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1 Intro duction

Linear mixed models(Laird and Ware, 1982)and generalizedinear mixed models(GLMMSs)
(Breslow and Clayton, 1993)have beenwidely usedin many researb areas,especially in the
areaof biomedicalreseart, to analyzelongitudinal and clustereddata and multiple outcome
data. In a mixed e ects model, subject-speci ¢ random e ects are usedto explicitly model
between-sulpect variation in the data and often assumedto follow a mean zero parametric
distribution, e.g.,multivariate normal, that dependson someunknown variancecomponerts.
A large literature was deweloped in the last two decadesfor the estimation of regression
coe cients and variance componerts in mixed e ects models. SeeDiggle, et al (2002),
Verbeke and Molenberghs (2000, 2005) for an overview.

In many situations, howewer, we are interested in testing whether or not someof the
between-sulpect variation is absen in a mixed e ects model. This is equivalent to testing
some variance componerts equal to zero. Howewer, sud a null hypothesis places some
variance componens on the boundary of the parameter space. Hencethe commonly used
tests, sud as the likelihood ratio, Wald and scoretests, do not have the traditional chi-
squareddistribution. In this chapter, we will review the likelihood ratio test and the score
test for testing variance componerts in generalizedinear mixed models.

A closelyrelated topic is testing whether or not a covariate e ect in a GLMM can be
adequately represeted by a polynomial of certain degree. Using a smoothing spline or
penalizedspline approad, testing for a polynomial covariate e ect is equivalert to testing a
zerovariancecomponert in aninduced GLMM. We will review the likelihood ratio test and
the scoretest for testing a parametric polynomial model versusa smoothing spline model for
longitudinal data within the generalizedadditive mixed modelsframework (Lin and Zhang,
1999).

This chapter is organizedas follows. In Section 2, we presen the model speci cation

of a GLMM and briey review model estimation and inferenceprocedures. In Section 3,
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we review the likelihood ratio test for variance componerts in GLMMs and illustrate sud
testsin seweral commoncaseof interest. In Section4, we review the scoretest for variance
componerts in GLMMs, and comparethe performanceof the likelihood ratio test with the
scoretest in a simple GLMM. In Section6, we review the likelihood ratio test and the score
test for testing a polynomial covariate e ect versusa nonparametricsmaoothing spline model
for longitudinal data. We illustrate thesetestsin Section7 through application to data from

Indonesianchildren infectiousdiseasestudy. The chapter endsin Section8 with a discussion.

2  Generalized Linear Mixed Mo dels for Longitudi-
nal/Clustered Data

Supposethere are m subjects in the sample. For the ith subject, denoteby y; the response
measuredfor the jth obsenation, e.g.,the jth time point for longitudinal data or the jth
outcome for multiple outcome data. Similarly denoteby x; a p 1 vector of covariates
asseiated with xed e ects and by z; aq 1 vector of covariate values assaiated with
random e ects. Given subject-speci ¢ randome ects b, the responsesy; areassumedo be
conditionally independert and belongto an exponertial family with the conditional mean
E(yjjh) = § and conditional variance var(y; jb) = V( ) = ! hv( i), where is a
positive dispersionparameter,!  is a pre-speci ed weight sud asthe binomial denominator
whenyj; is the proportion of everts in binomial sampling,and v( ) is the variancefunction.
A generalizedinear mixed model (GLMM) relatesthe conditional mean j to the covariates
Xj and z; asfollows

a( j)=x; +zh; (1)
whereg( ) is a strictly increasinglink function, isap 1 vectorof xed e ects (regression
coe cients) of x,and b isaq 1 vector of subject-speci ¢ random e ects of z. The model
speci cation is completedby the usualassumptionthat b, NfO;D( )g, where isac 1

vector of variance componerts.



Model (1) includesmany popular modelsfor cortinuousand discretedata asspecialcases.
For example, if the y; are cortinuous outcome measuremets assumedto have a normal
distribution givenrandom e ects b and the link function is the idertity link g( ) = , then

model (1) reducesto the following linear mixed model (Laird and Ware, 1982)

Vi =X +zjh+ g (2)

where j; i N(O; ) areresidualerrors. Whenthe y; are binary responsesa commonchoice
of the link function is the logit link g( ) = logf =(1  )g. In this case,model (1) reduces

to the following logistic-normal model

logitf P(y; = 1jh)g= xj + zjh: (3)
The log-likelihood function “( ; ;y) given outcomey under Model (1) is
8 9
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is the conditional log-likelihood of y;; givenrandom e ects b.

Estimation and inferencein Model (1) are often hamperedby the intractable integrations
involvedin evaluation of likelihood (4) and have beenwell developedin the pasttwo decades.
Our main focusin this paper is on variance componert testing in a GLMM. We hencelist
heresomerepresetativ e work asreferencesZegerand Karim (1991)useda Gibbs sampling
approad for model estimation and inference. Breslav and Clayton (1993) appraoximated the
likelihood (4) using Laplace appraximation and conducted model estimation and inference
by maximizing a penalized quasi-likelihood (PQL). Breslov and Lin (1995) and Lin and
Breslov (1996) studied the biasin PQL estimators and deweloped bias-correctionmethods.
Booth and Hobert (1999) proposedan automated Monte Carlo EM algorithm to maximize

the integrated likelihood (4).



