthof the chromosomalsegmentshared
amongaffectedindividuals to diminish, which helpsto localize the positionof the liability locuswithin a particular
chromosome.Geneticlinkageanalysislooks for an unusuallylarge amountof sharingof a particularchromosomal
segmentamongtheaffectedmembersof a family.

Although linkageanalysishasbeena powerful tool for the discovery of simplegeneticdisorders,it hasnot ex-
perienceda similar level of successfor complex disorders,presumablybecausethe power is insuf£cient (Rischand
Merikangas1996). To gain morepower onecanexploit the fact that,within a region bracketing a liability allele, the
geneticmaterialcanbeconservedfor hundredsof generations.Analysisthatlooksfor unusualsharingof chromosomal
segmentsamongaffectedmembersof a population,ratherthanamongaffectedindividualswithin anextendedfamily
(pedigree),is a form of associationanalysis(e.g.,McPeekandStrahs,1999).

Typically geneticistsdonot initially sequencechromosomalsegments.Ratherthey measureallelesatparticularloci
known asgeneticmarkersat regularintervalseitherover theentiregenomeor targetedregionsof particularinterest.For
thesampledsetof geneticmarkersall lying within a singlechromosomalsegment,theorderedstringof allelesde£nes
ahaplotype. An excessof acertainform of haplotypein affectedindividualsversusunaffectedindividualsis consistent
with thepresenceof a liability allelein theregionde£nedby thehaplotype.Thecorrelationbetweencertainallelesin a
region bracketinga liability allele is calledlinkage disequilibrium. In general,thestrongerthe linkagedisequilibrium,
theeasierit is to discover theapproximatelocationof theliability allele.

For many reasons,not all affectedindividualssharethesamehaplotypein a region bracketinga liability locus: (i)
many individualswill have the disorderfor otherreasons,eithergeneticor environmental;and(ii) even amongthose
individualswhoseliability tracesin partto acommonlocus,notall will haveinheritedthisliability allelefrom acommon
ancestor;and(iii) even for thosewho inheritedthe liability allele from a commonancestor, recombinationsmayhave
occurredwithin the haplotypesincethe introductionof the liability allele into the population.For thesereasonsonly
modestdifferencesin haplotypefrequenciesareexpectedbetweenthe affectedindividuals(cases)andthe unaffected
individuals(controls)evenif therewerea liability allelein theregionunderinvestigation.

Compoundingthestatisticalchallenge,it is oftenunreasonableto assumethatthesampledhaplotypesareindepen-
dent. Individualswith commonancestryaremore likely to sharehaplotypesthroughoutthe genomethanwould be
predicteddueto chance.In geneticstudiesit is expectedthatsomeindividualswhoshareageneticdisorderalsosharea
commonancestor, but thiscommonancestryis farenoughin thepastthatit is oftenunknown. Furthermore,population
substructurealso inducescorrelationamongindividuals from the sameethnicgroup. Overall the datacanpossessa
complex correlationstructurethatis dif£cult to modeldirectly.

In this articlewe proposea matching statisticto measurethedifferencebetweenthehaplotypedistribution of cases
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andcontrols.In our derivationof thedistribution of thematchingstatisticwe incorporatethecorrelationamonghaplo-
typesin a simpleway. In particularwe show that thedistribution of thematchingstatisticis well approximatedby its
distribution assumingthehaplotypesareindependentandidenticallydistributed,multiplied by a constantthat re¤ects
the perturbationdueto correlation. Becausethe correlationstructureis not directly estimablebasedon a sampleof
haplotypesobtainedfrom asingleregionof thegenome,akey stepin thedevelopmentof thematchingstatisticinvolves
demonstratingthat the correlationinducesan effect that is constantacrossthe genome.Being constant,this factoris
estimable,providedmultiple regionsof thegenomehave beensampled.

In geneticstudieshaplotypesaretypically obtainedfor many regions(K ), acrossthegenome.Within eachregion
a testfor associationis performed.Therearemany methodsfor decidingwhich hypothesesto rejectwhile maintaining
control over the probability of falsepositivesat level ®. For example,the well known Bonferronimethodrejectsa
hypothesisif thep-valueP < ®=K . This guaranteesthat thefamilywiseerrorrate(FWE) – theprobabilityof at least
onefalserejection– will be no larger than®. WhenK is large, relative to the samplesize, the Bonferronimethod
(andotherFWE controllingmethods)have power tendingtoward0. BenjaminiandHochberg (1995)arguedthatwhen
testingmany hypotheses,protectingagainstasinglefalserejectionis toostringent.Instead,they suggestcontrollingthe
expectedfalsediscoveryrate(FDR), which is thefractionof falsepositives.For whole-genomematching,in which the
numberof hypothesescanbepotentiallyvery large,we £ndtheir argumentcompellingandsothis is theapproachwe
take.

This researchwasmotivatedby anongoingstudyof schizophreniaonPalau,a remoteislandin Micronesia(Devlin,
Roeder, Otto,Tiobech,andByerley 2001).Schizophreniais acomplex diseasethatappearsto haveasubstantialgenetic
basis.A noteworthy featureof thePalauanpopulationis thatit exhibits anelevatedrateof schizophreniarelative to the
worldwiderate.Palauhasauniquehistorythatmakesit potentiallyamenableto genediscoveryvia anassociationstudy.
Linguistic analysesandethnographicstudiessuggestthat thePalauanpopulationdevelopedin relative isolation,even
from other Micronesianpopulations;nonetheless,this populationshows evidenceof immigration from surrounding
populations(Devlin et al. 2001and referencestherein). Being settledabout2000yearsago,presumablyby Asian
islanders,the populationis both youngandsmall in number, currentlynumbering21000. Epidemicsof contagious
diseaseoriginating from Americanand Europeancontactreducedthe populationto a low of 4000 about100 years
ago. Thesereductionsenhancedthe linkagedisequilibriumandpresumablyincreasedthe population's suitability for
an associationstudy. In this article we illustratethe matchingstatisticfor detectingassociationin a genomescanby
analyzingapilot sampleof patientsandcontrolsobtainedfrom Palau.

This paperhasthe following organization:Section2 motivatesthe matchingstatisticandderivesits distribution;
Section3 provesthevalidity of theFDRprocedurefor detectingoutliersusingthematchingstatistic;Section4 describes
a simulationstudy;Section5 shows the resultsof thePalauandataanalysis;and£nally Section6 presentsdiscussion
andconclusions.

2 The Matching Statistic: Quantifying Haplotype Sharing

In this section,we develop a teststatisticfor association,initially by ignoring correlationsdueto relatednessamong
sampledindividuals(Section2.1)andthentakingthecorrelationinto account(Section2.2).Weassumetheteststatistic
will becomputedateachof K regionsof interestacrossthegenome.
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2.1 IndependentSamples

ConsiderK regions of interestwith n caseand m control haplotypessampledfrom eachregion. Eachindividual
contributestwo haplotypesto thesample.Let H i (k ) denotethe i ' th sampledhaplotypein region k. Assumethereare
Rk distincthaplotypesin segmentk. Let ¼al (k ) = Pr (H i (k ) = l) for a haplotypesampledfrom anaffectedindividual,
i = 1; : : : ; n andl = 1; : : : ; Rk , and¼ul (k ) = Pr (H i (k ) = l) for a haplotypesampledfrom anunaffectedindividual,
i = 1; : : : ; m andl = 1; : : : ; Rk . The original dataconsistof two matrices,onefor the casesof dimensionn £ K ,
andonefor thecontrolsof dimensionm £ K . The(i; k) entryof thecasematrix is the form of the i ' th haplotypeat
region k. The(i; k) entryof thecontrolmatrix is arrangedsimilarly. Within eachcolumnof eachmatrix, assumethat
thehaplotypesareasamplefrom amultinomialdistribution.

An omnibus chi-squaretestwith Rk ¡ 1 degreesof freedombetweencolumnk of thecasesandcolumnk of the
controlsoffersonepossibletestto determineif thehaplotypedistributiondiffersacrosscasesandcontrolsat locusk. In
thisreportwewishto investigateastatisticthattestsfor associationusingonly onedegreeof freedom.A one-degree-of-
freedomtestis of interestfor threereasons:(i) it hasthepotentialof exhibiting greaterpower, at leastin someportions
of theparameterspace;(ii) it is likely to achieveits asymptoticdistributionwith asmallersamplesize;and(iii) it permits
a naturalextensionthat incorporatescorrelationamonghaplotypes.We developthesepointsthroughouttheremainder
of themanuscript,andsummarizethemin Section6.

To measurethedegreeof matchingin region k, supposewe draw two casehaplotypesat random.Thechancethey
will have the sameversionof the haplotypeis

P
l ¼2

al (k ) . Oneminusthis quantityis calledthe heterozygosityindex.
The heterozygosityis maximizedwhen¼al (k ) = 1=Rk ; l = 1; : : : ; Rk andminimizedwhen¼al (k ) = 1 for somel.
If a mutationleadingto increasedrisk of diseaseoccurredin the population,it is most likely to be embeddedwithin
a relatively commonhaplotype.If a clusterof thecasestracesbackto this commonancestor, thenthecaseswill have
diminishedheterozygosityrelative to thecontrols. Thedegreeof matchingat locusk in thecasesversusthecontrols
canbemeasuredby thedifferencein theheterozygosityindexes:

¹ k =
R kX

l =1

¼2
al (k ) ¡

R kX

l =1

¼2
ul (k ) :

This measuretendsto be large if substantialclustersof casehaplotypesderive from one(or at mostseveral) common
ancestor(s),suchaswouldbeanticipatedunderthealternativehypothesisof association.In thisarticlewedevelopatest
statisticbaseduponthis measureof association,but notethatthis is just oneof many possiblemeasuresof association.
Methodssimilar to thosepresentedherecouldbedevelopedfor othermeasuresaswell.

Let ¼̂al (k ) bethemaximumlikelihoodestimatorfor ¼al (k ) in thecasesandlet ¼̂ul (k ) bethecorrespondingquantity
for the controls. Thus¼̂al (k ) is the observed proportionof haplotypel in the casesampleat locusk and¼̂ul (k ) is the
observedproportionof haplotypel at locusin controlsamples.ThenTk is themaximumlikelihoodestimatorof ¹ k :

Tk =
R kX

l =1

¼̂2
al (k ) ¡

R kX

l =1

¼̂2
ul (k ) :

Wecall Tk theunstandardizedmatchingstatisticfor regionk.

De£ne¦ a(k ) = (¼a1(k ) ; : : : ; ¼aR k (k ) ) and ¦ u(k ) = (¼u1(k ) ; : : : ; ¼uR k (k ) ) and let ¦̂ a(k ) and ¦̂ u(k ) denotethe
correspondingestimatedquantities.Thevarianceof Tk canbecomputeddirectlyby notingthat

Var(Tk ) = Var

Ã
R kX

l =1

¼̂2
al (k ) ¡

R kX

l =1

¼̂2
ul (k )

!

= Var

Ã
R kX

l =1

¼̂2
al (k )

!

+ Var

Ã
R kX

l =1

¼̂2
ul (k )

!

andexpressing
P R k

l =1 ¼̂2
al (k ) asa quadraticform, ¦̂ T

a(k ) A (k ) ¦̂ a(k ) , with A (k ) beingtheRk -dimensionalidentity matrix.
Thevarianceof Tk is computedin AppendixA. We call this variance,¾2

k , themultinomialvarianceasit is computed
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assumingthe sampleof haplotypesfollows the multinomial distribution. Provided ¦ a(k ) and¦ u(k ) arenot equalto
1

R k
(1; : : : ; 1), Tk is approximatelydistributedasN (¹ k ; ¾2

k ) and¾2
k is estimable.

Most regionswill notharbora liability allele.Thelevel of matchingis assumedto beaconstantvalue¹ acrossthese
“null” regions.Becausethecasesmaydiffer somewhat in their ethnicorigin from thecontrols,¹ is not assumedto be
zero.However, basedon genetictheory, we anticipate¦ a(k ) ¼ ¦ u(k ) in null regionsfor any complex disease(Devlin,
RoederandWasserman2001)andhence¹ is closeto zero.

Accordingto theassociationhypothesis,thoseregionsharboringliability allelesarelikely to exhibit in¤atedmatch-
ing. The goal is to £nd the regionswhere¹ k > ¹ . We have now reducedthe problemto the following. We have
Tk » N (¹ k ; ¾2

k ) for k = 1; : : : ; K . Thereis a realnumber¹ anda subsetS ½ f 1; : : : ; K g suchthat¹ k = ¹ for k 2 S
and¹ k > ¹ for k =2 S. Thegoalis to identify Sc.

2.2 Corr elatedSamples

In theprevioussectionweformulatedamatchingstatisticthatmeasuresthedegreeof sharingobservedin eachmeasured
region of thegenome.However, in sodoing,we computedthemultinomialvarianceignoring thecorrelationbetween
haplotypesdueto relatednessamongthe individuals in our sample. In reality, the varianceof the matchingstatistic
dependsupon this correlation. To addressthe correlation,we extend an approachpioneeredby Devlin and Roeder
(1999)to this setting.Theseauthorsdemonstratedthatwhenthedataconsistsof 2£ 2 case-controltablescomputedfor
eachof k = 1; : : : ; K biallelic markers,thevarianceof ¼̂a1(k ) ¡ ¼̂u1(k ) equalsthebinomialvariancetimesa constant
multiplier ¿2 that accountsfor the correlationamongsubjectsin the study. This is a useful result becauseonecan
estimate¿2, providedK is large.

Herewe demonstratethat thereexists a variancein-/de-¤atingfactor, ¿, suchthat Var(Tk ) is proportionalto the
multinomial variance,¾2

k undercertainassumptions:i.e., Var(Tk ) = ¿2¾2
k . Thus,following Devlin andRoeder, we

alsocanobtainthetruevarianceby estimating¿2 andthenscalingthemultinomialvariance¾2
k by ¿2. We £rstprovide

motivationfor ourassumptionsandthenestablishtheresult.