As usual, throughout this chapter, we will use X for the designmatrix of and Z the
designmatrix of b. That is, X = (X];XJ;:5X )T where X; = (Xi1; Xi2; 3 Xin, )T, and

Z = diagf Z1;Z,; :;; Zmg where Zi = (zi1; Zi2; 33 Zin, ) T

3 The Lik eliho od Ratio Test for Variance Comp onents
in GLMMs

The speci cation of the subject-speci ¢ random e ects b in model (1) models the source
of between-sulject variation in the covariate e ects of z, which also determinesthe within-
subject correlation. The magnitude of this between-sulpect variation/within-sub ject corre-
lation is captured by the magnitude of the elemeits of D( ). In practice, investigatorsmay
be interestedto seeif there is no between-sulject variation in somecovariate e ects of z.
Statistically, it is equivalert to testing someor all of the elemens of D( ) to be zero.

In aregular hypothesistesting setting, a likelihood ratio test (LRT) is the mostcommonly
usedtest due to its desirabletheoretical properties and the fact that it is easyto construct.
Under very generalregularity conditions, the LRT statistic asymptotically hasa 2 null
distribution with the degreesof freedomequal to the number of independen parameters
being tested under the null hypothesis. Howewer, when the elemens of D( ) are tested,
the null hypothesisusually placessomeor all of the componerts of on the boundary of
the model parameterspace,in which casethe LRT statistic doesnot have the usual 2 null
distribution.

Denoteby = ( T; T)T, a conbined vector of regressionand variance-ceariance pa-
rametersin the model. Selfand Liang (1987) formulated the asymptotic null distribution of

the LRT statistic 2In |, for testing
H0:02 oVS:HA:oz 1= n o

when the true value o of is possibly on the boundary of the model parameter space .

Assumethat the parameterspaces ; under Hy and  under Hy can be approximated at
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o by conesC , and C ,, respectively, with vertex ,. Selfand Liang (1987) shoved that
under someregularity conditions the LRT statistic 2In ,, asymptotically has the same

distribution as

it 1(U )1V g inf G )10V )g; ()

2C

whereC isthe coneapproximating  with vertexat o, C candC ,  aretranslated
conesof C and C , sud that their verticesare the origin, | ( o) is the (Fisher) information
matrix at o, and U is a random vector distributed asNfO;1 *( ¢)g. Alternativ ely, Selfand

Liang (1987) expressed5) as

inf KO K2 infkO K2 (6)
2Co 2C
whereC = f~: 7= 2QT forall 2C 09, Co=f":7= 12QT forall 2C, o9,

U is a random vector from N(O;1) and Q QT is the spectral decompmsition of | ( ); that
is,1(¢)=Q Q",QQ" =1 and = diagf ;g. We can useeither (5) or (6) to derive the
asymptotic null distribution for the LRT statistic depending on the structure of | ( o).

Stram and Lee (1994) applied the above general results of Self and Liang (1987) to
investigatethe asymptotic null distribution of LRT statistic 2In , for testing componerts
of D( ) for linear mixed model (2). Sincethe resultsof Selfand Liang (1987)arefor a general
parametric model, they are also applicableto GLMM (1) aslong as one can maximize the
likelihood (4) under the null and alternative hypothesesof interest. Here we list somecases
onecommonlyencourters in practice. For reviewson LRT for variancecomponerts in linear
mixed models, seethe chapter \Lik elihood ratio testing for zero variance componerts in
linear mixed models" by Crainicearu.

Case 1: Assumethe dimensionq of the random e ects is equalto one,that is, D = dy;,
andwe aretestingHg : d;; = Ovs: Hp : di; > 0. For example,considerthe randomintercept

model Z;bh = b andbh  N(O; d1;) in model (1).



In this case, = ( ";dyy)" andC , = RP fOgandC , = R® (0;1). Decompmse
UandI( o) in (5) asU = (U];Uy)" and | ( o) = fljxg correspndingto and d;;. Some

algebrathen shaws that

inf  f(U )TI(o)(U )g= 03

2C |,

where 0, = (|22 |21|111|12)1=2U2, and
nf f(U )TI( (U )g=051(C,  O):

Therefore, (5) reducesto Uzl (U, > 0). It is easyto seethat U, N(0;1). The asymptotic
null distribution of 2In ., (asm! 1) isthen a 50:50mixture of 3 and 3.

Denote the obsened LRT statistic by Tops. Then the level likelihood ratio test will
rejectHo : diy = Oif Tops 3.5, Where 3., isthe (1 2 )th quartile of the 2 distribution
with one degreeof freedom. The correspnding p-valueis P[ 2  Toy=2, half of the p-value
if the regular but incorrect 2 distribution were used.