Recall that case(control) haplotypesare indexed i = 1; : : : ; n (i = 1; : : : ; m) for the sampleof n=2 (m=2) in-
dividuals,ignoring the pairingof haplotypeswithin an individual. Haplotypei , obtainedfrom an affectedindividual,
canbeencodedin a binaryvectorof lengthRk , Yi (k ) = (Y 1

i (k ) ; Y 2
i (k ) ; :::; Y R k

i (k ) ), consistingof Rk ¡ 1 zerosanda sin-
gle one; for example,type 2 is codedas(0; 1; 0; :::; 0), andtype Rk is codedas(0; 0; :::; 0; 1). Let X i (k ) denotethe
correspondingquantityfor the i ' th control haplotype.To computethe varianceunderthe null hypothesisof no extra
matchingat locusk, we assumethat ¦ a(k )

:= ¦ u(k ) ´ ¦ (k ) , for any k 2 S. Consequently, underthe null hypothe-

sis,Yi (k ) =
³

Y 1
i (k ) ; Y 2

i (k ) ; :::; Y R k
i (k )

´
andX i (k ) =

³
X 1

i (k ) ; X 2
i (k ) ; :::; X R k

i (k )

´
identically, but not independently, follow a

Multinomial distributionwith samplesizeoneandprobabilityvector¦ (k ) . For a£xedobservationi , let ½l h
(k ) denotethe

usualmultinomialcorrelationbetweentwo formsof ahaplotype(typel andtypeh), i.e.,

Corr(Y l
i (k ) ; Y h

i (k ) ) = Corr(X l
i (k ) ; X h

i (k ) ) = ½l h
(k ) = ¡

s
¼l (k ) ¼h(k )

(1 ¡ ¼l (k ) )(1 ¡ ¼h(k ) )
:

Notice that½l h
(k ) is independentof i but dependson theregion k, andis thesamefor casesandcontrolsunderthenull

hypothesis.

For haplotypeform l, let f ( Y )

ij denotethecorrelationbetweentwo casehaplotypes,f ( X )

ij thecorrelationbetweentwo
controlhaplotypes,andf ( X Y )

ij thecorrelationbetweena caseanda controlhaplotype.We assumethesedo not depend
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onk andl, i.e.
Corr(Y l

i (k ) ; Y l
j (k ) ) = f ( Y )

ij

Corr(X l
i (k ) ; X l

j (k ) ) = f ( X )

ij

Corr(Y l
i (k ) ; X l

j (k ) ) = f ( X Y )

ij

: (1)

Next considerthepairwisecorrelationbetweendifferentformsof haplotypes(l 6= h) anddifferentmeasuredhaplotypes
(i 6= j ). Assumethecorrelationcoef£cientscanbeexpressedas:

Corr(Y l
i (k ) ; Y h

j (k ) ) ´ f l h
ij (k )

( Y )
= ½l h

(k ) f
( Y )

ij

Corr(X l
i (k ) ; X h

j (k ) ) ´ f l h
ij (k )

( X )
= ½l h

(k ) f
( X )

ij

Corr(Y l
i (k ) ; X h

j (k ) ) ´ f l h
ij (k )

( X Y )
= ½l h

(k ) f
( X Y )

ij :

(2)

Genetictheory supportstheseassumptions.The correlationf ij in (1) is assumedto be independentof k and l
becauseit is determinedby theancestryof thechromosomalsegmentsthemselvesandis nota functionof thehaplotype
form l or the haplotypesegmentk. Indeed,basedupongenetictheorythe correlationbetweentwo individualsf ij is
equalto theprobability two chromosomalsegmentsareinheritedfrom a commonancestor, perhapsmany generations
in thepast.Extantchromosomalsegmentsderiving from a commonancestoraresaidto be identicalby descent(ibd).
Theterm“ibd” emphasizesthatthetwo chromosomalsegmentsmatchbecausethey arefrom acommonancestorrather
thanmatchingdueto chance.Basedon thisweobtain

Cov(Y l
i (k ) ; Y l

j (k ) ) = E(Y l
i (k ) Y

l
j (k ) ) ¡ E(Y l

i (k ) )E(Y l
j (k ) )

= Pr(Y l
j (k ) = 1 j Y l

i (k ) = 1) Pr(Y l
i (k ) = 1) ¡ Pr(Y l

i (k ) = 1)Pr(Y l
j (k ) = 1)

=
£
f ij + (1 ¡ f ij )¼l (k )

¤
¼l (k ) ¡ ¼2

l (k )

= f ij ¼l (k ) (1 ¡ ¼l (k ) ):

Fromthisit followsthatCorr(Y l
i (k ) ; Y l

j (k ) ) = f ij . By thesamemanner, weobtainCov(Y l
i (k ) ; Y h

j (k ) ) = (¡ ¼l (k ) ¼h(k ) ) f ij .

Thatis, Corr(Y l
i (k ) ; Y h

j (k ) ) = ½l h
(k ) ¢f ij .

THEOREM1: Let

¿2 = 1 + 2mn
m + n

0

@ 1
n2

nX

i =1

X

j >i

f ( Y )

ij +
1

m2

mX

i =1

X

j >i

f ( X )

ij ¡
1

mn

nX

i =1

mX

j =1

f ( X Y )

ij

1

A ; (3)

and de£ne¾2
k to be the varianceof Tk obtainedassumingthe n + m haplotypesare independentand identically

distributedfroma multinomial(¦ (k ) ) distribution. If thecorrelationstructure impliedby(1) and(2) holdsandm=n !
Ã for somepositiveconstantÃ, then

lim
n;m !1

Var
·

Tk

¿¾k

¸
= 1: (4)

PROOF: Becausethe analyticalform of the exact varianceof correlatedTk is intractable,we study the relationship
betweenthevarianceof thecorrelatedsampleandthevarianceof anindependentandidenticallydistributedmultinomial
samplevia thedeltamethodapproximation.By thedeltamethod,themultinomialvarianceis approximatelyequalto:

¾2
k

:=
µ

1
n

+
1
m

¶ "

4
R kX

l =1

¼3
l (k ) (1 ¡ ¼l (k ) ) ¡ 8

R kX

l =1

X

h>l

¼2
l (k ) ¼

2
h(k )

#

:

Similarly, theapproximateVar(Tk ), basedonacorrelatedsample,is approximatelyequalto

¾2
k + Cov

"
R kX

l =1

¼̂2
al (k ) ;

R kX

l =1

¼̂2
ul (k )

#
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= ¾2
k + 4

R kP

l =1
¼3

l (k ) (1 ¡ ¼l (k ) ) ¢2

Ã
1

n 2

nP

i =1

P

j >i
f ( Y )

ij + 1
m 2

mP

i =1

P

j >i
f ( X )

ij ¡ 1
mn

nP

i =1

mP

j =1
f ( X Y )

ij

!

¡ 8
R kP

l =1

P

h>l
¼2

l (k ) ¼
2
h(k ) ¢ 1

½lh
( k )

¢2

Ã
1

n 2

nP

i =1

P

j >i
f l h

ij (k )
( Y )

+ 1
m 2

mP

i =1

P

j >i
f l h

ij (k )
( X )

¡ 1
mn

nP

i =1

mP

j =1
f l h

ij (k )
( X Y )

!