Case 2: Assumeq= 2soD = fdjg, o, andwetest Hp:di; > 0;di> = dpp = OVS: Hp -
D is positive de nite. As an example, consider the random intercept and slope model
z{b = hy + bytj, wheret; is time and by and by; are subject-speci ¢ random intercept
and slope in longitudinal data assumedto follow (kyi;b;) NfO;D( )g. The foregoing
hypothesistests the random intercept model (H,) versusthe random intercept and slope
model (H,).

In this case, = ({; 2; 3)" where ; = ( T;di1)", 2 = dip and 3 = dp. Under
Ho : di; > 0O, the translated approximating coneat o is C | o= RP fog fOg.
Under Ho [ Ha, di; > 0 and D is positive semide nite. This is equivalent to d;; > 0
and d, djfd2, 0. Sincethe boundary de ned by d,, d;/d2, = 0 for any given
di;; > 0 is a smooth surface, the translated appraximating coneat o under Ho [ Ha is
C o= RPY R [0;1). Similar to Casel, decommseU and | *( ) in (5) as

U= (U;Uy;Us3)T and | %( o) = flikg correspndingto 1, » and 3. We canthen show
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that

. - . I|22 |23#1" Uz#,
2&”5 of (U ) | ( 0)(U )g = [U2| U3] |32 |33 Us ; (7)
,inf f(U ) o)(U  )g= (1%) *UiI(Us 0): (8)

Since (U] ;Uy; Us)T  NfO;1 ( o)g, the distribution of the di erence between(7) and (8)
is a 50:50mixture of % and 2.
For a given signi cance level , the critical value ¢ for the LRT can be solwed by the

following equation using somestatistical software
O5P[ 2 ¢+ 05P[35 d-=
Alternativ ely, the signi cance level canalsobe comparedto the LRT p-value
p-value= O5P[ 3 Topg + OBP[ 5 Topg;

where T,y is the obsened LRT statistic. This p-value is always smaller than the usual but
incorrect p-value P[ 3 Topg in this setting. The decisionbasedon this classicalp-value is
henceconsenrative.

Case3: Assumeq> 2 and we test the presencenf the gth elemen of the random e ects

Dll D12
D21 D22

s s, landl srespectively(s=q 1), andD,, is a scalar. Then statistically, we

b in model (1). DenoteD = , Wherethe dimensionsof D11, D1>, and D, are
test Hp : D4 is positive de nite ; D1, = 0; Do = 0vs: Hp @ D is positive de nite.

Denoteby ; the combined vectorof andthe uniqueelemens ofDy;, = Dppand 3=
D2,. UnderHy, the translated appraximating coneat ¢isC , o= RP*SG*D=2 f0gs fOg.
Under Ho [ Ha, D1; is positive de nite and D is positive semide nite. This is equivalert
to D, being positive de nite and Do, DIZDlllDlz 0 (Stram and Lee, 1994, incorrectly
used q constrairts). Again, sincethe boundary de ned by D,, D1,D,{!Dj,; = 0 for any
given positive de nite matrix D; is a smooth surface,the translated approximating cone

at ounderHgy[ Ha isC o= RP*S(s*D=2 Rs [0;1 ). This caseis similar to Case?2
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exceptthat U, isans 1randomvector. Therefore,the asymptotic null distribution of LRT
statistic is a 50:50mixture of 2 and 2,,. The p-value of the LRT test for given obsened
LRT statistic Tops is equalto O:5P[ 2 Top + O:5P[ 2., Tongl, Which will be closerto the
usual but incorrect p-value P[ 2,;,  Topg ass becomedarger.
Case4: Supposethe random e ects part ziJT b in model (1) canbe decompsedas ziJT =
z{; by + z3; by, whereby;  NfO;Di( 1)g, b N(O; »l)andwetestHo: ,=0andD;is
positive de nite versusH, @ , > 0 and D, is positive de nite. Denoteby ; the conbined
vectorof andthe uniqueelemens of D;, and , = 5. Sincethe true valuesof the nuisance
parameters ; are interior points of the correspnding parameter space,we can apply the
result of Casel to this case.This implies that the asymptotic null distribution of the LRT
statistic is a 50:50mixture of 2 and 2.
Caseb: SupposeD4( ;) in Case4 takesthe form 41, andwetestHg: 1 =0, , =0
versusHy, : either ;> 0or ,>0. Denote = ( T; 1; ») with ;= , ,= ;and
3= 2. Under Hy, the translated approximating coneat isC o=RP f0Og fOg.
Under Ho [ Ha, the translated appraximating coneat o is C o=RP [0;1) [0;1).
DecompseU and I ( o) in (5) as(U];Uy; Us)" and 1 ( o) = fl; g correspndingto 1, »
and 3, and de ne matrix I asfollows:
" " # 0" #
R mE L il

Then (U,; Us)T  N(O; ™ 1). Given , and s, it can be easily shavn that
" #

liQLp(U )1V )=[U U gl = (0, )%+ (0 )%
where (Oz; O5)T = ~2QT(Z2;,Z3)", (2 3)T = ~2Q7( 2; )7, Q~Q" is the spectral de-

composition of I. Therefore,under Hy, we have

AU )T )= O 0

Denoteby ' the anglein the radiant formedby the vectors ~*2Q(1; 0)" and ~*2Q(0;1)",

q
that is, " = cos® = Molas (Self and Liang, 1987, who incorrectly usedl;y), and set
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= '=2 ,then

8
E 02+ 02 with probability

. - _ - o with probability 0.25
it (U ) 3 03 with probability 0.25
-0 with probability 0:5

Therefore,the asymptotic null distribution of the LRT statistic is a mixture of 3, 2and 3
with mixing probabilities , 0.5and 0:5 . Note that sincel is a positive de nite matrix,
the probability satises0< < 0:5. In particular, if I"is diagonal,the mixing probabilities
are 0.25,0.5and 0.25.

The asymptotic null distribution of the LRT statistic is relatively easierto study for the
above cases. The structure of the information matrix 1( o) and the appraximating cones
C oandC , o play key rolesin deriving the asymptotic null distribution. For more
complicated casef testing variancecomponerts, although the asymptotic null distribution
of the LRT is generally still a mixture of some chi-squared distributions, it may be too
dicult to derive the mixing probabilities. In this caseone may usesimulation to calculate

the p-value.

4 The Score Test for Variance Comp onents in GLMMs

Conceptually the LRT test for variancecomponers in GLMMs discussedn Section3 is easy
to apply. Howeer, the LRT involves tting GLMM (1) underHo and Ho[ Ha. For many
situations, it is relatively straightforward to t model (1) under Ho. Howewer, one could
often encourter numerical di culties in tting the full model (1) under Ho [ Ha. First,
tting model (1) under Hy [ Ha involves higher dimensional integration, thus increasing
computational burden. Second,if Hy is true or approximately true, it is often unstable
to t a more complicated model under Ho [ Ha asthe parametersusedto specify Hy are
estimated closeto the boundary. For example, although the Laplace approximation used

by Breslov and Clayton (1993) and others is recommendedfor a GLMM with complex
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parameter boundary, sud appraximation may work poorly in sud cases(Hsiao, 1997). In
this section,we discussscoretests for variance componerts in model (1). One advantage of
using scoretestsis that we only needto t model (1) under Hq, often dramatically reducing
computational burden. Another advantage is that unlike likelihood ratio tests, scoretests
only requirethe speci cation of the rst two momerts of random e ects and are hencerobust
to mis-speci cation of the distribution of random e ects (Lin, 1997).

We rst reviewthe scoretest for Casel discussedn Section3, that is, we assumethere
is only onevariancecomponert in model (1) for which we would like to conduct hypothesis
testing. A one-sidedscoretest is desirablein this caseand can be found in Lin (1997),
Jacgmin-Gaddaand Commengeq1995). Zhang (1997) discusseda one-sidedscoretest for
testing Hp : , = 0 for Case5 in Section3 for a generalizedadditive mixed model, which
includes model (1) as a special case. Verbeke and Molenberghs (2003) discussedone-sided
scoretestsfor linear mixed model (2). Lin (1997)derived scorestatistics for testing singleor
multiple variance componerts in GLMMs and consideredsimpler two-sidedtests. Parallel
to likelihood ratio tests, the one-sidedscoretests follow a mixture of chi-squaredistribution
whoseweights could be di cult to calculatewhenmultiple variancecomponerts are setto be
zerounder Hy asillustrated in Case5. The two-sidedscoretests assumethe scorestatistic
follows a regular chi-squaredistribution and henceits p-value can be calculatedmore easily
especially for multiple variance componert tests. The two-sidedscoretest has the correct
sizeunder Hg, while its power might be lower than the one-sidedscoreand likelihood ratio
tests. Seethe simulation results for more details.

In Casel, = dy;. Assumeat the momert that is known. One can showv using

L'Hdpital's rule or the Taylor expansion(Lin, 1997)that the scorefor is
23 9, 3

Co X < Xi Wi
e ) 8.7 w5 9) Z2twi + e (y;  9)db; (9)

u = = 1 .
@ =0 2i=1 Tj=1 ' j=1
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wherew; = [V( D)fgl §)a1 & 4 = o¥ §),

VA DA D+ V(DR D),
& = ve( OH)fg( 9)g?

which is zerofor the canonicallink function g( ), and ? satisesg( ) = x{

It can be easily shovn that the random variable U de ned by (9) haszeromeanunder
Ho: = 0. As arguedby Verbeke and Molenberghs(2003), the log-likelihood “( ; ;y) for
the linear mixed model (2) on averagehasa positive slopeat = Owhenin fact > 0. The
sameargumert also appliesto GLMM (1). This is becauseunderH, : > 0, the MLE P
of will becloseto sothat °> 0whenthe samplesizem getslarge. If the log-likelihood
*( : :y) asafunction of only is smooth and has a unique MLE P, which is the casefor
most GLMMs, the slopeU of "( ; ;y)at = 0will be positive. Indeed, E(U ) generally
is an increasingfunction of . For example,Figure 1 plots the expected scoreE(U ) vs:
for the logistic-normal GLMM (3) wherem = 10,n; = 5,%x; = 1, = 0:25andz; = 1. It

is con rmed that E(U ) increasesas increases.