:

Pluggingin thequantitiesgivenin (1) and(2), theresultfollows. ¦

Sofar we veri£edthevariancefactorization(4) andcanapproximatethedistribution of thematchingstatisticZ k =
(Tk ¡ ¹ )=(¿¾k ) underthenull hypothesiswith a standardnormal.With theanalyticformulaof ¾2

k , theonly remaining
requirementsin standardizationareestimatesof ¹ and¿. Notice¿2 doesnot dependuponk, that is, no matterwhich
region we areconsidering,thecorrelationamongsampledhaplotypesaffectsthevarianceof Tk multiplicatively in the
sameway. Themostimportantconsequenceof this resultis that¿ canbeestimatedfrom thesampleof Tk 's.

A U-statisticcanbeusedto estimate¿. For 1 · k < g · K , de£ne

Ukg =
Tk ¡ Tgq
¾2

k + ¾2
g

:

BecauseTk ¼ N (¹; ¿2¾2
k ), it follows thatfor pairsof null loci, Ukg ¼ N (0; ¿2). This suggestsusingthesamplevari-

anceof theUkg asanestimateof ¿2 whichis thusaU-statisticsincetheUkg dependonthepairs(Tk ; Tg). Alternatively,
onecanusea robustscaleestimatorappliedto f Ukgg suchas¿̂ = median( j Ukg j )=0:65. Similarly, ¹ canbeestimated
with eitherthemeanor medianof theTk 's. Whenestimating¹ and¿, it is preferableto userobustestimatorsbecause
¹ and¿ re¤ectquantitiesde£nedfor thenull loci.

3 Outliers and FalseDiscovery Rates

3.1 FalseDiscovery Rate

We will identify theoutliersby testingH 0k : ¹ k = ¹ versusH1k : ¹ k > ¹ for k = 1; : : : ; K . To correctfor multiple
testingwewill usetheFDR (falsediscovery rate)methodof BenjaminiandHochberg (1995).We begin thissectionby
reviewing theirmethod.Thenweshow how themethodcanbeusedin oursetting.

Considertestingasetof null hypothesesH 01; : : : ; H0K . Let P1; : : : ; PK bethep-valuesassociatedwith theK tests.
Supposewe rejectsomesubsetof thesehypotheses.Therealizedfalsediscovery rateQ is de£nedto bethenumberof
falserejectionsdividedby thetotalnumberof rejections.Q is takento be0 if nohypothesesarerejected.TheBenjamini
andHochberg methodfor controllingE(Q) is asfollows. First,orderthep-values,P(1) · ¢¢¢· P(K ) andthende£ne
d = maxf j : P( j ) < j ®=K g. Finally, rejectall hypotheseswhosep-valuesarelessthanor equalto P(d) . Benjamini
andHochberg proved that this procedureensuresthat E(Q) · ®, no matterhow many nulls arefalseandno matter
whatis thedistribution of thep-valueswhenthenull is false.Theoperatingcharacteristicsof themethodarediscussed
in GenoveseandWasserman(2001).In particular, themethodhasmuchhigherpower thanBonferroniwhenK is large.

This methodcanbe adaptedto our setting. Let T1; : : : ; TK be teststatisticswhereTk ¼ N (¹ k ; ¾2
k ¿2). For the

moment,supposethat¹; ¿; ¾2
k areknown andthatTk hasexactly a Normaldistribution. TheBenjaminiandHochberg

procedurecanbe appliedto testH 0k : ¹ k = ¹ usingthe usualp-valuesde£nedby Pk = 1 ¡ ©(Zk ) whereZk =
(Tk ¡ ¹ )=(¾k ¿) and© is thestandardnormalcumulative distribution function.

In our settingthereareseveralcomplications.First, Tk is only asymptoticallyNormal in thenumberof casesand
controls.For largen we have found(by simulation)that this is not a seriousproblem;seealsotheexamplein Section
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5. Second,theTk maybecorrelated.BenjaminiandYekutieli (1999)showedthattheinequalityE(Q) · ® still holds
for correlatedtestsif d is replacedby ~d = maxf j : P( j ) < j ®=cK K g wherecK =

P K
k=1 (1=K ) ¼ logK . This leads

to a moreconservative procedure.However, our experienceis thatthetypesof correlationin our problemaremild and
do not in¤atetheFDR.Thus,we have ignoredthecorrection.Finally, ¹; ¿ and¾2

k areunknown andmustbeestimated.
We will now show that,at leastasymptotically, theFDR propertyis preservedeven whenthep-valueis estimatedby
insertingconsistentestimatesof theseparameters.

3.2 FDR With NuisanceParameters

For simplicity, we take ¾k = 1 andknown in what follows andconcentrateon ¹ and¿. Theextensionto unknown ¾k

is straightforward,albeit tedious.Let S(z) = 1 ¡ ©(z). Thep-valuede£nedabove for testingH 0k : ¹ k = ¹ canbe
written asPk = S(Zk ), whereZk = (Tk ¡ ¹ )=¿. De£netheestimatedp-valueby P̂k = S(Ẑk ) where¹̂ and¿̂ arethe
estimatesof ¹ and¿, respectively, andẐk = (Tk ¡ ¹̂ )=¿̂.

ConsidertheFDR procedurebasedon theestimatedp-valuesin theplaceof thetruep-values.In whatfollows,we
assumethatwhencomputingP̂k , theestimateŝ¹ and¿̂ areStudentized,i.e. thek th observationis omitted.We denote
theseestimatesby ¹̂ (k ) and¿̂(k ) . Let Fk denotethecommoncumulative distribution functionof P̂k underthenull.

THEOREM2. For everyK ¸ 1,

E(Q) · ® sup
®
K · p· ®

Fk (p)
p

:

THEOREM3. For any £xed®,
lim sup
K !1

EK (Q) · ®:

REMARK: Theestimatorsin Section3 areasymptoticallybiased,asis thecasein generalfor bothrobustandnon-
robustestimatorsin thepresenceof outliers. However, if we let thefractionof outlierstendto 0 asK grows, this bias
disappearsasymptotically. This assumptionis realisticbecauseit re¤ectsthe fact that the fractionof liability genesis
smallrelative to thesizeof thegenome.

Proofsfor theseresultscanbefoundin AppendixB.

4 Simulation

A simulationstudywasconductedto investigatethe FDR andthe power of the procedureundervarioussettings. In
eachexperimentwe usedtherobustestimatorsof ¹ and¿. We generateddatafrom K = 100regionswith samplesize
n = m = 500(or 250individual casesandcontrols,eachwith apairof haplotypes).Thenumberof distincthaplotypes
wassetat Rk = 32 andthe nominal level of signi£cancewassetat 0.05. To obtainthe averageperformanceof the
procedure,1000datasetsweregeneratedfor eachcon£gurationunderinvestigation. Power, in this case,is de£nedas
theaveragefractionof alternative hypothesesrejectedusingtheFDRmethod.
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To validatethetheoremsconcerningthedetectionof outliers,we generateddataunderthenull hypothesisin three
differentways. To investigate the procedureunderthe simplestsettingwe set ¦ u = ¦ a = ¦ 0, in which the £xed
haplotypedistribution ¦ 0 waschosento have four levelsof haplotypeprobabilities(0:0125; 0:025; 0:0375; 0:05), with
eightconsecutive repetitionsof eachlevel to obtaina total of Rk = 32 types.We set® = 0:05 in theFDR procedure.
For this settingthe meanFDR was0.026. Next we allowed ¦ u(k ) to vary randomlyasa function of k by sampling
¦ u(k ) from theDirichlet(32£ ¦ 0). By settingthehaplotypefrequenciesof casesequalto thecontrols,¦ a(k ) ´ ¦ u(k ) ,
we £xed ¹ = 0. For this settingthe meanFDR was0.046. Finally, the modelallows for generallocationshifts, but
¦ u is assumedto beequalto ¦ a whencomputingthevariance.We investigatedtherobustnessof theprocedureto this
approximationwhen¹ 6= 0, This time we sampledboth¦ u(k ) and¦ a(k ) from theDirichlet(32 £ ¦ 0). Thechoiceof
32 correspondsto at leastasmuchvariationasis likely to beobservedbetweencaseandcontrolpopulations,underthe
null hypothesis(Devlin etal. 2001).For thissettingthemeanFDRwas0.010.Weconcludethattheprocedureperforms
well underthenull hypothesis.Indeed,it is somewhatconservative.