Figure 1: Expected s@re as a function of variance compnent

~ -

Expected score

I I I I I
0.0 0.5 1.0 15 2.0

Variance component

The above argumert indicates that a large value of U provides evidenceagainst Hy :
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= 0 and we shouldreject Hy only if U is large. SinceU is a sum of independen random

variables, classicresults shav that it will have an asymptotic normal distribution under

Ho : = 0 with zeromeanand varianceequalto | = E(U?), where the expectation is
takenat Hy: = 0.

Denoteby j the rth cumulant of y; underH,. By the propertiesof the distributions in

an exponertial family, 3; and 4; arerelatedto o, via (41 = 2j @j =@ (r = 2;3),

where ; = ! ;'v( j)and j = . Specically,
g = (U gDV V) e = (g D3VO v ) + VA )@V )

Then | canbe shown to be (Lin, 1997)

IR
T4

2 .
Zj i

i=1j=1
wherer; = wi @} 4 +2wF + & 2z 2wi Fe 3. Therefore,alevel scoretest for
testingHo: =0vs:Ha: > Owill rejectHy: =0if U z 172

In practice,howewer, inU andl isunknown and hasto be estimatedunderHg. This
is straightforward sinceunder Hy : = 0, GLMM (1) reducesto the standard generalized
linear model for independer data g( ;) = XijT and existing software can be usedto easily
calculatethe MLE P of underHo: = 0. In this case,Lin (1997) consideredthe bias-

correctedscorestatistic to accoun for the estimation of under H, as
23 g 5 3

o X0 <X !
e ) =179 ziwi i (Y5 bj) 2} woi § (10)

u¢ = _
@ =0; =b 24 Tj=1 ' j=1

whereall quartities are obtained by replacing by P, Woi = (1 hy)wi + & (Vi bfj’), and
hj is the correspnding diagonalelemen of the hat matrix H = WX (XWX) X Tw2,

W = diagf w; g, and showved that U hasvariance

o= R T (11)
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where

I . X Gz Xj; | :XTWX:XnXIi Wij Xij X (12)

2iz =1 i=1j=1 :

with ¢ = w? ? 5w € 2. Then the bias-correctedscoretest at level  would
reject Hg if Tg = U®  z 2. The one-sidedscoretest presemed above is asymptotically
equivalent to the likelihood ratio test (Verbeke and Molenberghs,2003). The two-sidedscore
test assumeshe scorestatistic Ts = fU¢g?=I" followsa 2 distribution. Unlike the regular
likelihood ratio test, sut a two-sidedscoretest hasthe correct sizeunder Hq but is subject
to somelossof power. As shavn in our simulation studiesfor a single variance componert,
the lossof power is minor to moderate for most alternatives. The highestpower lossis about
10%when the magnitude of the variance componert is moderate.

When the dimensionof is greaterthan 1, supposewe can partition = ( 1; ) where
1isac lvectorand ,isac, 1vector. We are interestedin testing Hy : 1 =
Ovs:Ha : 1 0. Herethe inequality is interpreted element-wise. Lin (1997) considered
a simple two-sidedscoretest for this multiple variance componert test. Speci cally, denote
by (P; b,) the MLE of ( ; ,) underHo: ;= 0. We can similarly derive the (corrected)
scoreS , = m 2@( ; 1;Y)=@ 4] =0: -b ,-b,- SeeLin (1997)for the special casewhere
eat elemen of represets avarianceof arandome ect. Asymptotically, S hasa normal
distribution with zeromeanand varianceequalto the e cient information matrix H |, | =

m 1, | under Hy, where ™, | is de ned similarly to (11) exceptthat I and 1 are

replacedby | , andl and = ( ,; ). The simpletwo-sidedscorestatistic is de ned as
Ts=S'"H ' S,; (13)

and the p-valueis calculatedby assumingTs follows a chi-squaredistribution with ¢; degrees
of freedom.
Silvapulle and Silvapulle (1995) proposeda one-sidedscoretest for a generalparametric

model and shaved that the one-sidedscoretest is asymptotically equivalert to the likelihood
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ratio test. Verbeke and Molenberghs(2003) extendedSilvapulle and Silvapulle's (1995) one-
sided scoretest for testing variance componerts Ho : 1 = Ovs: Hy : ;1 2 Cfor linear
mixed model (2) and showved similar asymptotic equivalence between the one-sidedscore
test and the likelihood ratio test. Hall and Praestgaard(2001) derived a one-sidedscoretest

for GLMMs. Then the one-sidedscorestatistic T, is de ned as
To=S\H S, inff(S, IH (. g (14)

It is easyto seethat T, asde ned in (14) hasthe sameasymptotic null distribution of
the likelihood ratio test for testing Hg: ;1 = Ovs: Ha : ;1 2 C Similarly to the casefor
the likelihood ratio test, it is critical to determineH and the shape of C, and T, generally
follows a mixture of chi-squaredistributions and we usually have to study the distribution of
T, caseby case.Both the two-sidedtest Ts and the one-sidedtest T, have the correct size
under Hy. The two-sidedtest Ts is much easierto calculate, but is subject to someloss of
power. Hall and Praestgaard(2001) conductedextensiwe simulation studiescomparingLin's
(1997) two-sidedscoretest and their one-sidedscoretest for GLMMs with two-dimensional
randome ects and found similar power lossto the caseof a singlevariancecomponert (Table

4 in Hall and Praestgaard,2001;the maximum power lossis about 9%).

5 Simulation Study to Compare the Lik eliho od Ratio
Test and the Score Test for Variance Comp onents

We conducteda small simulation study to comparethe sizeand the power of the one-sided
and two-sided scoretests with the likelihood ratio test. We consideredthe logistic-normal
GLMM (3) by assumingbinary responsesy; (i = 1;2;::;;m = 100,j = 1;2;::;;n; = 5) were

generatedfrom the following logistic-normal GLMM

logitP(y; = 1jb) = + b; (15)
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where = 0:25and b N(O; ), with equal spaced in [0,1] by 0.2. For ead value of
, 500 data setswere generated. The likelihood ratio test described in Section 3 and the

(corrected) one-sidedand two-sidedscoretests were appliedto test Hy : = 0. We compare

the performanceof the regular but conserative LRT, the appropriate LRT, one-sidedand

two-sided scoretest for testing Ho : = 0. The nominal level of all 4 tests were set at
= 0:05.

Table 1: Sizeand Power comparisons of the likelihood ratio testsand sore testsfor a single
variance compnent basal on 500 simulations under the logistic model (15)

Size Power
Method =0 = 0:2 = 04 = 0:6 = 08 = 1.0
LRT 0.034 0.370 0.790 0.922 0.990 1.000
Regular LRT 0.020 0.280 0.672 0.882 0.968 0.992
One-sidedscoretest | 0.054 0.416 0.834 0.938 0.996 1.000
Two-sidedscoretest | 0.050 0.336 0.736 0.910 0.980 0.998

Table 5 preseits the simulation results. The results showv that the size of the (correct)
likelihood ratio test is little smaller than the nominal level. This is probably due to the
numerical instability causedby numerical di culties in tting model (15) whenin fact there
is no random e ect in the model, or the fact that the sample size (number of clusters
m = 100) may not be large enoughfor the asymptotic theory to take e ect. As expected,
the regular LRT using 2 is conserative and the sizeis too small. On the other hand,
both one-sidedand two-sidedscoretest have their sizesvery closeto the nominal level. The
powersof the likelihood ratio test and the one-sidedscoretest are almostthe same,although
the one-sidedscoretest is slightly more powerful than the LRT, which may be due to the
numerical integration requiredto t model (15). The two-sidedscoretest has someloss of
power comparedto the one-sidedscoretest and the correct LRT. Howewer the p-value of the
two-sided scoretest is much easierto calculate especially for testing for multiple variance

componerts.
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6 Polynomial Test in Semiparametric Additiv e Mixed
Mo dels

Lin and Zhang (1999) proposedgeneralizedadditive mixed models (GAMMSs), an extension
of GLMMs whereead parametric covariate e ect in model (1) is replacedby a smooth but
arbitrary nonparametric function, and proposedto estimate ea function by a smoothing
spline. Using a mixed model represetation for a smaothing spline, they cast estimation and
inferenceof GAMMs in a unied framework through a working GLMM, wherethe inverse
of a smoothing parameteris treated as a variancecomponert. A special caseof GAMMs is

the semiparametricadditive mixed models consideredby Zhang and Lin (2003):
a( j)=f(ty)+s; +zh; (16)

wheref (t) is an unknown smaoth function, i.e., the covariate e ect of t is assumedto be
nonparametric,s; is somecovariate vector,andly  NfO;D( )g. Forindependert (normal)
data with the identity link, model (16) reducesto a partially linear model. We are interested
in deweloping a scoretesting for testing f (t) is a parametric polynomial function versusa
smooth nonparametric function. Speci cally, we set Hy: f (t) is a polynomial function of
degreeK 1 andH;j: f (t) is a smoothing spline.
Following Zhangand Lin (2003),denoteby t° = (t2;t9;:::;t%)T a vector of ordereddistinct
tj's and by f a vector of f (t) evaluated at t° (without lossof generalit, assume0 < t9 <
< t9 <1). The Kth-order (K 1) smaothing spline estimator f (t) can be expressedas
f(t) = g k k(t) + 5 aR(t; tf); 17)
k=1 =1
wheref (1) =tk 5k 1)!g¥,, is a basisfor the spaceof polynomials of order K 1 and
R(t; s) is de ned as
VA 1