To investigatethepower undervarioustypesof outlier modelswe preset¦ u(k ) at ¦ 0 for all thenull loci andthen
perturbthisdistributionfor asetof alternative loci. Weconsideredtwo differentlevelsof contamination:H = 5 outliers
andH = 20 outliers. For theremainingregions,k = H + 1; : : : ; 100, ¦ a(k ) ´ ¦ 0 asde£nedabove for thecontrols.
We perturb¦ 0 in four ways to obtain ¦ a(k )q; k = 1; : : : ; H , q = 1; : : : ; 4: ¦ a(k )q = (1 ¡ a)¦ 0 + a spikeq. Let
spikeq q = 1; : : : ; 4 denoteprobability vectorsof lengthRk . Let spike1 be a point massat l = 1, spike2 be a point
massat l = 25, spike3 bea massof 0.5at l = 1 and9, spike4 bea massof 0.5at l = 17 and25 with a = 0:15 (Figure
1). The£rstandsecondconditionssimulatetheperformancewhena fractiona of thehaplotypestracebackto a single
ancestralhaplotypeandthethird andfourthconditionssimulatetheperformancewhena fractiona=2 of thehaplotypes
tracebackto oneof apairof ancestralhaplotypes.

The sizeof the deviation from the null, asmeasuredby ¹ kq; k = 1; : : : ; H ; q = 1; : : : ; 4, dependsgreatlyupon
the relative frequency of thehaplotypethat is associatedwith thedisease.For q = 1; : : : ; 4, ¹ kq equals0.015,0.025,
0.006and0.012,respectively. Clearly the biggestdeviation occurswhenthe associatedhaplotypeis alsocommonin
the controlsandthe leastdetectabledeviation occurswhentwo haplotypesareassociatedwith the diseaseandthese
haplotypesarerelatively rarein thecontrols.Not surprisinglythe lattercondition(q = 3) exhibits considerablylower
power than the other threeconditions(Table 1). Overall, the relative power is correlatedwith the size of the true
deviation, ¹ k , but thepower alsodependsupon¾k . For instance,¹ 1 ¼ ¹ 4, but thepower is considerablylessfor the
lattercon£guration,becausethevarianceis largerfor thishaplotypefrequency distribution.

The numberof regionsdeviating from the null, H , alsoaffects the overall performanceof the method(Table1).
When 20% of the regions deviate from the null both ¹̂ and ¿̂ are positively biasedand the bias in ¿̂ is substantial.
Although this biasde¤atesthepower, theFDR rateis maintainedat a conservative level (considerablylessthan0.05,
thenominallevel) for all 8 scenariosinvestigated.Theprocedureis moreconservative thanthenominallevel dueto the
biasin theestimatesof ¹ and¿. In mostpracticalsettingsH is a very small fractionof K andconsequentlythebias
will beconsiderablylessthanobservedfor thissimulation.

To obtaina senseof how powerful the matchingstatisticis relative to competingmethodswe comparedit to the
omnibus chi-squaretest with Rk ¡ 1 degreesof freedom(Table 2) using Holm's correction(Holm 1979) for both
methods.Thenull distribution of thegoodness-of-£tstatisticwasobtainedusinga permutationtest.This testis only a
valid competitorwhen¿ = 1. With theexceptionof conditionq = 3, thematchingstatisticwaseithermorepowerful
or roughlyequivalentto thegoodness-of-£tstatisticin performance.

In the four simulatedconditionsinvestigatedthus far, noneof the allelesdominatein frequency underthe null
hypothesis.To completeour investigationwe alsoconsidereda scenariowith two commonalleles(¼¤

1 = ¼¤
2 = 0:155)

andthreetypesof rarealleles(0.016,0.023,0.03),eachwith tencopies,sothatRk = 32. Underthealternativehypothesis
¦ a(k ) = (1¡ a)¦ ¤ + a spike1. In thissettingthematchingtestclearlydominatesthegoodness-of-£tstatisticwith power
equalto 67.3%vs. 24.6%.
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Thegeneralprincipleappearsto bethatthematchingstatisticis morepowerful whentheassociatedhaplotype(s)is
(are)relatively commonin thecontrolpopulation.Whentheassociatedhaplotype(s)is (are)relatively rare,then¹ k tends
to benearzeroandthegoodness-of-£ttestis morepowerful. In fact,undersomeconditions¹ k ¼ 0 andthematching
statistichaspower equalto the sizeof the test. The relative strengthof the matchingstatisticto the goodness-of-£t
statisticis alsogreaterwhenRk is large.

It is alsoworth notingthatthesizeof thematchingtestin all comparisonswassmallerthanthenominalsizeof the
test.Apparently¹ and¿ areestimatedwith somebias,which leadsto aconservative test.

5 Data Analysis

To illustratetheproposedmethodswe analyzea smallsampleof schizophreniapatientsandcontrolssampledfrom the
islandnationof Palau. As partof anongoinglinkagestudyof schizophreniaon Palau,sevenextendedpedigreeshave
beenascertainedandgenotyped.We utilize a portionof thesedatafor a pilot studyof association.Fromtheextended
pedigrees,22casesand27controlswereselectedfor furtheranalysis.In a futurestudyweanticipatesupplementingour
sampleby obtaininga largersampleof bothcasesandcontrols.

Schizophreniais a mentalillnesscharacterizedby disorderedthoughts,behaviors andlanguage.Its identi£cation
is througha collectionof “positive” symptomstogetherwith “negative” symptoms. The positive symptomsinclude
hallucinations(e.g.,hearingvoicesor seeingthings that do not exist), delusions(e.g.,holding falsebeliefs,suchas
thatoneis beingwatched,spiedupon,or plottedagainst),anddisorganizationor incoherenceof thoughtor speech;the
“negative” symptomsare,for example,lackof normalemotionalresponse,withdrawal from others,neglectof grooming
andhygiene,andpoorwork performance.

By the time the illness is diagnosedbrain structureandchemistryhave beenaltered. Ultimate causesappearto
involvebothacquiredandgeneticfactors.Weconcentrateonthegeneticfactors,attemptingto identify variantsin genes
that generatehigherrisk for schizophrenia.To datethe scienti£ccommunityhasmadeonly limited progresstoward
identi£cationof thegeneticbasisfor thischallengingcomplex disease.

A remoteislandnationin Micronesia,Palaucoversanarchipelagoof morethan200islandsscatteredover125miles
of theSouthPaci£c.Theislandslie 600milesnorthof New Guineaand550mileseastof thePhillipines.Palauexhibits
a slightly elevatedrateof schizophrenia,2.77%in malesand1.24%in female,comparedto thesex-averagedestimate
of 0.5-1%worldwide.

Carbondating(Takayama,1981)suggestsPalauwas£rstpopulatedabout2000yearsagoandtheinitial population
sizewassmall,probablylessthan50. Thepopulationgrew to 20,000by 227yearsagobut decreasedto 4,000about100
yearsagobecauseof diseaseepidemics.The currentpopulationsizeis around21,000. Our andotherresultssuggest
that the Palauanpopulationhasdevelopedin isolation,comparedto sayEuropeanpopulations,but it experienceda
surprisinglevel of immigrationfor sucha remoteregion (Simmonset al, 1965;Devlin et al, 2001). Geneticanalysis
suggeststheoriginal populationappearsto have migratedfrom islandSoutheastAsia,with somelatermigrationsfrom
Melanesia.Studieson Palau(Devlin et al., 2001)indicatesubstantiallinkagedisequilibrium(i.e., haplotype-sharing)
existsin thispopulation,makingit idealfor anassociationstudy.

The populationhistory of Palaufacilitatesthe searchfor schizophrenialiability genes.First, the linkagedisequi-
librium for Palauanpeopleis enlargedby the recentpopulationbottleneckandextendspotentiallyasfar as10 to 20
cM (Devlin et al., 2001). Second,the isolationof Palaumakesit easierto detectany schizophreniagenesintroduced
by recentmigration. This is becausetheseforeignchromosomeswill berelatively prominentcomparedto thegeneral
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Palauanchromosomes.Basedon thesefacts,we believe it is instructive to searchfor associationevenwith the10cM
marker grid availablefrom thePalauanlinkagestudy. Nevertheless,this 10cM grid is muchsparserthangenerallyre-
quiredfor detectingassociationbetweenmarkersanddiseasegenes(Ott, 2000). In followup studieswe hopeto have a
densergrid of markers.

Dueto their populationhistory, we assumemostPalaunativesareat leastdistantlyrelated.Of the22 casesin this
study, somearecloserelatives,suchascousins,andotherpairsarenotobviouslyrelated.For controls,wechose27peo-
plewhowereeithernotknown to becloselyrelatedto schizophrenicsor werefromapedigreecontainingschizophrenics,
but werethemselveslesslikely to carrya diseaseallele. As a group,thecontrolsarenot ascloselyrelatedto onean-
otherasarethecases.Nevertheless,someof thecontrolsarecloselyrelatedto someof thecases.Overall, thegenetic
relationshipsamongstudysubjectsgeneratesa complex correlationstructureamongthe sampledhaplotypes.This is
clearlynotastandardcase-controlstudy, andweanticipatethecorrelationamonghaplotypesto havesomeeffecton the
varianceof theteststatistic.

To explore therelationshipbetweenfamilial relationshipandmatchingof geneticmaterial,all caseswith a known
degreeof familial relationshipwerecompared.Figure2 shows therelationshipbetweenthedegreeof relatednessand
thelevel of haplotypesimilarity for thesecasepairs.TheY-axisindicatesthedegreeof relatednessbetweentwo cases;
thelower thevalue,themorecloselythey arerelatedto eachother. TheX-axis is theaverageproportionof markerswith
matchingalleletypes;theaverageis takenover 4 possiblecombinationssinceeachpersonhastwo chromosomes.The
plot shows that astwo peoplearemorecloselyrelatedto eachother, they sharemorecommongeneticmaterial. The
correlationcoef£cientis extremelyhigh (corr = ¡ 0:85).

A critical selectioncriterionfor the22 casesand27 controlswastheability to determineunambiguoushaplotypes
for theseindividuals,whichwereobtainedusingthelinkageprogramSimwalk2(SobelandLange1996).Thusfor each
individual, we have haplotypesfor 22 pairsof autosomalchromosomes,with 37 markerson the largestchromosome
(Chromosome1), descendingto 8 markerson the smallestchromosome(Chromosome22). The geneticmarkersare
STRsandtheallele typerepresentsthenumberof repeatsobservedat a particularlocus. Becausechromosomesoccur
in pairs,eachindividual contributestwo haplotypesto thedataset.Table3 displaysa portionof thehaplotypedatafor
Chromosome22. Eachrow recordstheallelesof markersonachromosome.For example,from thelastrow of Table3,
the27thcontrolhasthehaplotype(5,8,7,2,3,11,3,5)ononeof its 22ndchromosomes.

We de£nedregionsusinga moving bin encompassingadjacentpairsof markers. With this de£nitionwe obtained
K = 453 regions. Thehaplotypefrequency distribution variedby region, but Rk ¼ 32 andoneor moreformswere
generallyconsiderablymorecommonthantheothers.

Fromthese453observationswe obtain¹̂ = 0:007and¿̂ = 0:9046. Surprisingly, eventhoughwe hadanticipated
¿ > 1 due to the strongpositive correlationbetweencases,two factorsoffset this expectation: the casesare also
correlatedwith thecontrolswhich reducesthevarianceof Tk ; andfor small sampleŝ¾k hasa slight positive bias. To
compensate,̂¿ hasaslightnegativebias.Weobservedthesamephenomenonin simulateddatafor smallsamples(results
not shown). Thisphenomenondid not in¤ateFDR in oursimulations.

To evaluatetheassumptionof normalitywe examinethenormalscoresplot of thestandardizedmatchingstatistics
Zk (Figure3). The testsstatisticsshow a surprisingdegreeof consistency with a normaldistribution consideringthe
sizeof thedataset.Fromthis £gureit is alsoclearthatnoneof thestatisticsappearto beunusuallylargerelative to the
remainderof thesample.In fact,noneof theregionsindicatesa signi£cantassociationwith thediseaseusingeitherthe
FDRor aBonferroniprocedure.

Plotting the teststatisticsasa functionof theapproximaterelative locationof thehaplotypeson the22 autosomal
chromosomesindicatesseveralstatisticstendto approachsigni£cancein regionsthathave shown promisingsignalsin
otherstudiesof schizophrenia(Figure4). Consideringthesizeof thesampleandthecoarsenessof themarker grid, the

10



testundoubtedlyhaslow power. Followupstudieswill have betterpower.

6 Discussion

In this articlewe de£nea statistic,calledthematching statistic, for locatingregionsof thegenomethatexhibit excess
similarity of haplotypeswithin casehaplotypesrelative to thecontrols.This statisticis of interestbecauseit identi£es
regionsthatarereasonablecandidatesfor locatingdiseasegenes.It is a practicalalternative to a statisticdevelopedin
Devlin, RoederandWasserman(2000),whichtestedfor excessibd sharingassuminganextremelydensegrid of genetic
markers.

In many case-controlassociationstudiesthesampledhaplotypesarecorrelatedeitherbecausethesubjectsareobvi-
ouslyrelated,cryptically related(related,but therelationshipis unknown) or relateddueto commonethnicbackground.
We £ndtheasymptoticdistribution of thematchingstatisticwhile accountingfor correlationsamongsampledindivid-
uals.Theapproachtakenherecouldpotentiallybeextendedto many otherstatisticsthatmeasurehaplotypesharingor,
moregenerallylinkagedisequilibrium.In fact, theperformanceof thematchingstatisticdependsvery stronglyon the
way in which thedistribution of thecasehaplotypesdeviatesfrom thedistribution of thecontrolhaplotypes.It would
beinterestingto investigatetheperformanceof otherstatisticssensitive to linkagedisequilibriumaswell.