1
RES) = F i o

(s wf Yt wf idu:
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Then the smaothing spline estimator of f hasthe following mixed e ect represetation
f=T + aq (18)

whereT isanr K matrix with the (I;k)th elemen equalto (t°), is a positive matrix
with the (I;k)th elemen equalto R(t%;t2), = ( ;5 )T is a vector of xed e ects and
a= (ag;a;a)"  N(O; 1) is a vector of random e ects with 0 being the inverse
of the smaothing parameterfor the smaothing spline estimatef (t).
Let n = i %, n; be the total samplesizeand denoteby N the n  r incidencematrix
that mapsft; g's into t°. Further denote S = f(si1;:;sn,)'g, X = (NT;S), B = N,
b= (9 B Byrun B )T. Then under the mixed e ect represetation (18),

semiparametricadditive mixed model (16) reducesto a generalizedlinear mixed model in

matrix notation
g( )= X +Ba+ Zb; (19)

where = (T; T)T arenew xed eects andaand b= (b[;::;;g")" are independern new
random e ects. Therefore,the smaoothing spline estimator f (t) can be estimated using the
estimation procedurefor a GLMM, sud as maximum penalizedquasi-likelihood procedure
of Breslowv and Clayton (1993).

We are interestedin usingthis spline and mixed model connectionto test whether or not
the smoothing spline f (t) in semiparametricadditive mixed model (16) can be adequately
modeled by a polynomial of order K 1, i.e., Hq: f (t) is a polynomial of orderK 1 and
Ha : f (t) is a smoothing spline. From the smaoothing spline expression(17), it is clear that
f (t) is a polynomial of order K 1if andonly if a; = a, = = & = 0. By mixed e ect
represemation (18), this test is equivalent to the variance componert test Hp : = 0vs
Ha : > 0. It is hencenatural to considerusing the variance componert likelihood ratio
test or scoretest descriled in the previous sectionsto test Ho : = 0. Howeer, the data

do not have independen cluster structure under the alternative Hy : > 0. Therefore,
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the asymptotic null distribution of the likelihood ratio test statistic for testingHy: =0
doesnot follow a 50:50mixture of 3 and 2. In fact, for independen normal data with the
identity link, Crainicearu et al. (2005) shaved that, when f (t) is modeled by a penalized
spline (similar to a smoothing spline), the LRT statistic asymptotically has approximately
0.95 massprobability at zero. For this special case,Crainicearu et al. (2005) derived the
exactnull distribution of the LRT statistic. Their results, howewver, may not be applicableto
testing Ho : = 0 under a more generalmixed model represetation (19). Furthermore, it
could be computationally di cult to calculatethis LRT statistic by tting model (19) under
the alternative Ha : > 0 asit usually requireshigh-dimensionalnumerical integrations.

Due to the special structure of the smoothing matrix , the scorestatistic of ewaluated
under Ho : = 0 doesnot have a normal distribution. Zhangand Lin (2003) shoved that
the scorestatistic of can usually be expressedas a weighted sum of chi-squaredrandom
variableswith positive but rapidly decaging weighs, and its distribution can be adequately
appraximated by that of a scaledchi-squaredrandom variable.

Under the mixed model represetation (19), the marginal likelihood function Ly ( ; ;Y)
of ( ; ) isgivenby

oz Z2axw L L2

Lu(; 5y)/ jDj ™2 " exp, o im Wby 2 H'D 'h —-a' a dadbd

Let "'m(; ;y)=logLu( ; ;y) bethelog-marginallikelihood function of ( ; ). Zhang

and Lin (2003) shaved that the scoreU = @y ( ; ;Y)=@]j -0 canbe appraximated by
U %HY X )V IN NTV Yy X ) tr(PN mebb; (21)

where P is the MLE of and P isthe REML estimateof from the null GLMM (22), and

Y is the working vectorY = X + Zb+ ('y ) underthe null GLMM
g( ) =X +Zb; (22)

where = diagfgq )9 P =V ! VvV IX(XTV X) XV tandV =W '+ zDZT
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with D = diagf D;::;;Dgand W is de ned similarly asin Section4 except ,‘J’ is replacedby
i . All thesematrices are evaluated under the reducedmodel (22).
Write U = U e whereU andearethe rst andsecondermsofU in (21). Zhangand
Lin (2003)shaved that the meanof U is appraximately equalto eunderHg : = 0. Similar
to the scoretest derived in Section4, the meanof U increasesas increases.Therefore,we

will rejectHy: = OwhenU is large, implying a one-sidedtest. The varianceof U under

Ho can be approximated by
=1 R T (23)

where
! !
_1 T2, 1 N _1 [CNC.
[ —2trf(PNN)g,I —2tr PNNP@ o —2tr P@P@ . (24)

Dene =T =2eand = 2¢?=I" . ThenS = U = approximately hasa 2 distribution,

and we will reject Hy : = 0 at the signi cance level if S 2. The simulation
conductedby Zhang and Lin (2003) indicates that this modi ed scoretest for polynomial
covariate e ect in the semiparametricadditive mixed model (16) has appraximately right

sizeand is powerful to detect alternatives.