In motivatinga onedegree-of-freedomtestwe notedthatsucha statisticwaslikely to have greaterpower for some
alternativesthananomnibustest;in Section4 we identify thetypeof alternativesfor which thestatisticobtainsa com-
petitiveadvantageandit appearsthatthis typeof alternativearisesfrequentlyin practice.Naturallytherearealternative
haplotypedistributionsfor which theomnibustesthasgreaterpower thanthematchingstatistic.Theadvantageof the
matchingstatisticis thatit achievesits asymptoticdistribution for amodestsamplesize,henceit is amenableto correc-
tionsfor correlatedsamplessuchastheonedescribedin Section2.2.Althoughin principlethegoodness-of-£ttestcould
alsobecorrectedin asimilar fashion,this testdoesnotachieve its asymptoticdistribution for moderatesizedsamplesif
Rk is large.

In our treatmentof correlationamonghaplotypeswe ignorethe known relationshipsamongsubjects,allowing ¿
to adjustfor correlationsdueto known familial relationshipsaswell asunknown relationships.It is likely thatgreater
power couldbeobtainedif theknown relationshipsweremodeledovertly in a mannersuchasthatdescribedby Slager
andSchaid(2001).

Determiningwhich regions in the genomeexhibit signi£cantassociationinvolves a large numberof hypothesis
tests. In problemsof this naturecogentargumentscanbe madethat it is moreappropriateto control the FDR rather
thantheFWE becausetheFDR methodoffersa morepowerful optionfor discoveringgenomicregionsthatpotentially
possessliability alleles.In its formulationtheBenjaminiandHochberg procedurecontrolstheexpectedFDR for given
a setof independentp-values. In our applicationthe p-valuesfor eachregion involve estimatednuisanceparameters.
We show that underappropriateconditions,the FDR methodbasedon p-valueswith estimatednuisanceparameters,
asymptoticallypreservestheFDRproperty. Theseresultsshouldbeusefulfor otherapplicationsaswell.

Appendix A: Varianceof Tk

We computethe varianceof Tk underthe assumptionof iid haplotypes,andhencen¦̂ a(k ) is distributedmultinomial
(n; ¦ a(k ) ) andm¦̂ u(k ) is distributedmultinomial(m; ¦ u(k ) ). Wesuppressthesubscript(k) to simplify thenotation.
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Here we express
RP

l =1
¼̂2

al in a quadraticform, ¦̂ T
a A ¦̂ a , with A being the R-dim identity matrix. Without extra

complexity weobtainthegeneralvarianceformulaof thequadraticform ¦̂ T
a A ¦̂ a ¡ ¦̂ T

u A ¦̂ u :

De£ne
§ n =

1
n

¡
Diag(¦ a) ¡ ¦ a ¦ T

a

¢
;

where

Diag(¦ a) =

2

6
6
6
4

¼a1 0 ::: 0
0 ¼a2 ::: 0
...

...
...

...
0 0 ::: ¼aR

3

7
7
7
5

:

Also de£ne

Diag(¦ (2)
a ) =

2

6
6
6
4

¼2
a1 0 ::: 0
0 ¼2

a2 ::: 0
...

...
...

...
0 0 ::: ¼2

aR

3

7
7
7
5

¦ (2)
a

T
=

¡
¼2

a1; ¼2
a2; : : : ; ¼2

aR

¢

And

A =

2

6
6
6
4

a11 a12 ::: a1R

a21 a22 ::: a2R
...

...
...

...
aR 1 aR 2 ::: aR R

3

7
7
7
5

(dA)T = ( a11; a22; :::; aR R )

A (2) =

2

6
6
6
4

a2
11 a2

12 ::: a2
1R

a2
21 a2

22 ::: a2
2R

...
...

...
...

a2
R 1 a2

R 2 ::: a2
R R

3

7
7
7
5

(dA (2) )
T

=
¡

a2
11; a2

22; :::; a2
R R

¢

(d0A) =

2

6
6
6
4

0 a12 ::: a1R

a21 0 ::: a2R
...

...
...

...
aR 1 aR 2 ::: 0

3

7
7
7
5

:

A ¡ l = matrixd0A with thelth-row andthelth-columndeleted

B = (aR £ R matrix)
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2

6
6
6
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...
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3

7
7
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5
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Ea
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Now Var
³

¦̂ T
a A ¦̂ a

´
equals

(n ¡ 1)( n ¡ 2)( n ¡ 3)
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a A¦ a ]2
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n
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T
¦ a

¡
£

tr[ A § n ] + ¦ a
T A ¦ a

¤2

Usingthesamegeneralform Var
³

¦̂ T
u A ¦̂ u

´
is obtained.

Appendix B: Proof of Theorems2 and 3.

Theproofof Theorems2 and3 requirea few lemmas.Let

Rk =
¿

¿̂(k )
and D k = ¹ ¡ ¹̂ (k ) ;

andlet Gk denotethe(common)joint distributionof (D k ; Rk ) underthenull.

LEMMA 1. ThecdfFk is givenby

Fk (p) =
Z Z

S
µ

S¡ 1(p)
r

¡ d
¶

dGk (r; d):

PROOF. Observe that

Ẑk =
Tk ¡ ¹̂ (k )

¿̂(k )
= Rk Zk + Rk D k :
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Hence,P̂k = S(Ẑk ) = S(Rk Zk + Rk D k ). Also, notethatZk is independentof (D k ; Rk ). Hence,

Fk (p) = Pr (P̂k < p)

= Pr (S(Rk Zk + Rk D k )) < p)

= Pr (Rk Zk + Rk D k > S¡ 1(p))

= Pr
µ

Zk >
S¡ 1(p)

Rk
¡ D k

¶

=
Z Z

Pr
µ

Zk >
S¡ 1(p)

r
¡ d

¶
dGk (r; d)

=
Z Z

S
µ

S¡ 1(p)
r

¡ d
¶

dGk (r; d): ¦

In whatfollows,wewill makeuseof thefollowing well known relationsbasedonMills' ratios:S(z) · Á(z)=z and,
for all 0 < p < ®, q(p) = [2 log(1=p) ¡ log log(1=p) ¡ r (p)]1=2 where0 · r (p) · ° and° is a constantthatdepends
only on®. It follows from theserelationsthat,for c > 0,

Á(q(p)c) · Cpc2
(log(1=p)) c2 =2 (5)

whereC = (2¼)¡ 1=2ec2 ° =2. In general,C will denotea genericpositive constant,possiblywith differentvaluesin
differentexpressionsbut notdependingonp or K .

LEMMA 2. For any® > 0,

sup
®
K · p· ®

¯
¯
¯
¯
Fk (p)

p
¡ 1

¯
¯
¯
¯ ! 0 (6)

asK ! 1 .