7 Application

In this section, we illustrate the likelihood ratio testing and the scoretesting for variance
componerts in GLMMs discussedn Sections3 and 4, as well as the scorepolynomial co-
variate e ect testing in GAMMs discussedn Section6 through application to the data from
Indonesian children infectious diseasestudy (Zeger and Karim, 1991). Two hundred and
sewerty- v e Indonesianpresdool children were examinedfor up to six quarters for the sign
of respiratory infection (O=no, 1=yes). Totally there are 2000obsenation in the data set.
Available covariates include: agein years; Xerophthelmia status (sign for vitamin A de -

ciency); gender; height for age;the presenceof stunning and the seasonakine and cosine.
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The primary interest of the study is to seeif vitamin A de ciency hasan e ect on the respi-
ratory infection adjusting for other covariates and taking into accourt the correlation in the
data.

Zegerand Karim (1991)usedGibbs' samplingapproadito t the following logistic-normal

GLMM

logit(Py; = 1b]) = x] + b; (25)

whereyj is the respiratory infection indicator for the ith child at the jth interview, x; is
the 7 1 vector of the covariates described above with correspndinge ects ,l3  N(O; )
is the random e ect modeling the between-tild variation/b etween-dild correlation. No
statistically signi cant e ect of vitamin A de ciency on respiratory infection was found.

We can also conduct a likelihood inferencefor model (25) by ewaluating the required
integrations using Gaussianquadrature technique. The MLE of is P= 0:58 with SE(P) =
0:31, which indicatesthat there may be between-tild variation in the probability of getting
respiratory infection. An interesting questionis whether or not we canreject Hp, : = 0.
The likelihood ratio statistic for this data setis -2In ,, = 674872 669670= 5:2. The
resulting p-value= O:5P[ 2 5:2]= 0:011,indicating strong evidenceagainstH, using the
LRT procedure.

Alternativ ely, we may apply the scoretests to test Hyo. The (corrected) scorestatistic
for this data setis 2.678. The p-value from the one-sidedscoretest is 0.0037,and the p-
value from the two-sided scoretest is 0.0074. Both tests provide strong evidenceagainst
Ho: = 0.

Motivated by their earlier work, Zhangand Lin (2003) consideredtesting whether or not
f (age)in the following semiparametricadditive mixed model can be adequatelyrepreseted

by a quadratic function of age

logit(Py; = Ljh]) =s; +f(agg)+ b; (26)
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where s; are the remaining covariates. The scoretest statistic described in Section 6 for
K = 3isS = 573 with 1.30degreesof freedom,indicating a strong evidenceagainstHyg :
f (age)is a quadratic function of age(p-value= 0:026). This may imply that nonparametric

modeling of f (age) in model (26) is preferred.

8 Discussion

In this chapter, we have reviewed the likelihood ratio test and the scoretest for testing
variance componerts in generalizedlinear mixed models. The certral issueis that the null
hypothesisusually placessomeof the variance componerts on the boundary of the model
parameter space, and therefore the traditional null chi-squared distribution of the LRT
statistic no longer applies and the p-value basedon traditional LR chi-squaredistribution
is often too consenrative. Using the theory dewloped by Self and Liang (1987), we have
reviewed the LRT for somespecial casesand shov the LRT generally follows a mixture of
chi-squaredistribution. In orderto derive the right null distribution of the LRT statistic, one
needsto know the (Fisher) information matrix at the true parametervalue (under the null
hypothesis) and the topological behavior of the neighborhood of the true parametervalue.
Howeer, as our simulation indicates, the LRT for the variance componerts in a GLMM
may su er from numerical instability whenthe variance componert is small and numerical
integration is high dimensional.

On the other hand, the scorestatistic only involves parameter estimatesunder the null
hypothesis and hence can be calculated much more straightforward and e ciently. We
discussedboth the one-sidedscoretest and the much simpler two-sided scoretest. Both
tests have the correct size. The one-sidedscoretest hasthe sameasymptotic distribution as
the correct likelihood ratio test. Hence,similar to the LRT, the calculation of the one-sided
scoretest requiresthe knowledgeof the information matrix and the topological behavior of

the neighborhood of the true parametervalue and alsorequirescomputing a mixture of chi-
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squaredistributions. The two-sidedscoretest is basedon the regular chi-squaredistribution
and hasthe right size. It is much easierto calculate especially for testing multiple variance
componerts. The simulation studies preserted here and in the statistical literature show
that the two-sided scoretest may su er from somepower loss comparedto the (correct)
likelihood ratio test and the one-sidedscoretest.

We have alsoreviewed the likelihood ratio test and the scoretest for testing whether or
not a nonparametriccovariate e ect in a GAMM canbe adequatelymodeledby a polynomial
of certain degreecomparedto a smaothing splineor a penalizedsplinefunction. Although the
problemcanbereducedto testing a variancecomponert equalto zerousingthe mixed e ects
represemation of the smoothing (penalized) spline, the GLMM results for likelihood ratio
test and the scoretest for variance componerts do not apply becausethe data under mixed
e ects represemation of the spline do not have an independert cluster structure any more.
Sincethe LRT statistic will be prohibitive to calculate for a GLMM with potentially high
dimensionalrandom e ects, we have particularly reviewed the scoretest of Zhang and Lin
(2003) for testing the parametric covariate model versusthe nonparametric covariate model
in the presenceof a single nonparametric covariate function. Future researt is neededto

dewelop simultaneoustests for multiple covariate e ects.
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