PROOF. Let Wk = R¡ 1
k and de£neh(d;w; p) = S(q(p)w ¡ d) where q(p) = S ¡ 1(p). Hence,Fk (p) =

Eh(D k ; Wk ; p). Expandingh(d;w; p) around(d;w) = (0; 1) yields

h(D k ; Wk ; p)
p

= 1 +
D k Á(q(p)Wk ¡ ~D k )

p
¡

(Wk ¡ 1)q(p)Á(q(p) ~Wk ¡ D k )
p

whereÁ is thestandardnormaldensity, ~D and ~W dependon p andsatisfy0 · j ~D j · jD j andj1 ¡ ~W j · j1 ¡ W j.
Thus, ¯

¯
¯
¯
h(D k ; Wk ; p)

p
¡ 1

¯
¯
¯
¯ ·

jD k jÁ(q(p)Wk ¡ ~D k )
p

+
jWk ¡ 1jq(p)Á(q(p) ~Wk ¡ D k )

p
: (7)

Using(5), for ®=K · p · ®, wehave that

jD k jÁ(q(p)Wk ¡ ~D k )
p

· jD k j
Á(q(p)Wk )

p
exp

n
2q(p)Wk j ~D k j

o

· jD k j
Á

¡
q

¡
®
K

¢
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¢

®
K

exp
n

2q
³ ®

K

´
Wk jD k j

o

· C®W 2
k ¡ 1jD k jK 1¡ W 2

k (log(K =®))W 2
k =2

£ exp
n

2
p

2log(K =®)Wk jD k j
o

´ UK : (8)

By asimilarargument,

jWk ¡ 1jq(p)Á(q(p) ~Wk ¡ D k )
p

· C®W 2
k ¡ 1jWk ¡ 1j

p
log(K =®)K 1¡ W 2

k (log(K =®))W 2
k =2

£ exp
n

2
p

2log(K =®)Wk jD k j
o

´ VK : (9)
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SinceFk (p) = E [h(DK ; WK ; p)], it follows from (7) andtheabove inequalitiesthat

sup
®=K · p· ®

¯
¯
¯
¯
Fk (p)

p
¡ 1

¯
¯
¯
¯ = sup

®=K · p· ®

¯
¯
¯
¯E

µ
h(D k ; Wk ; p)

p
¡ 1

¶ ¯
¯
¯
¯

· sup
®=K · p· ®

E

¯
¯
¯
¯
h(D k ; Wk ; p)

p
¡ 1

¯
¯
¯
¯

· E (UK ) + E(VK ):

Now Uk
p

! 0 andVk
p

! 0 sinceD k = op(1=logK ) = jWk ¡ 1j (from the
p

K -consistency of theU-statistics).Lemma
3 shows thatUK andVK areuniformly integrable.It follows thatE(UK ) ! 0 andE(VK ) ! 0. ¦

PROOF OF THEOREM 2. It follows from BenjaminiandYekutieli (1999), that, for eachk 2 S, thereexists a
partitionf Ck

r : r = 1; : : : ; K g of thesamplespacesuchthat
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So,
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X

k2 S0
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Pr (Ck
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· ® sup
®=K · p· ®

Fk (p)
p

: ¦

PROOFOFTHEOREM3. This follows from Theorem2 andLemma2. ¦

Thefollowing resultis neededfor Lemma2.

LEMMA 3. ThequantitiesUK andVK de£nedin (8) and(9) areuniformly integrable.

PROOF. It suf£cesto show that lim supK E(U2
K ) < 1 and lim supK E(V 2

K ) < 1 . We will show this for the
non-robustversionof theestimatorŝ¿ and¹̂ . Recallthat

UK = C®W 2
k ¡ 1jD k jK 1¡ W 2

k (log(K =®))W 2
k =2 exp

n
2
p

2log(K =®)Wk jD k j
o

:

Now,

Wk =
¿̂k

¿
= 1 +

¿̂ ¡ ¿
¿

:

By thelaw of largenumbersfor U-statistics,Wk
a:s! 1. By thelaw of theiteratedlogarithmfor U-statistics,

lim sup
K

s
K

2log logK
(¿̂ ¡ ¿) < C a:s:
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for some£nite C. (Here,C will denotea generic,positive constantthat neednot be the samein eachexpression.)
Hence,for all largeK ,

Wk · 1 + 2C

r
2log logK

K
almostsurely. Thus,eventually,

(K 1¡ W 2
k )2 = K 2(1 ¡ W k )(1+ W k ) · exp

(

C logK

r
2log logK

K

)

! 0:

Therestof thefactorsinvolving Wk canbeboundedsimilarly. Similarly, jD k j · C
q

2 log log K
K for all largek almost

surelyandthesefactorscanthusalsobebounded.Hence,lim supK E(U2
K ) < 1 asrequired.Theargumentis thesame

for VK .
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5%outliers 20%outliers
q 1 2 3 4 1 2 3 4
¹ k 0.015 0.025 0.006 0.012 0.015 0.025 0.006 0.012
¹̂ 0.000 0.000 0.000 0.000 0.001 0.001 0.001 0.001
¿̂ 1.078 1.079 1.053 1.083 1.643 1.631 1.403 1.612
FDR 0.007 0.008 0.009 0.007 0.000 0.000 0.000 0.000
power 0.985 0.999 0.396 0.888 0.917 0.984 0.133 0.539

Table1. SimulationResultsof Applying MatchingStatisticandFDRProcedure.
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q MatchingStat Chi-squareStat
Type I Err or

1 0.000 0.001
2 0.000 0.001
3 0.000 0.001
4 0.000 0.001

Power
1 0.965 0.997
2 0.997 0.880
3 0.354 0.948
4 0.821 0.602

Table2. Comparisonof theMatchingStatisticandtheOmnibusChi-squareTestStatisticUsingHolm's Correction.

ID M1 M2 M3 M4 M5 M6 M7 M8
CASES

1 3 0* 7 2 6 11 3 1
1 3 0 6 3 5 10 3 6
2 2 0 5 4 3 10 3 5
2 2 0 4 3 0 10 4 3

.

.

.
22 3 8 3 3 4 14 1 3
22 3 8 4 3 3 14 4 2

CONTROLS
1 3 0 6 3 5 10 3 6
1 5 0 7 1 3 14 2 7

.

.

.
27 2 0 5 7 5 14 2 7
27 5 8 7 2 3 11 3 5

*: “0” denotesmissingdata

Table3. Datamatrix: shown by Chromosome22 asan example. Eachrow representsa haplotypeandthe pairsof
haplotypesreveal thecompletesetof STRallelesfor an individual. ThemarkersareSTRsandthenumbersrepresent
thenumberof repeatsof particularSTRmarkersateachof 8 loci.
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Figure2. Relationshipbetweenthedegreeof relatednessandthedegreeof haplotypesimilarity.
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Figure3. Normalscoresplot for thematchingstatistic.
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Figure4. Matchingstatisticplottedasa functionof therelative haplotypelocationson the22autosomalchromosomes.
Markersareroughly locatedon a 10cM grid; thenumberson theabscissaindicatea moving window of marker pairs.
For chromosome22, which has8 loci, 7 statisticsaregivenfor 2-locushaplotypesformedfrom loci 1-2, 2-3, ...., 7-8.
The autosomalchromosomes1-22 aredepictedfrom left to right. The dashed-linesdenotethe signi£cantlevel using
Bonferronicorrectionwith ®=.05.
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